
Di�erential Geometry 1 (M13)
Exercise Sheet 12

Prof. Thomas Walpuski

Try to solve the following problems by yourself before the tutorial on 2021-02-17.

Problem 1. De�ne U ∈ Ω2(R4) by

U = G1G2G3dG2 ∧ dG4.

Set
) 2 ≔ {(G1, G2, G3, G4) ∈ R4 : G21 + G22 = 1 = G23 + G24}.

Compute ˆ
) 2
U. �

Problem 2. Let (-,6) be a Riemannian manifold. Let . ⊂ - be a submanifold. Denote
by ℎ the Riemannian metric on . induced by 6. Denote by ∇6 and ∇ℎ the Levi-Civita
connection of 6 and ℎ resp. Prove that for every G ∈ . , E ∈ )G. , andF ∈ Vect(- )

∇ℎEF = ∇6EF − (∇
6
EF)⊥.

Here (·)⊥ denotes the orthogonal projection )G- → #G. . �

Problem 3. Let 6 be a Riemannian metric on R< . Set 68 9 ≔ 6(m8, m 9 ). De�ne Γ:8 9 by

∇6
m8
m 9 =

<∑
:=1

Γ:8 9 m: .

Derive a formula for Γ:8 9 in terms of (68 9 ) and its derivatives. �

Problem 4. Consider R<+1 with the symmetric tensor

ℎ ≔ −dG1 ⊗ dG1 +
<+1∑
8=2

dG8 ⊗ dG8 .

Set
�= ≔

{
G ∈ R<+1 : ℎ(G, G) = −1, G1 > 0

}
.
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1. Prove that �= is a submanifold.

2. Prove that the restriction of ℎ to �= de�nes a Riemannian metric 6 on �= .

3. Compute the Levi-Civita connection 6 of �= .

4. Compute the Riemann curvature tensor of 6. �
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