
Di�erential Geometry 1 (M13)
Exercise Sheet 3

Prof. Thomas Walpuski

Try to solve the following �ve problems by yourself before the tutorial on 2020-11-
25.

Problem 1. In the lecture, we de�ned two smooth atlasesA andB on 𝑆𝑛:

1. The charts ofA are the homeomorphisms 𝜙𝑖,± : 𝐻𝑖,± → 𝐵1(0) ⊂ R𝑛 de�ned by

𝜙𝑖,±(𝑥1, . . . , 𝑥𝑛+1) ≔ (𝑥1, . . . , 𝑥𝑖, . . . , 𝑥𝑛+1)

with
𝐻𝑖,± ≔ {(𝑥1, . . . , 𝑥𝑛+1) ∈ 𝑆𝑛 : ±𝑥𝑖 > 0}.

2. The charts ofB are the homeomorphisms

𝜎±(𝑥) ≔
(𝑥1, . . . , 𝑥𝑛)
1 ∓ 𝑥𝑛+1

.

with
𝑈± ≔ 𝑆𝑛\(0, . . . , 0,±1).

Prove that A andB induce the same smooth structure on 𝑆𝑛 . �
Problem 2. Denote by 𝜄 : 𝑆𝑛 → R𝑛+1 the inclusion. Prove that with respect to the
identi�cation 𝑇𝑥R𝑛+1 = R𝑛+1 for every 𝑥 ∈ 𝑆𝑛

im𝑇𝑥𝜄 =
{
𝑣 ∈ R𝑛+1 : 〈𝑥, 𝑣〉 = 0

}
. �

Problem 3. Let 𝑘 ∈ N. Let 𝑋 be a smooth manifold without boundary of dimension
two. Let 𝑓 ∈ Di� (𝑋 ) be a di�eomorphism of 𝑋 such that

𝑓 𝑘 = 𝑓 ◦ · · · ◦ 𝑓︸      ︷︷      ︸
𝑘 times

= id𝑋 .

Suppose that 𝑥 ∈ 𝑋 is a �xed-point of 𝑓 ; that is: 𝑓 (𝑥) = 𝑥 . Prove that there are a 𝜇 ∈ C
with 𝜇𝑘 = 1 and a chart 𝜙 : 𝑈 → 𝐵1(0) ⊂ R2 = C with 𝜙 (𝑥) = 0 such that 𝜙 (𝑈 ) = 𝑈

𝜙 ◦ 𝑓 ◦ 𝜙−1(𝑧) = 𝜇 · 𝑧. �
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De�nition. Let 𝑋 and 𝑌 be smooth manifolds and let 𝑓 : 𝑋 → 𝑌 be a smooth math. A
point 𝑥 ∈ 𝑋 is said to be a critical point of 𝑓 if 𝑇𝑥 𝑓 is surjective, otherwise it is said to
be regular. A point 𝑦 ∈ 𝑋 is said to be a critical value of 𝑓 if it is the image of a critical
point. It is a regular value of 𝑓 if it is not a critical value. •

Problem 4. De�ne 𝑓 : R𝑛+1 → R by

𝑓 (𝑥1, . . . , 𝑥𝑛+1) ≔ |𝑥 |2 =
𝑛+1∑︁
𝑖=1

𝑥2𝑖

Prove that 1 is a regular value of 𝑓 . �

Problem 5. De�ne 𝑓 : End(R𝑛) → Sym(R𝑛) by

𝑓 (𝐴) ≔ 𝐴𝐴𝑡 .

Prove that 1 is a regular value of 𝑓 . �
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