Differential Geometry 1 (M13)
Exercise Sheet 5

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2020-12-09.

Problem 1. 1. Prove that
Sty (R") = {(v1,...,0¢) € (RM* : vy,..., 0y are linearly independent}

is a submanifold of (R").

2. Prove that
Sti(R") = {(v1,...,08) € (RN : (v, 0;) = 8}
is a submanifold of (R").

Hint: Use the regular value theorem.

3. Construct a surjective smooth map r: St, (R") — St (R") satisfyingror =r.

Hint: https://en.wikipedia.org/wiki/Gram-Schmidt_process.
o

Remark. Observe that St} (n) is GL(R") and St,(n) is O(n). *

Problem 2. Denote by A C R™" the subspace of diagonal matrices. Define f: O(n) x
A — Sym(R") by

(1.1) f(@,A) = PAD'.
1. Determine the set of regular values of f.

2. For every A € Sym(R") determine f~!(A). For which A is f~1(A) is submanifold.

<o


https://en.wikipedia.org/wiki/Gram-Schmidt_process

Problem 3. Let X be a manifold without boundary and let r: X — X be a smooth map
satisfying

(1.2) ror=r.

Prove that imr C X is a submanifold.

Hint: Find an open neighborhood of r(X) such that T, has constant rank for x € U. o
Problem 4. Let X, Y be finite-dimensional real vector spaces. For r € N set
#, ={L € Hom(X,Y) : rkL = r}.
Prove that #, is a submanifold of codimension
codim#, = (dimX —r)(dimY —r).

Hint: Consider L € %’,.NDecompose X=X ®X,withX, =kerLandY = Y; oY, with Y; = im L. Decompose L € %, into
blocks accordingly. For L close to L, apply row and column operations to simplify L. Use the regular value theorem. o

Problem 5. Let f: X — Y be smooth. The graph of f is the subset

f={(xf(x):x e X}

Let Z C Y be a submanifold. Prove that f is transverse to Z if and only if f is transverse
toX X Z. o



