
Di�erential Geometry 1 (M13)
Exercise Sheet 5

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2020-12-09.

Problem 1. 1. Prove that

St∗
𝑘
(R𝑛) ≔ {(𝑣1, . . . , 𝑣𝑘) ∈ (R𝑛)𝑘 : 𝑣1, . . . , 𝑣𝑘 are linearly independent}

is a submanifold of (R𝑛)𝑘 .

2. Prove that
St𝑘 (R𝑛) ≔ {(𝑣1, . . . , 𝑣𝑘) ∈ (R𝑛)𝑘 : 〈𝑣𝑖, 𝑣 𝑗 〉 = 𝛿𝑖 𝑗 }.

is a submanifold of (R𝑛)𝑘 .
Hint: Use the regular value theorem.

3. Construct a surjective smooth map 𝑟 : St∗
𝑘
(R𝑛) → St𝑘 (R𝑛) satisfying 𝑟 ◦ 𝑟 = 𝑟 .

Hint: https://en.wikipedia.org/wiki/Gram-Schmidt_process.

�

Remark. Observe that St∗𝑛 (𝑛) is GL(R𝑛) and St𝑛 (𝑛) is O(𝑛). ♣

Problem 2. Denote by Δ ⊂ R𝑛×𝑛 the subspace of diagonal matrices. De�ne 𝑓 : O(𝑛) ×
Δ → Sym(R𝑛) by

(1.1) 𝑓 (Φ,Λ) ≔ ΦΛΦ𝑡 .

1. Determine the set of regular values of 𝑓 .

2. For every 𝐴 ∈ Sym(R𝑛) determine 𝑓 −1(𝐴). For which 𝐴 is 𝑓 −1(𝐴) is submanifold.

�
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Problem 3. Let 𝑋 be a manifold without boundary and let 𝑟 : 𝑋 → 𝑋 be a smooth map
satisfying

(1.2) 𝑟 ◦ 𝑟 = 𝑟 .

Prove that im 𝑟 ⊂ 𝑋 is a submanifold.
Hint: Find an open neighborhood of 𝑟 (𝑋 ) such that𝑇𝑥𝑟 has constant rank for 𝑥 ∈ 𝑈 . �

Problem 4. Let 𝑋,𝑌 be �nite-dimensional real vector spaces. For 𝑟 ∈ N0 set

H𝑟 ≔ {𝐿 ∈ Hom(𝑋,𝑌 ) : rk𝐿 = 𝑟 }.

Prove thatH𝑟 is a submanifold of codimension

codimH𝑟 = (dim𝑋 − 𝑟 ) (dim𝑌 − 𝑟 ).

Hint: Consider 𝐿 ∈ H𝑟 . Decompose 𝑋 = 𝑋1 ⊕ 𝑋2 with 𝑋2 = ker𝐿 and 𝑌 = 𝑌1 ⊕ 𝑌2 with 𝑌1 = im𝐿. Decompose 𝐿̃ ∈ H𝑟 into
blocks accordingly. For 𝐿̃ close to 𝐿, apply row and column operations to simplify 𝐿̃. Use the regular value theorem. �

Problem 5. Let 𝑓 : 𝑋 → 𝑌 be smooth. The graph of 𝑓 is the subset

𝑓 ≔ {(𝑥, 𝑓 (𝑥) : 𝑥 ∈ 𝑋 }.

Let 𝑍 ⊂ 𝑌 be a submanifold. Prove that 𝑓 is transverse to 𝑍 if and only if 𝑓 is transverse
to 𝑋 × 𝑍 . �
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