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Exercises. There are exercises in these notes. Some of them are formally stated as such, but many
are parts of proofs left for you to fill in. Please, do these exercises (or at the very least attempt to
do them). They are an important part of you learning this material.

Conventions.
« N=1{1,2,...}, No = {0} UN.

o We write X*" for X ¢ --- ¢ X for ¢ = X, ®, ®, A, .... If ¢ is absolutely clear from the context,
—_——

n
we might omit it; but usually only write X" if X is a number, e.g., 2°.

« If R is ring, then M, (R) denotes the set of n X n—matrices with entries in R. M,,(R) acts on
R®" on the left (right) by matrix-multiplication.

« k is field of characteristic not equal to two. Usually k =R or k = C.
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Why Clifford algebras?

The starting point of Spin Geometry is the following question.

Question 0.1. On R™! can we write the wave operator

n
o= a? - ZaJZCI
i=1

as a Square
O = p*?

Remark o.2. Dirac [Dir28] came across this question when trying to find a relativistic theory of
the electron.

The premise of this course is that this question and its analogue for the Laplace operator
A=-30, af;i, anything that helps answer this question, and anything that arises from studying this
question is inherently interesting.



If n = 0, the answer is obviously yes. If n = 1, we make the ansatz
D = y00; + y10x
with yy and y; constant. The equation
o=’

amounts to
(03) vi=1 yon+ny=0 and yi=-1
Exercise 0.4. (0.3) has no solution with yy, y; € R (or even C).

However, (0.3) does have a solution in M, (R):

0 1 0 -1
)/02(1 0) and ylz(l 0).

In fact, it is not terribly difficult to find matrices y; by hand such that

" 2
(}’Oat - Z }’iax,-) =0
i—1

The theory of Clifford algebras answers the question: given a symmetric matrix (g;;) € R, how
does one find universal matrices y; such that

Yivi +YiYi = qi?

1 Multilinear algebra

The first part of the class will be concerned with Clifford algebras and their representation theory.
This part is rather algebraic in nature. Maybe, more algebraic than one would expect for a
geometry class. In order to warm up, we will review some constructions from multi-linear algebra,
in particular, the tensor algebra, the alternating algebra and the symmetric algebra of a vector
space V over a field k.

Let k be a field. Throughout this section, all vector spaces are taken to be vector spaces over
this field. All of the following can be vastly generalized.

1.1 The tensor product

Definition 1.1. Let V3,...,V, and W be vector spaces. Amap M: V; X --- XV, — W is called

multi-linear if for eachi = 1,...,7 and each (vy,...,...,0,) € Vi X --- XV, themap V; - W
defined by

v M(vy,...,0i-1,0,0i41, . ..,0r)
is linear.

Denote by Mult(Vy, ..., V,; W) the vector space of multi-linear maps from V; X - -- X V, to W



Proposition 1.2 (Construction and universal property of the tensor product). Let Vi,...,V, be
vector spaces.

1. Denote by k(V; X - -- X V.) the free vector space generated by the set Vi X - - - X V.. Let R be the
linear subspace spanned by elements of the form

(01, ey 0i-1,0; + /10;, 0i—1, .- .,Z)r)
- (017 ©oop vi—la Ui9 Ui—l: coog Ur) - A(vls ©oog9 Ui—l’ Ul{, vi—la coog Ur)-
Set
(13) Vi®-- @V, =k(Vy x---xV,)/R.

Themappu: Vi X---xV, > V; ®---®V, defined by

(1.4) oy, ...,00) = [(01,...,0/)].
is multi-linear.

2. The pair (V1 ® - - - ® V,, 1) satisfies the following universal property. For any vector space W,
the map

(1.5) Hom(V; ® - - ® V., W) — Mult(Vy,..., Vs W), M Mop

is bijective. In other words, if M: Vi X - -+ XV, — W is a multi-linear map, then there exists a
unique linear mapM: V; ® --- ® V. = W such that

M:MOp.

Proof. Exercise. Hint: Use the universal property of the quotient vector space and the free vector
space. ]

Remark 1.6. Proposition 1.2 is often expressed by the following diagram:

le...erL)W

-7

ul T
-7 am

Vg9V,
Definition 1.7. The pair (V; ® --- ® V;, p) is called the tensor product of Vi, ..., V,. We write

01® - Qv == p(vy,...,0).

Remark 1.8. Almost everything about the tensor product can be proved using Proposition 1.2.



Proposition 1.9. LetVy,...,V,, Wy, ..., W, be vector spaces and A;: V; — W; be linear maps. There
exists a unique linear map A1 ® -+ - QA,: Vi® -V, > W; ® - - - ® W, such that

(A1® - ®A)(01®...00,) =A10:1Q...8 A0,

Proof. Denoteby py: ViX:- XV, > Vi@---@V,andpyy: Wy X XW, > W; ®---® W, the
multilinear maps (1.4). The desired property of A; ® - - - ® A, is that

pwo (A X---xXA)=(A1®---®A,)opuy.

It is trivial to verify that the left-hand side of this equation is multi-linear. The existence of a
unique A; ® ... ® A, is thus guaranteed by (1.5) being a bijection. O

Proposition 1.10. If V3, ..., V, are finite-dimensional, then
m
dimV, ® -+ @V, = l_[dimV,-.
i=1

More precisely if (e!, .. .,efhm v.) are bases for Vi, then

{el ®---®el-’r:ij € {1,...,dimVj}}

i
is a basis forV, ® - - - ® V.

Proof. You should write a full proof as an exercise.
To just prove the dimension formula you can proceed as follows. We will implicitly prove later
that
Vie eV, =2V (V,®---®V,)

Thus it suffices to prove the result for r = 2. For this case show that if V =V’ & V", then
Veaw=(VeW)s (V' aW).

Knowing this the dimension formula will follow by induction. You can make this proof more
concrete using a basis and prove the full result. O

Exercise 1.11. Use Proposition 1.2 to construct a linear map V* @ W — Hom(V, W). When is this
map injective? When is this map surjective?

1.2 The tensor algebra

Given any vector space, the tensor product gives rise to a natural unital graded algebra.



Definition 1.12. A grading on a vector space V is direct sum decomposition

We call V" the degree r component of V. A vector space together with a grading is called a graded
vector space.

Definition 1.13. An algebra is a vector space A together with a bilinear map m: AX A — A
satisfying associativity, that is,

(1.14) mo (mxida) =mo (idg X m).

We often write x - y or xy instead of m(x,y). With this notation (1.14) becomes the familiar

x(yz) = (xy)z.
Definition 1.15. A unital algebra is a algebra (A, m) together with an element 14 € A such that
m(1a,-) =m(-, 14) = id4.
Definition 1.16. A graded algebra is an algebra (A, m) with grading such that
m(A", A%) c A,

Example 1.17. Denote by k[x] the set of polynomials in the variable x with coefficients in k.
The usual multiplication rule of polynomials is associative and makes k[x] into an algebra. The
polynomial 1 is a unit for this multiplication. This algebra has a natural grading with the r—th
graded component consisting of homogeneous polynomial of degree r.

Proposition 1.18. Letr,s,t € N. Denote by (V®", u,) the tensor product of r copies of V.
1. There exists unique bilinear map m,s: V® x V& — V&S sych that

mr,s((vl®"'®Ur)>(0r+l®"'®Ur+s)):Ul®"'®Ur®vr+l®"'®vr+s‘

2. The maps m, s satisfy associativity
Mytst © (mr,s X idv®t) = My s+t © (idv®r X ms,t).

Remark 1.19. We extend m,; tor = 0 and or s = 0 as follows. Set V®° = k and denote by
mo,: kX V® — V® and m,o: V¥ x k — V® the scalar multiplication. In particular,the
element 1 € k = V® is a unit:

mO,r(l, ) = mr,()('s 1) = idV@r.



Proof. This is basically trivial, but let me give a detailed proof to make it look complicated.
Given any vector space W, the maps

Mult(Vi ® == ® V;), (Vo1 ® - - ® Viys); W)
— Mult(Vy X -+ X Vg X == X Viys, W), B Bo (1, X i)
and
Mult(Vi ® - ® V), (Vi1 ® - @ Vi), (Vieps1 ® -+ @ Viggir); W)
— Mult(Vy X -+ X Vipgur, W), C > Co (pty X pis X i)

are bijections. (It is an exercise to prove this using that (1.5) is a bijection.)
The desired property for m,  is that

mys © (,ur X ;Ur) = Hrs-

By the above such a m, s exists and is uniquely determined.
The associativity follows from the the fact that

(Hr X ps) X pp = pp X pis X pis = pty X (s X i)
with respect to the identification (X X Y) X Z =X XY X Z =X X (Y X Z), as well as
Myys,t © (mr,s X idyer) o ((llr X ps) X /Jt) = Myis,t © (ﬂr+s X /lt) = Hras+t

and
My s+t © (idyer x ms,t) o (,ur X (,us X ,Ut)) = My s+t © (,Ur X ,Us+t) = Hr+s+t- ]

Proposition 1.20. Set
TV = (Hver
r=0

Given x € TV, denote by x, the component of x in V®". The mapm: TV X TV — TV defined by

m(x’y) = Z mr,s(xr;xs)'

r,seNy

makes TV into graded unital associative algebra with unit1 € k = V®° c TV with r-th graded piece
Ver cTV.

Proposition 1.21 (Universal property of the tensor algebra). Denote byi: V — TV the inclusion
mapV =V® c TV. IfA is a k—algebra together with a linear map j: V — A, then there exists a
unique algebra homomorphism f: TV — A such that

foi=i.



Proof. This is a consequence of the fact that V generates TV and i: V — TV is injective. O

Definition 1.22. We call TV the tensor algebra on V. We write x ® y for m(x, y).

Exercise 1.23. Let x1,. .., X, be n symbols. Denote by k{x, ..., x,) the free vector space generated
by these symbols. Prove that Tk(xy, ..., x,) is the free k—algebra generated by x1, ..., x,.

Exercise 1.24. Given a pair of algebras A and B, construct an algebra structure on A ® B.
With respect to this algebra structure, establish an algebra isomorphism

K[x] ® kly] = k[x,y].

1.3 The alternating tensor product

Definition 1.25. A multi-linear map M: V*" — W is called alternating if
M(vy,...,0,) =0

whenever there isan i = 1,...,r — 1 such that v; = v;,;. We write Alt"(V, W) for the space of
alternating multi-linear maps V" — W.

Remark 1.26. Over k = R (or whenever k is not of characteristic 2), alternating is the same as
M(vy,...,01, 041, ...,0,) = =M(v1, ..., 0i41, 04, . .., Op).

Number theorist and algebraists will be mad at you if you define alternating like this in general.

10



Proposition 1.27 (Construction and universal property of the alternating tensor product). Let V be
a vector space and r € N.

1. Denote by R the linear subspace of V" spanned by elements of the form

01® - QU
with v; = vy, for somei=1,...,r — 1. Set
AV :=V®/R.

The multilinear map a: V" — AV defined by
a(vy,...,0,) = [01®--®0,]
is alternating.

2. The pair (A"V, a) satisfies the following universal property. For any vector space W, the map
Hom(A'V,W) — Al (V,W), M~ Moa

is bijective. In other words, if M: V*" — W is an alternating multi-linear map, then there
exists a unique linear map M: NV — W such that

M=Moa.
Proof. Exercise. O

Remark 1.28. Proposition 1.27 is often expressed by the following diagram:

ANV

Definition 1.29. The vector space A"V together with the multi-linear « is called the k-th exterior
tensor product of V. We write

01 A AU = a(og, -0 ,0,).
Remark 1.30. If 0 € S, is a permutation of {1, ..., k}, then
Vg(1) A -+ AUg(k) = sign(o)oy A -+ Aoy,

Note that if k has characteristic 2, then +1 = -1 € k.

11



Proposition 1.31. Let V, W be vector spaces and A: V. — W be a linear map. There exists a unique
linear map A"A: A"V — A"W such that

(A"A)(vy A ... Avy) = Aoy A ... A Ao,
Proof. Exercise. O

Proposition 1.32. If'V has dimension n < oo, then
dim A"V = (")
r
More precisely if (ey, . .., eqmv) is a basis for V, then
{es, Ao Nej, 1< <+ <i <dimV}
is a basis for A"V

Proof. We can assume that V = k®" with its standard basis. If r = 0 or n = 0, then the result is
obvious. If n > 1, then

AE®" = (k(e) @ N7k®") @ Ak(es, . .., e,).
(You should prove this.) Set d(r, n) := dim A"k®". The above isomorphism implies that
d(r,n)=d(r—-1,n)+d(r,n—1).

From this the dimension formula follows. In fact, the above isomorphism gives a geometriza-
tion/categorification of the combinatorial identity

O

Exercise 1.33. Denote by M,,(k) the set of n X n—-matrices over k. If V = k" and A € M, (k) =
End(k"), then
A"A = det A.

(If your definition of det A is A" A, then work out the formula for det A in terms of the matrix
entries of A.)

12



Proposition 1.34. Let r € Ny. Suppose the characteristic of k does not divide r. Denote by m: V" —
A"V the canonical projection map. There is a unique linear map i: A"V — V®" such that

Toi= idArV

and ]
(o A+ Aoyp) = = Z sign(o)v; ® - - - @ vy.

" o€S,

In particular, i: A"V — V®" is an injection.
Proof. Exercise. O

Remark 1.35. If k = R (or if k has characteristic 0), then A"V can be identified with a subspace of
V&, but in general it is a quotient.

1.4 The exterior algebra

Proposition 1.36.

1. There exists unique bilinear map m,s: A"V X A"V — A™V such that
My s((@1 A A0p), (Upe1 A  AOpis)) S 01 A AU AVpit A A s
2. The maps m, s satisfy associativity:
Myise © (Mys X idpry) = My sip 0 (Idary X mgy).
3. The maps m, s satisfy graded commutativity:

mys(x,y) = (=1)"ms,(y, x).
Proof. Exercise, cf. Proposition 1.18. O

We extend m, s to the case r = 0 and s = 0 as in the construction of the tensor algebra.

13



Proposition 1.37. Set
AV =Pav.
r=0
Given x € AV, denote by x, the component of x in A"V. The map m: AV X AV — AV defined by

m(x,y) = Z mr,s(xr,ys)-

r,seNy

makes AV into a unital graded commutative associative algebra with unit1 € k = V® c AV with
r—th graded piece A"V

Definition 1.38. We call AV the exterior algebra on V. We write x A y for m(x, y).
Corollary 1.39. Define an alternating map (V*)" — Alt"(V, k) by

(0],...,07) ((01, c o Op) B det((v}"(vj))l.r,j:l)).
There is a unique linear map A"V* — Alt"(V, k) such that the diagram

(V) —— Al (V, k)

AN'V*
commutes. This map is injective. If V is finite-dimensional, this map is an isomorphism.

Remark 1.40. The map A"V* — Alt’ (V, k) also make the following diagram commute:

ATV Alt"(V, k)

L

(V*)® — Mult(V", k)

14



Proposition 1.41. There exists a unique linear map V ® A'V* — AF-1y*
v a b i(v)a

such that

r

,
0® (0] A+ Aoy) — i(0) Z(—l)i”vf(v) COT A0 ALy Ay
i=1

Thinking of « and i(v)a as elements of Alt" (V, k) and A1 (V, k) respectively, we have
(i()a)(vy,...,00-1) = a(v,01,...,04_1).
Definition 1.42. The map i(v) called contraction with v.
1.5 The symmetric tensor product and the symmetric algebra
Definition 1.43. A multi-linear map M: V*" — W is called symmetric if
M(vy,...,05,0i41,...,07) = M(01,...,0i41,04, . .., 0p).
foralli =1,...,r—1. We write Sym” (V, W) for the space of symmetric multi-linear maps V" — W.

Exercise 1.44. Work out the analogue of the discussion in Section 1.3 and Section 1.4. In particular,
construct the symmetric tensor product SV and the symmetric algebra SV. The symmetric
algebra is a unital commutative graded algebra, that is, it commutative on the nose not graded
commutative.

2 Quadratic Spaces

Definition 2.1. Let k be a field. Let V be a vector space. A quadratic formon Visamapgq: V -V
of the form

q(v) = b(0,0)
for a bilinear map b: V XV — k. We call (V, q) a quadratic space.
Remark 2.2. This concept generalizes to commutative rings R, but for our purposes working over

fields k is enough. In fact, we could assume k = R or k = C, but for the time being we will work
with a general field for the fun of it.

15



2.1 Relation with symmetric bilinear forms
Example 2.3. If (a;;) € M, (k), then g: k®" — k defined by

n
q(x1,. .. %) = Z a;jXiXj
ij=1

is a quadratic form.

Example 2.4. Let k = Z/2Z. The matrices

0 1 0 0
o) o )
both give rise to the same quadratic form g = 0.

Exercise 2.5. Let k = Z/2Z. Show that the quadratic form q: k®? — k defined by
q(x1, x2) = X1

cannot be represented by a symmetric matrix in M, (k).

Remark 2.6. If k is not of characteristic 2, then

1
b(v, w) = 2 (g0 +w) - q(0) - g(w))
is a symmetric bilinear form inducing q.

If k does not have characteristic 2, then quadratic forms are equivalent to symmetric bilinear
forms. If k does have characteristic 2, then quadratic forms might not be representable by symmetric
bilinear forms and if they are representable by symmetric bilinear forms, the representatives might
be non-unique.

Because of this we will assume from now on that k has charactersitic not equal to two.

2.2 Isometries

Definition 2.7. Let (Vi, q1), (Vz,q2) be quadratic spaces. A linear map f: V; — V5 is called an
isometry if f is invertible and

q1(v) = q2(f(0))
forallo € V.

Remark 2.8. One can contemplate the more general notion of just a linear map satisfying ¢, (v) =
q2(f(v)). Maybe one should call these maps quadratic, but quadratic linear map is an oxymoron.

16



Remark 2.9. Quadratic spaces and isometries form a category.

Exercise 2.10. If k does not have characteristic two and b; and b, are symmetric bilinear forms on
Vi and V; with associated quadratic forms ¢; and g3, then f: (V1,q1) — (Vz, q2) is an isometry if
and only if

bi(v1,02) = b2 (f(01), f(02))-

Definition 2.11. Let (V, q) be a quadratic space. The orthogonal group associated with (V, q) is
the group
O(V,q) ={f: V> V: fisanisometry}.

Exercise 2.12. Read the mathoverflow post on “On the determination of a quadratic form from its
isotropy group”.

Definition 2.13. Let (V, q) be a quadratic space. The special orthogonal group associated with
(V, q) the group
SO(V,q) ={f € O(V,q) : det f = 1}.

2.3 The Cartan-Dieudonné Theorem

Definition 2.14. Let (V, q) be a quadratic space over field of characteristic not equal to 2. Denote
by b the symmetric bilinear map associated with q. We say that g is non-degenerate if the map
V — V* defined by

v b(o,)

is an isomorphism.

Definition 2.15. Let (V, q) be a quadratic space. We say that v € V is isotropic if g(v) = 0 and
anisotropic if g(v) # 0.

Exercise 2.16. Let (V, q) be a quadratic space over field of characteristic not equal to 2. Denote by
b the symmetric bilinear map associated with q. If v € V is anisotropic, then the map r,: V-V

defined by
b(v, w)

q(v)

ro(w) ==w—2 0
is an isometry of (V, q).

Definition 2.17. We call r, the reflection in .

Theorem 2.18 (Cartan-Dieudonné). Ifq is a non-degenerate quadratic form on a vector space V,
then any element of O(V, q) can be written as the composition of at most n reflections.

Proof. See Pete Clark’s lecture notes. O

17
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2.4 Classification of real and complex quadratic forms

We will be mostly interested in quadratic forms over k = R and k = C. For these quadratic forms
are classified as follows.

Theorem 2.19 (Sylvester’s Law of Inertia). Suppose k is a Euclidean field," e.g., k = R. Let (V, q)
be a quadratic space of dimension n. There are unique numbers ny,n_,ny € Ny such that (V,q) is
isometric to (1)®™ @ (—1)"- & (0)™.

%A field k is called Euclidean if it is ordered and every x > 0 admits a square root.
Exercise 2.20. Prove Theorem 2.19.
Definition 2.21. The signature of g is the number

o(q) =ny—n_

and the nullity of q is the number n,.

Theorem 2.22. Supposek is algebraically closed, e.g., k = C. If (V, q) is a quadratic space of dimension
n, then there is a unique number p € Ny such that (V, q) is isometric to (1)®? & (0)"?

3 Clifford algebras

The classical reference for the material in this section is Atiyah, Bott, and Shapiro [ABS64].

3.1 Construction and universal property of Clifford algebras

If V is vector space, then we denote by

TV = é ver
r=0

the tensor algebra over V.
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Proposition 3.1 (Construction of universal property of the Clifford algebra). Let (V, q) be a quadratic
space.

1. Denote by I, the ideal in TV generated by elements for the form
v ®0v—q(v).
Set
(3.2) Ct(V,q) =TV/I,.
The obvious linear map® y: V. — C(V, q) satisfies
(3.3) y(©)* =q(v).
2. If A is an algebra together with a linear map §: V — A such that
8(0)* = q(v),
then there exists a unique algebra homomorphism f: C¢(V,q) — A such that

f(y()) = 6(v).

“In case you disagree that there is a canonical obvious map, y = zoiwherei: V =V® c TVandz: TV — C&(V,q)
is canonical projection.

Proof. By the universal property of TV, there exists a unique algebra homomorphism f TV - A
such that the diagram

Vv —Ls TV

N

A

commutes. Since j(v)? = q(v), f vanishes on the ideal I, and thus factors through C¢(V, q). This
proves the existence of f. Since f extends to TV, it also proves the uniqueness by the universal
property of TV. O

Definition 3.4. We call C¢(V, q) together with y the Clifford algebra associated with (V, g).

Remark 3.5. We have
Ce(V,0) = AV.

Proposition 3.6. The map y is injective.
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Proof. Exercise. Hint: The map 1: V — TV is obviously injective. You need to prove that
im: NI, = {0}.
Suppose that v = xy for x € TV and y = ), w; ® w; — g¢(w;) and derive that v = 0. O

Notation 3.7. Given that y is injective, we will (from time to time) simply write o for y(v) €
Ce(V,q).

3.2 Automorphisms of C¢(V,q)

Exercise 3.8. Let f: (V;,q1) — (Va,q2) be an isometry. Prove that there is a unique algebra
homomorphism C¢(f): C£(Vy,q1) — C€(Va, g2) such that

Ct(f) iy, =iy, o f.
Prove that C£(f) is an algebra isomorphism.

Remark 3.9. The above makes Cf into a functor from the category of quadratic spaces (with
morphisms being isometries) to the category of algebras.

Corollary 3.10. O(V,q) C Aut(C¢(V, q)).
Definition 3.11. The map V — V,v — —ov induces an involution a: C¢(V,q) — C£(V,q).

Definition 3.12. The anti-involution v; ® 1; ® - - - ® v, > v, ® - - - ® vz ® v on TV preserves I,
and, hence, defines an anti-involution -*: C¢(V,q) — C£(V, q) called transposition.

Definition 3.13. The anti-involution = := « o (+)’ is called conjugation.

Definition 3.14. Let A be a unital algebra. An element x € A is called a unit if there exists an
x~! € A such that xx™! = x"1x = 14. We write A* for the group of units in A.

Proposition 3.15. If (V,q) is a non-degenerate quadratic space, then every automorphism arising
from O(V, q) is of the form
y - xya(x) ™!

for some x € C¢(V,q)*.

Proof. By Theorem 2.18 it suffices to prove that if v € V is aniostropic, then the reflection r, induces
an automorphism of C£(V, q) of the asserted form. To this end observe that if v is anisotropic, then

ol = ﬁ e Ce(V,q)
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and

) v b(v, w)
—-owWy = —ow—— =0 —2 U= Tyw.
q(0) q(0)
Since the automorphism of C¢(V, q) associated with r, is determined by its action on V, it follows
that it must be equal to y > vya(v) . O

3.3 Real and complex Clifford algebras

One can develop the theory of Clifford algebras and study their structure over arbitrary k. We
will be particularly (or rather: exclusively) interested in k = R and k = C. In light of the previous
exercises and Theorem 2.19 and Theorem 2.22, this means we care about the following Clifford
algebras.

Definition 3.16. Given r,s € Ny, we define

Ct,s = C¢(R®™* q,5) with g, =diag(1,...,1,-1,...,-1)
r S

and
Ct, = Ct(C®,q,) with g, =diag(1,...,1).

————
r

Our first major result in this lecture course will be the precise determination of what C¢, s and
C¢, are. The first step is to work out what these algebras are if r, s are rather small.

Proposition 3.17. IfV = k®" and q = diag(qy, . . ., qn), the there exists a unique algebra isomorphism
CL(V,q) = kixi,...,xn) /I

with fq generated by x}?f — q; and x;x;j + xjx; such that fy = y withj: k®" — k(xy,.. .,xn)/fq
defined by
v(ay,...,ap) = a1x1 + - - - + apxy.
Proof. The linear map y satisfies
n

v(ay, ..., an)? = Z a?qi.

i=1

Moreover, if A is an algebra and §: k®" — A is a linear map such that

5(a)* =g,
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then f: k(xy,.. .,x,,}/fq — A defined by

n

flayx; + -+ +apx, +b) = Z a;6(e;) +b

i=1

is the unique algebra homomorphism satisfying

fr=29.
This means that k{xy,...,x,)/ fq satisfies the universal property of C£(V, q). The existence and
uniqueness of f follows immediately. O
Alternative proof. Identify Tk®" = k(xy,...,x,) and observe that I, = fq. O

Corollary 3.18. Suppose n = 1, that is, Ct(k,q) = k[x]/(x?* — q). If ¢ = 0, then Ct(k, q) is the ring
of dual numbers over k. If there is a non-zero square root \/q € k, then Ct(k,q) = k & k via

a+bx — (a++/gb,a—+/qb).

Otherwise, C£(V, q) is the quadratic field extension k(+/q) of k.

Remark 3.19. Suppose n = 2, that is,
Ct’(k@z, diag(qi, q2)) = k{x1, xz)/(xf - ql,xg — (2, X1X + X2X1).
This is isomorphic to the quaternion algebra (g1, q2), that is, C£(V, q) = k(1, i, j, k) with
i?=q, j*=qs ij=k and ji=-k.
If k =R and g1 = g, = —1, then this gives the Hamilton’s quaternions H.

Remark 3.20. We have (1, 1); = M, (k) with

= (1 ._ (01 4 iic_no(0 1
i L C U A Ll P )

and (1, —1); = M, (k) with

- _(0 1 d dic_io(01
i= _1) I=\L o) ad di=-ji={ )

Knowing all of this it is easy to work out the real and complex Clifford algebras in dimension
one and two.

22



Corollary 3.21. We have
C[1,0 =R&® R, Cf()’l = C, Cfg’o = Mz(R), C[Ll = Mz(R), and Cfo)z =H

and
Cfl =Ce®C and CfgIMg(C).
3.4 Digression: filtrations and gradings

Definition 3.22. Let V be a vector space. A filtration on V' is a subspace F'V C V for every r € N,
such that

F'V c F'tly
for all » € Ny and
V= U F'V.
reNyp

A vector space together with a filtration is called a filtered vector space.

Every graded vector space V has a canonical filtration given by

F'V=V< = EB VS,

S<r

Definition 3.23. Given a filtered vector space V, the associated graded vector space grV is

gV =(Per’V with g’ Vi=FV/FV.
r=0

Here we use the convention F~'V = {0}.

Exercise 3.24. If V is a graded vector space, then the associated graded vector space grV of V
with the canonical filtration is isomorphic to V.

Exercise 3.25. If V is filtered vector space, then there is a canonical linear map i: V' — grV. The
map i is injective and, hence, an isomorphism if V' is finite-dimensional.

Definition 3.26. Let (A, m) be a k—algebra. A filtration in A is a filtration on the underlying vector
space such that
m(FTA, F°A) € FTHA.

Exercise 3.27. If A is a filtered algebra, then gr A inherits the structure of graded algebra.

Definition 3.28. If A is a filtered algebra, then gr A is called the associated graded algebra.
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Exercise 3.29. Let A be a filtered algebra and let I be an ideal in A. Given r € Ny, define
F'(A/I) = (F'A)/(INFA).
This defines a filtration on A/I.

3.5 The filtration on the Clifford algebra
Corollary 3.30. C£(V,q) is a filtered algebra.

Proposition 3.31. The linear maps
§: V¥ — gr" Ce(V,q) = F'Ce(V,q)/F""'Ce(V,q)
factor through A"V and induce an isomorphism of algebras
d: AV = grCe(V,q).
Proof. The linear map §: V& — gr” C¢(V,q) is surjective. Since
U1+ 0;_100042 -+ - 0y = q(0)0V1 + V102 - - -0, € FTTICL(V, q),

the kernel § contains I;. Consequently, § factors through A"V. We will prove that ker § = I and
thus the map A"V — gr" C£(V, q) is injective. The kernel of the map ¢: V& — F'Ct(V,q) is
I; N V® . Therefore the kernel of § is

@ e W(FCe(V, q) = EB VO A (I, + TV ) = 1. O
r=0 r=0

Corollary 3.32. dimg C¢(V, q) = 24V,

Exercise 3.33. Suppose k has characteristic zero. Denote by i: AV — TV the map from Proposi-
tion 1.34 Prove that the map

AV 5 TV = Ce(v, q)

is an isomorphism.

This means that as a vector space we can identify C¢(V, q) with AV but this a non-standard
multiplication which does not preserve the grading but only the filtration.

Exercise 3.34. Work out how to write the multiplication induced on AV via the vector space
isomorphism AV = C¢(V, q).
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3.6 The Z, grading on the Clifford algebra
Definition 3.35. A Z, grading on a vector space V is direct sum decomposition
v=vV'e V.

We call V" the degree r component of V. A vector space together with a grading is called a Z,
graded vector space or a super vector space.

Definition 3.36. A Z, graded algebra (or super algebra) is an algebra (A, m) together with a Z,
grading such that
m(Ar,As) C Ar+s

foralr,s € {0,1} = Z,.

Definition 3.37. Let A be Z; graded algebra and let I C A be an ideal. We say I is homogeneous if
for all x € I we have xo € [ and x; € I.

Exercise 3.38. If I is an homogeneous ideal in a Z, graded algebra A, then A/I is Z/2 graded.

Definition 3.39. We define a Z,—grading on TV by declaring that

TVO = EB V¥ and TV':= EB yer+,

reNy reNy

Since I; is homogeneous with respect to this Z, grading, C£(V, q) inherits a canonical Z, grading.

3.7 Clifford algebra of direct sums

The following shows that the Z, grading on C£(V, q) is, in principle, very useful because it allows
us to determine C£(V; @ V5, g1 @ q2) in terms of C£(V3, q1) and C£(Vz, q2).

Definition 3.40. Let A, B be two Z; graded algebras. The Z, graded tensor product is Z; graded
algebra A ® B with underlying vector space A ® B, grading

(A®B)=A"®B @ A'®B' and (A®B)!=A"®@B'@®A!& B’
and multiplication

m(a; ® by, a, ® by) = (~1)98%2%€b1(q,4,) & (byby).
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Proposition 3.41. The linear map yg: Vi ® Vo — CL(Vy, q1) ® CE(Va, q2) defined by
Ya(0 ®w) = y1(0) ® 1+1® yz(w)

satisfies
Yo (v & w)* = q1(0) + g2(w).

Given an algebra A together with a linear map 6: V1 & V, — A such that
5(v @ w)* = q1(0) + ga(w),

there exists a unique algebra homomorphism f: C£(Vy,q1) ® C£(Va, q2) — A such that

d=fove.
In particular, there is a canonical isomorphism

Cf(‘/l @ ‘/1, ql @ qz) = Cf(Vlz ql) ® Cf(sz CIZ)
Proof. We have
Yo(0 ® w)* = (y1(0) ® 1+1 & ya(w))®
= 11(0)* ® 1+y1(0) ® y2(w) = y1(0) ® y2(W) + 1 & yyy(w))?
= q1(0) + q2(w).

Remark 3.42. The minus sign in the above computation comes from the sign in the definition of ®.
This sign is crucial.

Let A be an algebra and §: V; @ V, — A such that
S(vdw)=q(v) +g2(w).
By the universal property of C£(V1, g1) and C¢(Vs, g2) there are unique algebra homomorphisms
f: Ct(V,q) » Aand g: C¢(W,p) — A such that
S(vdw) =foy(v)+goy(w)=(f&g)ore(vdw).
The universal property of the tensor product shows that f ® g is the unique linear map with this

property.
This means that (C£(V3, q1) ® C£(Vs, g2), e satisfies the universal property of Clifford algebra
and hence is isomorphic to it through a canonical isomorphism. O

Proposition 3.41 and our determination of C#¢; o and C¢ ; seems to be the answer to our question:
Which algebra is C¢, ;? After all, it yields an isomorphism

Cfr,s = Cfl,o ® cee ®Cf1,0®C50,1 ® cee ®Cf0,1.

r S
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It turns out, however, that it is not that easy to work out what the right hand side is.
Exercise 3.43. We have Cf;; = R @ R with
Cfly=R(1,1) and Ctj,=R(1,-1).
Therefore,
Clyo={(1,1) ® (1,1),(1,1) ® (1,-1), (1,-1) ® (1,1), (1,-1) ® (1,-1)).

Work out the multiplication table for the above generators and find an explicit isomorphism to
M, (R).

3.8 Digression: What does it mean to determine an algebra?

One of our major goals in the first part of this lecture course is to determine what C¢,  is. Although
it is not strictly necessary for the rest of the course, we should pause here and ask “what does that
even mean?” We gave the definition of C¢, . Isn’t that enough? Also, Proposition 3.41 as well as
our computation of Cf; o and C¢y; allows us to write C¢, 5 in terms of simple pieces. Why bother
any more? Largely, the reason for studying algebras is to understand their representations. A good
answer to “what algebra is A?” should allow us to immediately understand the representations of
A. Wedderburn’s Structure Theorem tells us that this is possible—in principle.

Definition 3.44. Let A be an algebra and let V be a vector space. A representation of A on V is an

algebra homomorphism p: A — End(V).
It is customary to make p implicit and call V' the representation of A and write xv for p(x)o.

Definition 3.45. A representation p: A — End(V) is called irreducible if V # {0} and for every

W C V satistying
p(x)W W

for all x € A we have either W = {0} or W = V.

Exercise 3.46. Let V be a vector space and let p: AV — End(W) be an irreducible representation
of AV. Show that dim W = 1 and that every x € A>!V acts trivially on W.

Definition 3.47. Let A be a finite dimensional algebra. The Jacobson radical of A is

J(A) = {x € A: p(x) = 0 for all irreducible representations p}.
Remark 3.48. The previous exercise shows that J(AV) = AV,

Exercise 3.49. Prove that J(A) is an ideal of A.
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Definition 3.50. A finite dimensional algebra A is called semisimple if J(A) = 0.

Definition 3.51. Let p: A — End(V) be an irreducible representation. The commuting algebra of
p is the subalgebra

Ends(V) = {x € Endr (V) : [x, p(y)] =0 forall y € A}.

Lemma 3.52 (Schur’s Lemma). LetV and W be irreducible representation of A. If f € Homu (V, W) C
Homy (V, W), that is, f: V — W is k—linear and

fxv) = xf(0)

forallx € A, then either f = 0 or f is invertible.

Corollary 3.53. IfV is an irreducible representation, then End4 (V) is a division algebra over k, that
is, every non-zero x € End, (V) is invertible.

Theorem 3.54 (Frobenius). If D is a division algebra over R, then D is isomorphic to either R, C, or H.

Proposition 3.55. Ifk is an algebraically closed field, e.g., k = C, then any division algebra over k is
isomorphic to k.

Theorem 3.56 (Wedderburn’s Structure Theorem). Let A be a finite dimensional algebra.
1. A has only finitely many irreducible representations V1, . . ., V,, and each V; is finite dimensional.
2. Denote by D; the commuting algebra of V;. We have
n
AlJ(A) = [ | Endp, (Vi).
i=1

Proof. You can find a proof in Igusa’s lectures notes. O

3.9 Digression: Representation theory of finite groups

Theorem 3.56 together with the following result largely clarify the representation theory of finite
groups.

Theorem 3.57 (Maschke’s Theorem). If the characteristic of k does not divide |G|, then k[G] is
semisimple.
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Proof. Suppose k[G] — End(V) is a representation and W C V is an invariant subspace. Denote
by 7: V — V a projection on W, that is, im 7 = W and n|y = idy. Averaging over G, we can
assume that 7 is G-invariant. Set W+ := ker 7. This is an invariant subspace.

This means that we can decompose k[G] into irreducible representations k[G] = P V;.
Every non-zero x € k[G] acts non-trivially on k[G] and thus on at least one of the irreducible
representations V;. Consequently, J(k[G]) = {0}. |

3.10 Determination of C¢,

Exercise 3.58. Let k be a field, let D be a k—algebra, and let n, m € Nyo. We have
M, (k) @ Mp, (k) = Mypm(k) and M, (k) & D = M, (D).
Theorem 3.59. Forr,s € {0,...,7}, Cl, is as in Table 1. Moreover, we have
Clrygs = Clrs ® Mig(R) and Ct, 55 = Clr s ® Mis(R).
The proof of this result relies on the following observation.

Proposition 3.60. Let (V,q) be a quadratic space. We have

Ce((V.q) & (x1)®*) = Ce(V,—q) ® C (x1)®*)  and
Ce((V.gpe ()@ (-1) = Ce(V,q) ®CL((1) @ (-1)).

Proof. Denote by (e, e2) the standard basis of k®2. Define y: V@ k® — C£(V,—q) ® C¢ ((£1)%?)

by
(0, %,9) =uvQeez +1®xe; + 1 yes.

Since

y(v,x,9)° = —q(v) £x* + y°,

y induces an algebra homomorphism C¢ ((V, q) ® (£1)®%) — C¢(V, —q) ® C¢ ((£1)®?). This map
is surjective because it maps onto a set of generators. For dimension reasons it also injective and,
hence, an algebra isomorphism.

The second isomorphism is constructed by the same argument. O

Corollary 3.61. Forr,s € Ny, we have

Ctrs ® Ma(R) = Clsyp,
Ct,s ®H = Cls 42, and
C[r,s ® MZ (R) = C{)r+1,s+1-
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o¢

r=20 1 2 3 4 5 6 7

=0 | R R®: M;(R) M,(C) M, (H) Mz(H)®*  M4(H) M;(C)
1|C Mz (R) Mz (R)®2 M4(R) M4(C) M4(H) Ms(H)®2 M3 (H)
2 | H M, (C) M4 (R) My(R)®*  Ms(R) M;(C) M (H) Mg (H)®?
3 | H®? M;(H) M4(C) Ms(R) Ms(R)®2  Mi6(R) M;4(C) M6 (H)
4 | My(H) Mz (H)®* M, (H) M4(C) Mi6(R) Mis(R)®2 Msz(R) M3, (C)
5 | My(C) M4(H) Ms(H)®? Mg (H) Ms(C) M3z (R) M3 (R)®2 Mes(R)
6 | Mg(R) Mg(C) Mg (H) Ms(H)®*  M;6(H) Mi6(C) Me4(R) M4 (R)®?
7| Ms(R)®2 My(R)  My(C)  Myg(H)  Myg(H)®**  Msz(H) M3, (C) Mi2s(R)

Table 1: Ct, 5



Proposition 3.62. We have
CeC=Co®C, CogH=M,(C), and H®gH = My(R)
Proof. The the isomorphism C ® C — C ® C is given by
ZR W zw @ zw.
Identifying H = C @ Cj = C?, C ®g H acts on C? via
(z®q) - v = z0q.

This action is C-linear. A computation shows that the resulting map C®&H — Endc(C?) = M,(C)
is an isomorphism.
Identifying H = R*, H ®g H acts on R? via

(P®q) v=pog.

This action is C-linear. A computation shows that the resulting map Heg H — Endgr (R*) = M4(R)
is an isomorphism. o

Proof of Theorem 3.59. The proof now proceeds as follows:
1. Determine Cf3, Cly using Cfys ® Ma(R) = Clgiz0.
2. Determine Cfy3,...,Cfy ¢ using Cf, o @ H = Cfy 42
3. Determine Cfs, Cf7 using Cfys ® Ma(R) = Clsiap
4. Determine C¢( 7 using Cf, o ® H = Cfy 42
5. Determine the rest of Table 1 using Cf, s ® Ma(R) = Clp4q.541-
The establish the periodicity in r and s, observe that

C{7r+8,s = C{;s,r+6 ® MZ (R) = C{]r+4,s ® MZ (H) = Cfs,r+2 ® M4(H) = C[r,s ® MIG(R)

and, similarly,
C{7s,r+8 = Cfs,r ® M16(R)-
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Proposition 3.63. Denote by v, s the number of irreducible representation of Ct,s. Denote by D, ¢
the commuting algebra of an irreducible representation of Ct, s. Denote by d, s the dimension of an
irreducible representation of Ct, s over D, s. We have

{2 ifr—s=1 mod 4

Vis = .

1 ifr-s#1 mod4,

R ifr—-s=0,1,2 mod 8
D,s=4C ifr—s=3 mod4

H ifr—s=4,56 mod38, and

2r+s
dr,s S =0
Vrs dimg Dy
Proof. This is a direct consequence of Theorem 3.59 ]

3.11 Determination of C¢,

Proposition 3.64. Forr € Ny, we have

Ce,

14

M,-/2(C) ifr is even
M,r-1)2(C)®%  if 1 is odd.

Exercise 3.65. Prove that Cf, ; ® C = Cf,4.

Exercise 3.66. Derive Proposition 3.64 from Theorem 3.50.

3.12 Digression: determining C¢, ; via the representation theory of finite groups

Here is an alternative strategy for determining C¢, ;. Denote by ey, . . ., e, the standard orthonor-
mal basis of (R™, q,5). Let G, 5 be the finite subgroup of Cf;fs of elements of the form

tej -+ -¢€j,.

Show that a C¢, ; representation is equivalent to a G, ; representation in which —1 € G, acts as
—1. Determine the irreducible representations of G, s using the representation theory of finite
groups. Prove that C¢, s is semi-simple. Use Theorem 3.56 to determine C¢, ;.

This is strategy is carried out in [Roeg8] for C¢, where it is attributed to J.F. Adams.

3.13 Chirality

The following assumes r +s > 0. From our determination of C¢, ; and C¢, we know that these
algebras decompose into the direct sum of two algebrasif r —s =1 mod 4 andr =1 mod 2
respectively. The following explains where this splitting comes from and how to distinguish the
summands in the splitting.
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Definition 3.67. Fix an orientation on R®"** and denote by ey, ..., €,4+s a positive orthonormal
basis for g, s that is
brs(ei, ej) = £5;;.

The volume element is
W =e1- €5 €Cl ;.

Proposition 3.68. The volume element w is central in C£(V, q) (that is: wx = xo forallx € C¢(V,q))
if and only ifr +s =1 mod 2 and it satisfies w? = 1 if and only ifr —s € {0,1} mod 4.

Proof. We have

)r+s—1 2

€1 erps €1 erys = (=1 €162 €ris " €2 Cris

(r+s) (r+s-1)
=(-1)" z ekl

= (-1)

r+s
(r+s) (zr+sfl) +s

and
vw = (=1)"" 1w

for all v € C£(V, q). Consequently, w is central and satisfies w? = 1 if and only if
r—s=(r+s)> mod4 and r+s=1 mod 2

respectively. This implies the assertion by checking the possible values of r —s mod 4. O

Remark 3.69. The volume element o is central and ©? = 1 if and only if r —s = 1 mod 4. The
volume element o is not central and w? = 1 if and only if r —s =0 mod 4and r +s > 0.
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Proposition 3.70. Suppose thatr —s =1 mod 4.

1. The linear maps ms: Ct, s — Ct, s defined by

1
e (x) = 5(1 + w)x
are algebra homomorphisms and satisfy

ni=my, ma_=m_my=0, and m+m_ =id.

Consequently,
Cey, = ker(ms) = im(7)
are subalgebras and
Cly = Ctl @ CLy .

2. Ct;; are isomorphic via the automorphism a € Aut(Ct,.).

3. Ct, s has two irreducible representations S* and S™. The volume element w acts as +idg= on S*.
Ctf acts trivially on S*.

Proof. The assertions about 7 follow immediately from the fact that w is central and that w? = 1.
The fact that Cf; are isomorphic via « follows from the fact that w is odd and thus a(w) = —®

and, consequently, 7. = ans. The assertion about the irreducible representations is left as an
exercise. O

Definition 3.71. We call C¢; the positive chirality and negative chirality summand of C¢,

respectively. We call S* the positive chirality and negative chirality irreducible representation of
Ctys.

These algebras are the two summands appearing in Cf, 5 if r —s =1 mod 4. Reversing the
orientation on R™* reverses the labels on the summands.

Proposition 3.72. Suppose thatr —s =0 mod 4 andr +s > 0.
1. IfS is a representation of Ct, s, then there is a decomposition
S=S"®eS
into the £1—eigenspaces of w.

2. Ifv € R™ with g, s(v) # 0, then the action of v induces isomorphisms S* — S¥.

3. S* are representations of cr?)s.

Proof. Exercise. O
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Definition 3.73. We call S* the positive chirality and negative chirality summand of S respectively.

The discussion for C¢, is very similar, except that one uses the complex volume element wc

defined by

r+1

wc = il7 Jel---ereCt’r

for a positive orthonormal basis ey, . . ., e,. I leave it to you actually carry out the discussion.

4 Pin and Spin Groups

Throughout, we assume that (V, q) is non-degenerate.

Definition 4.1. The twisted adjoint representation is the map Ad: Ct (V,q)* — GL(C¢t(V,q))
defined by .
Ad(x)y = xya(x)"".

4.1 The Clifford group
Before introducing the Pin and Spin groups it will be helpful to consider a slightly larger group.

Definition 4.2. Let (V, q) be a non-degenerate quadratic space. The Clifford group of (V, q) is the
group
I(V,q) = {x € Co(V, q)* : Ad(x)(V) C V}.

The special Clifford group of (V, q) is the group
ST'(V,q) =T(V,q) N Ce(V,q)".
Proposition 4.3.
1 Ifx eT(V,q), then K&(x) € O(V,q) c GL(V).

2. The group homomorphism Ad: ['(V,q) — O(V,q) is surjective and its kernel is k*; that is,
we have an exact sequence

0— k*—>T(V,q) A4, 0(V,q) — 0.

Corollary 4.4. Suppose (V,q) is non-degenerate. I'(V, q) is the subgroup of C£(V, q)* generated by
k* and anisotropic vectorsv € V.
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Proposition 4.5. Define N: C¢(V,q) — Ct(V,q) by
N(x) = xx.

1. Givenx € T'(V,q),
N(x) € k* c Ct(V,q).

2. Ifv e V\{0} c T(V,q), then N(v) = —q(v).
3. The map N: T(V,q) — k* is a group homomorphism.

Definition 4.6. The group homomorphism N: T'(V,q) — k* is called the Clifford norm.

Definition 4.7. Since N(k*) C (k*)?, the Clifford norm induces a group homomorphism
N: O(V,q) — k*/(K*)*

called the spinor norm.

Proofthatker;;l NI'(V,q) = k*. Suppose x € T'(V,q) and K&(x) = idy. Denote by x; the even
part of x and by x; its odd part. We have

(4.8) oxg =xov and —oux; = x10.
In an orthogonal basis ey, .. ., e, of v we can write xy = yo + e;y; with yy and y; only involving
ez ..., ey. Since xg is even, yo must be even and y; must be odd. Applying (4.8) with v = e; yields

e1Yyo + Efy1 = Ype; +e1yie
= elyg - efyl.
Consequently, e?y; = q(e1)y; = 0 and thus y; = 0. This means that xo does not actually involve e;.
Arguing inductively it follows that xy does not involve any e; and thus x, € k.

We now write x; = y; + e1yo with y, even and y; odd and neither involving e;. From (4.8) with
0 = ey it follows that

2
—e1Yy1 — €Yo = Y1e1 t+ e1yoeq

2
= —e1y1 +ejYo

and thus y, = 1. This proves that x; does not involve e;. It follows inductively that x; does not
involve any e; and thus x; € k. In fact, x; = 0 because it is odd. Consequently, x € k. Since x is
invertible, we must have x € k*. O
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Proof of Proposition 4.5. We prove (1). Given x € I'(V, q), we have
(;‘Izl(x)v)t = ;‘Izl(x)v
and, therefore,

Ad(N(x))o = #(xva(x) ) (x") ™
= 2(xva(x) H (x")™!

=xxlox!(x) T =0

for all v € V. Therefore, N(x) € ker Ad = k*.
The assertion (2) is trivial.
We prove (3). If x,y € T'(V, g), then

N(xy) = gxxy = gN(x)y = N(x)gy = N(x)N(y).
O

Proof of Proposition 4.3. We prove (1). Given x € I'(V, q) and v € V with q(v) # 0, since N(a(x)) =
N(x), we have .
N(Ad(x)v) = N(xva(x)™) = N(x)N(x)"'N(v) = N(v).

Consequently, .
q(Ad(x)v) = q(0)

for all non-zero v; hence AT:l(x) € O(V,q). .
The fact that ker Ad = k* was already proved and we also already proved that Ad maps onto
o(V,q). |

Exercise 4.9. Prove that x € T'(V, q) implies x € T'(V, q).

4.2 Spin(V,q) and Pin(V, q)

Definition 4.10. The pin group associated with (V, q) is the group
Pin(V,q) =ker N c I'(V,q).
The spin group associated with (V, q) is the group
Spin(V, q) := Pin(V, q) N ST(V, q).

The following is a consequence of Corollary 4.4.
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Corollary 4.11. The pin and spin group can be described explicitly as follows
Pin(V,q) = {)wl 0, € CL(V, @)% A2 1—[ q(v;) = (—1)"} and

Spll’l(V, q) = {)LUI ©ctUgp € CZ(V, Q)X : Az 1_[ q(Ui) = 1}

Here A € k* andv; € V are anisotropic vectors.

Remark 4.12. In [LM89] Pin(V, q) and Spin(V, q) are defined differently and their definitions do
indeed give rise to different groups. However, for k = R and positive and negative definite forms
our spin groups will be identical to those defined in [LM8&9]. In as much as definitions can be
wrong, I think their definition is wrong.

There are exact sequences

0 — {£1} — Pin(V,q) — O(V, q) ~ k*/(k*)?

and
0 — {£1} — Spin(V, q) — SO(V, q) ~ K</ (k).

Example 4.13. Suppose ¢ = ¢, s on R™**. We have R*/(R*)? = {+1}. The spinor norm of a
reflection r, € O(V, q) in an anisotropic vector v is —sign(q(v)). If s = 0, that is, g is positive
definite, then N = (—1)d6t. Therefore, Spin, ; = Pin, ! If r = 0, that is, g is negative definite, then
N=1.

Definition 4.14. Givenr,s € Ny, we define
Pin, := Pin(R™*,q,s) and Spin, := Spin(R™", g ).
We will later restrict to definite quadratic forms and use the following conventions.
Definition 4.15. We define
O(n) :=0p, and SO(n) :=SOq4.

as well as
Pin(n) := Ping,, and Spin(n) := Spin, .

Of course, O(n) = Oy, but the choice of the negative sign makes certain identities come out
cleaner.
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4.3 Digression: The Lorentz Group
The Lorentz group O(1,3) = O(RY, q13) is the group of matrices A € M4(R) such that
A'QA=Q with Q= diag(1,-1,-1,-1)
Definition 4.16. A vector v € (R%, g = qy3) is called time-like, space-like, or light-like if g(v) > 0,

q(v) <0, g(v) = 0 respectively. We say that v = (v, v1, 02, v3) is positive if vy > 0.
The set of all light-like vector forms the light-cone.

The complement of light-cone in R* has 3 components: positive light-like vectors, negative
light-like vectors, and space-like vectors. Any Lorentz transformation A € O(1, 3) preserves the
light-cone, but it might interchange the positive and negative light-cone; e.g., the time-inversion

T = diag(-1,1,1,1).

A moment’s thought shows that A = (a;;) switches the positive and negative light-like directions
if and only if agy < 0.

Definition 4.17. A Lorentz transformation A = (a;;) € O(1, 3) is called orthochronous if agy > 0.
The orthochronous Lorentz group is the group

0*(1,3) = {A € O(1,3) : agy > 0}
and the proper, orthochronous Lorentz group or restricted Lorentz group is

SO*(1,3) = SO(1,3) N 0" (1,3).

Proposition 4.18. The group SO*(1,3) is a connected normal subgroup. The quotient
0(1,3)/SO*(1,3) is isomorphic to the subgroup of O(1,3) generated by

T = diag(-1,1,1,1) and P = diag(1,-1,-1,—-1)
which is itself isomorphic to the Klein four group. In particular O(1,3) has 4 connected components.

Proof. This should be in any self-respecting book on Special Relativity. O

Letv € (RY, q1,3). If v is space-like, then N(v) > 0 and K:i(v) € P-SO*(1,3). If v is time-like,
then N(v) < 0 and Ad(v) € T-SO*(1,3). This means that the image of Pin, 5 is {1, P} - SO*(1,3) =
O*(1,3) while the image of Spin, 5 is SO*(1, 3).
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4.4 Pin,; and Spin,

One can prove, more generally, that if 7, s € Ny, then O, ; has at most 4 connected components
distinguished by the value of det XN: O, s — {1} X {£1}. More precisely,

ZyX7Z, ifr,s>0,
7T0(Or,s) = ’ ? .
Z, otherwise.
Following the notation above we set
SOf == (detxXN)™'(+1,+1) and O}, :=N"'(+1).

We have exact sequences

0—Z; = Pin,g » O] — 0 and 0— Z; — Spin,; — SO}  — 0.

Corollary 4.19. Spin, ; is a Lie group.

Proposition 4.20. Ifr,s € N but (r,s) # (1, 1), then the covering maps Pin, s — O; ¢ and Spin, ; —
SO;. are non-trivial on each connected component of the base.

Proof. 1t suffices to prove that +1 and —1 are connected in Spin, ;. Fix an orthonormal set e, e;
with q(e;) = q(ez) = +1 and define a path y: [0, /2] — Spin, ; by

y(t) = (e1 cos(t) + ey sin(t))(eg cos(t) — ez sin(t)).

Since
)’(71'/2):6%:11 and }/(7[/2)=—€§=$1,

this completes the proof. O

4.5 Comparing spin,; and so,.

Definition 4.21. We denote by spin, ; the Lie algebra of Spin, .

Proposition 4.22. With respect to the identification
A’R" = {%(vw —wo) :0,w € R"} c Clon,

we have
spin, , = A°R".
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Proof. Fix an orthonormal basis ey, ..., e, of R”. For i < j, the curve

y(t) = (eicos(t/2) +ejsin(t/2)) - (—e;cos(t/2) +e;j sin(t/2))
= cos(t) + sin(t)e;e;

lies in Spin(n) and its tangent vector at y(0) is e;e;. This means that spin, ; € A’R". By dimension
counting the inclusion must be an identity. O

There also is a natural isomorphism A’R"” = sp, ¢ given by
(0 Aw)x = by (W, x)v — by s (v, x)W.
Here b, ; is the symmetric bilinear form associated with g, .
Remark 4.23. This isomorphism is simply raising one index using b, ;.
Remark 4.24. For SO(n) = SOy ,,, we have
(v Aw)x = (v, x)w — (w, x)v
with respect to the positive definite inner product (-, -) on R™.
Proposition 4.25. The Lie algebra map Lie(ATi) : spin, o — s0, is given by
Lie(KZl)eiej =2e; Nej

or, more invariantly, by .
Lie(Ad)([v,w]) = 40 A w.
Proof. Consider the curve y() = cos(t) + sin(t)e;e; in Spin(n). We have y(0) = e;e; and
d —
—|  Ad(y(t))v = eieju — veje;
dt|,
= e;e;u + e;vej — Zbr,s (v, ei)ej
= 2bys(v, ej)e; — 2b, s (v, €;)e;
=2(e; N ej)o. =

4.6 Identifying C¢(V, q)°

In light of the definition of Spin(V, q), it becomes a relevant question to ask: what is C£(V, q)° and
what are its representatons?
If S =S*® S is Z, graded vector space, then End(S) is a Z, graded algebra with

End(S)° = End(S*) ® End(S™) and
End(S)! = Hom(S*,S™) ® Hom(S™, S*).
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Definition 4.26. Let A be a Z, graded algebra. A graded representation of A is a Z, graded vector
space St @ S~ together with a graded algebra homomorphism A — End(S).

The following allows us to explicitly determine C¢? .

Proposition 4.27. We have
Ct(Vekqge (-1))° = Ce(v, q) and C{(Veokqgo (1)° = Ce(V, —-q)

In particular,
ce®

r,s+

= Cls,  CE

r+1,s

= Ct;,, and Ct°, =C¢,.

r+l1 —
Proof. Set ey := (0,1) € V@ k. Definey: V — C¢(V @ k)° by

y(0) = epv.
Since
y(0) = egvegv = —ejv* = q(v),

y induces an algebra homomorphism C¢(V,q) — C¢(V @ k,q & (-1))°.
Exercise 4.28. Prove that the homomorphism is surjective by proving that eyo generates C£(V ®k)°.

Multiplication with e, induces a vector space isomorphism C£(V @ k,q & (-1))® — C¢(V @ k,q &
(-1))". Consequently, dim C£(V @ k,q ® (—1))° = 24mV+1/2 = dim C¢(V, ). It follows that the
algebra homomorphism is also injective.

The second isomorphism follows by the same argument. O

0
r+l1,s

Remark 4.29. Note that the isomorphism C?¢ = C¢;, changes the order of r and s.

4.7 Representation theory of Pin(V, g) and Spin(V, q)

We are interested in representation of Pin(V, q) and Spin(V, ¢) in which —1 acts non-trivially.
Representations in which —1 acts trivial, actually are representations of

Q(V,q) =im(Pin(V,q) — O(V,q)) and
SQ(V,q) = im(Spin(V, q) — SO(V,q))

and thus yield nothing new.
Proposition 4.30. Ifp: C¢(V,q) — End(W) is a representation of C£(V, q), then its restriction

to Pin(V, q) is a representation of Pin(V, q) in which —1 acts as —idy If N(T'(V,q)) C (k*)?, then
every such representation of Pin(V, q) arises from this construction.
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Proof. The first part of each of the assertions is trivial. Suppose N(I'(V, q)) C (k) Ifv € V is
anisotropic that is N(v) = —q(v) # 0, then v/4/N(v) € Pin(V, q). In fact, Pin(V, q) is generated
by +1 and vectors v € V with N(v) = 1. There is basis (v1,...,0,) of V with b(v;,v;) = §;;. Let
o: Pin(V,q) — GL(W) be a representation with o(—1) = —idy . Define §: V — End(W) to be
the unique linear map such that

5(0;) = o(vy).
Since
§(v:)* = o (v;)* = 0(-1)* = —idy,
d extends to a representation p: C£(V,q) — End(W). By construction p extends o. O

Using this one can introduce the notion of a pinor representation. In this course, we will
not work with pinors, but only spinors. Thus, let us proceed to the construction of the spinor
representation immediately.

Proposition 4.31. Denote by S the restriction of an irreducible representation of C¢, s to Spin, .
1. S is independent of the choice of irreducible representation of Ct, s.

2. Ifr—s € {-1,-2} mod 8, then S of Spin, ; decomposes into two equivalent Cey —irreducible
representations S = S’ @ S’. Ifr —s € {=3,-5,-6,—~7} mod 8, then S of Spin, ; is C -~
irreducible.

S

3. Ifr —s = 0 mod 4, then S of Spin, ; decomposes into two inequivalent Ce) ~irreducible
representations S = S* @ S™. ST is characterized by the volume element w acting as +idg=.
Moreover, ifv € V, then y(v)S* C S¥.

Remark 4.32. If N(ST(V, q)) C (kX)?, then irreducible for C{’(r)’s implies irreducible for Spin, ;. This
condition does not hold for indefinite quadratic forms (that is, when r, s > 0). In this case, I am
not sure whether irreducible for C¢ ; implies irreducible for Spin, .

Definition 4.33. We call S in Proposition 4.31 the spinor representation of Spin, ; and we call S*
and S~ the positive chirality spinor representation and negative chirality spinor representation.

Proof of Proposition 4.31. We prove (1). If r —s # 1 mod 4, there is a unique irreducible represen-
tation of C¢, 5. For r =s =1 mod 4, there are two irreducible representations S* and S~ and the
Clifford algebra decomposes as C¢, s = Cf; ; & C¢, ;. The involution « interchanges C¢; ; and Cf,
as well as S* and S™. This means that if (x,y) € C£}; @ Cf,, then a(x,y) = (ay, ax). Therefore,

Cf(r],s = {(x,a(x)) € Ct} & Ct, }.

Since the two irreducible representations S* and S~ are related by a, they agree on C£? .
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(2) follows by inspecting Table 1 and using Proposition 4.27. E.g., Cfy; = C has the irreducible
representation C. Restricting to Cfg,o = Cty, = R this representation splits as C = R @ iR = R®2.
Similarly, Cfy2 = H has the irreducible representation H. Restricting to Ct’g,z =Ct; =C
this representation splits as H = C @ jC = C®2. However, the irreducible representation H of
Cty3 = H®? stays irreducible upon restriction to Ct’g 5 =Cloy =H.

(3) is immediate from Proposition 3.72. , O

Proposition 4.34. The spinor representations S and the representations S” are faithful.

Proof. Exercise using Table 1. O

Proposition 4.35.

1.

The spinor representation S of Spin, ¢ admits an inner product invariant under the action of
Spin, ;. If r = 0 ors = 0, the inner product can be chosen to be positive definite. The action of
R®™S on S is skew-adjoint with respect to this inner product. Ifr —s =0 mod 4, then ST L S™.

. Ifr —s = —1 mod 8, then S admits a complex structure I which is invariant under the action

of Spin, ; and orthogonal with respect to the Euclidean inner product. The action of R®"* on S
is C—linear. The complex structure I does not preserve S’ C S.

. Ifr —s = -2, mod 8, then S admits a quaternionic structure I, J, K which is invariant under

the action of Spin, ; and orthogonal with respect to the Euclidean inner product. The action of
R®™S on S is H-linear. The complex structure I does preserve S’ C S, but ] and K do not.

Ifr —s = =3,—4 mod 8, then S admits a quaternionic structure I, J, K which is invariant
under the action of Spin, ¢ and orthogonal with respect to the Euclidean inner product. The
action of R¥* on S is H-linear.

Ifr —s =—=5 mod 8, then S admits a quaternionic structure I, J, K which is invariant under
the action of Spin, ; and orthogonal with respect to the Euclidean inner product; moreover, the
action of R®™ on S is C-linear with respect to the complex structure I, but not with respect to
J and K.

Proof. If r = 0 or s = 0, then Spin, ; is compact and the inner product can be constructed by
averaging. In general, the construction is discussed in [Hargo].
The rest is an exercise using Table 1. O

The preceding proposition, dimension counting, and some Lie algebra theory can be used to
prove the following accidental isomorphisms.
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Proposition 4.36.

Spin, , = U(1),

Sping s = Sp(1),

Spin, , = Sp(1) X Sp(1),
Sping s = Sp(2),

Spin, ; = SU(4).

4.8 Pin‘ and Spin°

If there is one thing we have learned to so far is that the dependence of real Clifford algebras, spin
representations, etc. on r and s is unpleasantly complicated. The whole story should be much
simpler over the complex numbers. Our construction of Pin(V, g) and Spin(V, g) directly carries
over to complex vector spaces, but we do not want to work complex vector spaces to start with.
One way out is to complexify and pass to V ® C, but then the pin and spin groups do not act on
V any more. There is a modification of the definition of the Clifford group, and the pin and spin
groups using the real structure (that is: the complex conjugation) on V ® C. You can read about
that in [ABS64, p. 9]. Here we will directly make the following definitions.

Definition 4.37. The pin® and spin® groups are defined as
Pin®(V,q) == Pin(V,q) Xz, U(1) and Spin‘(V,q) := Spin(V, q) Xz, U(1)

We define
Ping := Pin“(R’,qos) and Spin; = Spin°(R’, qo ).

Identifying U(1) = {z € C : |z| = 1}, these groups naturally sit in C£(V ® C, q) via
CCtV,q) =Cl(VRC,q).

Definition 4.38. The complex spinor representation W of Sping is the restriction of an irreducible
representation of Cf;. If s =0 mod 2, then we can decompose W = W* @ W™ according to the
action of the complex volume element. We call W* the positive/negative chirality complex spinor
representation.

Remark 4.39. The complex spinor representations carries a Hermitian inner product which is
Spin§ invariant.

Remark 4.40. Since Spin, ¢ C Sping, we will also talk about the complex spinor representation of
Spin .
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Remark 4.41. If G is a Lie group and with a choice of embedding Z, C Z(G), then one can also
consider Spian’S = Spin, ¢ Xz, G. This plays a role in the discussion of certain Seiberg-Witten
equations.

Throughout, M is an oriented manifold of dimension dim M = n together with a Riemannian
metric g € T(S?T*M). All of the theory developed in this chapter can be extended to the case of
semi-Riemannian indefinite metrics. If you are used to working with semi-Riemannian manifold,
you will probably have no trouble adjusting the following development to that case.

5 Clifford bundles

Definition 5.1. Let 7: E — M be a vector bundle of rank r together with a Euclidean metric h.
The orthornormal frame bundle O(E) is the principal O(r)-bundle defined by

O(E) ={(x.e1,...,e;) € MXE™ : m(e;) = x, h(e;, e) = &ij}.

If E is oriented, then we also defined the orthornormal frame bundle SO(E) as the principal
SO(r)—bundle defined by

SO(E) ={(x,e1,...,e,) € O(E) : ey A--- Aep > 0}.
Exercise 5.2. Construct the obvious principal bundle structures on O(E) and SO(E).

Remark 5.3. If M is a manifold, then the Serre-Swan theorem identifies vector bundles E over M
(or rather their spaces of sections I'(E)) with finitely-generated projective modules over the ring
R := C®(M). The choice of an Euclidean metric is then simply a quadratic form on I'(E). One can
construct C£(E) using a straight-forward extension of the theory developed earlier to quadratic
forms on modules over rings (as opposed to just quadratic forms on vector spaces). I do not know
if this is useful for anything.

Recall from Corollary 3.10, that O(n) acts on the Clifford algebra C¢y .

Definition 5.4. If (E, h) is a Euclidean rank r vector bundle, then the Clifford bundle associated
with (E, h) is the bundle
Ct(E) = O(E) xo(r) Clo,r.

We denote by y: E — C¢(E) the map induced by the inclusion R®" — C¢,,.

Remark 5.5. As vector bundles
Ct(E) = AE.

Clearly, the fibre C¢(E), of C£(E) over x € M is the Clifford algebra C¢(E,, —h). All structures
discussed on C¢ , naturally carry over to C¢(E). In particular, the involution « induces a bundle
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map a: C£(E) — Cf(E) and its (+1)- and (—1)-eigenspaces correspond to the even part C£(E)°
and C¢(E)!. Similarly, if n = 1 = =3 mod 4 and E is oriented, then C¢(E) splits as C£(E) =
Ct(E)* & CL(E)".

Remark 5.6. If E is orientable, there is a splitting but without an choice of orientation we cannot
label the summands. If E is not-orientable, the splitting exists locally, but globally it does not; there
will be monodromies exchanging the summands in the splitting.

Definition 5.7. We denote the Clifford bundle associated to (TM, g) by C£(M).

Proposition 5.8. There is a unique covariant derivative V.= V¢,: T(Ct¢(M)) — Q' (M, Ct(M)) on
Ct¢(M) such that for allv € T(TM), and x,y € T'(C¢(M)) we have

Veey(v) = y(Vico) and  Vee(xy) = (Veex)y +x(Veey).

6 Clifford module bundles

Definition 6.1. A Clifford module bundle over M is a vector bundle 7: S — M together with a
smooth map of algebra bundles C¢(M) — End(S); that is, the map is smooth and for each x € M
the induced map C¢(M), — End(Sy) is an algebra homomorphism.

Definition 6.2. A complex Clifford module bundle over M is a complex vector bundle 7: S — M
together with a smooth map of algebra bundles C¢(M) — Endc(S).

Definition 6.3. If S is a Clifford module bundle, then the induced map y: TM — End(S) is called
the Clifford multiplication.

Exercise 6.4. Prove that the Clifford multiplication satisfies
y(v)? = ~lo|*ids.

Prove that the existence of such a Clifford multiplication is equivalent to the existence of a Clifford
module structure.

Example 6.5. C£(M) is a Clifford module bundle.
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Example 6.6. The bundle of exterior algebras

n
S:= ATM = EB A TM

r=0

is a Clifford module bundle. To see this we need to define a Clifford multiplication y: TM —
End(S). The map y defined by

-
y(v)(w1/\---/\w,)=v/\w1/\---/\wr—Z(—l)s@,ws)WI/\---/\WS/\---/\wr
s=1

satisfies
Y(U)Y(U)(Wl VANRVAN Wr) = —|()|2\,1)1 Ao Awy

7
_Z(—l)s+l<U’WS>U Awg A--- /\ws A Aw,
s=1

-
—Z(—l)s(v,ws)u/\wl Ao AWg Ao Aw,
s=1
=—|o|*wi A - A wy
hence, it is a Clifford multiplication.
The previous example has a natural Z;—grading given by
SO =A""TM and S':=A"YNTM.
This makes it a graded Clifford module bundle.

Exercise 6.7 (Twisting Clifford modules). Suppose S is a Clifford module bundle and E is a vector
bundle. Show that S ® E also is a Clifford module bundle.
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Proposition 6.8. Suppose M is oriented.

1 Ifn = 0 mod 4, then every Clifford module bundle S splits according to the action of the
volume element w = e; - - - e, € C£(M) as

S=S"eS".
The Clifford multiplication exchanges ST and S™.

2. Ifn =0 mod 2, then every complex Clifford module bundle S splits according to the action of
the complex volume element w = iLnTHJel -o-e, € CH(M) ®C as

S=S*®S".

The Clifford multiplication exchanges ST and S™.

7 Dirac bundles and Dirac operators

Definition 7.1. A Dirac bundle is a Clifford module bundle S together with an inner product (-, -)
and a covariant derivative V = Vg: T'(S) — Q!(M, S) satisfying

(y(v)s, t) +(s,y(v)t) =0 and d{(s,t) = (Vgs,t) + (s, Vst)

as well as
Vs(xs) = (Veex)s + x(Vsgs).

A complex Dirac bundle is Dirac bundle where S is a complex vector bundle, the complex
structure I is orthogonal with respect to (-, -), and Vs is complex linear.

Exercise 7.2. Show that if S is a (complex) Dirac bundle and E is a Euclidean (Hermitian) vector
bundle with a compatible connection Vg, then S ® E is a (complex) Dirac bundle.

Remark 7.3. The first identity above means that y(v)* = —y(v) with respect to (-, -). The second
means that the map C¢(E) — End(S) is parallel with respect to V¢, and V.

Exercise 7.4. Let S be a Dirac bundle. Let (ey, ..., e,) be a local orthonormal frame of TM and s a
local section of S. The expression

n
Ds = Z y(ei)Vse,s
i=1
does not depend on the choice of (ey, ..., e,).

Proof. Since this is a crucial point, let me give the proof. If (fi, ..., f) is another local orthonormal
frame, then there is an orthogonal matrix A = (g;;) such that f; = Ae;. Therefore, using Y7 a;;a;x =
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(A’A)jk = 6k, we have

n

n n n
D v(Vss= D) ayany(eNVse = 2 Sur(e)Vse = 2 v(e)Vse,.
i=1

i,jk=1 k=1 i=1
O

Remark 7.5. There is a slicker looking argument which says that this is just y(Vgs). There is a
secret identification TM = T*M in this argument; that is, one considers the Clifford multiplication
as amap T*M — End(S). To justify this one uses the trace and proving yields the same definition
of D involves the invariance of the trace, which is of course proved by the above argument. If one
really wants to avoid the above computation, then one should define C£(M) = C¢(T*M). This is
probably “the right thing”, but let us not bother with such details.

Definition 7.6. The Dirac operator associated with a Dirac bundle S is the differential operator
D: T'(S) — I'(S) defined by

n
Ds := Z Y(ei)VS,e,--
i=1

Example 7.7. S = ATM with its natural Euclidean metric and covariant derivative is a Dirac bundle.
The corresponding Dirac operator is

D=d+d": ATM — ATM.

Proposition 7.8. Suppose M is oriented. With respect to the splittings from Proposition 6.8 the
following hold.

1. Let S be a Dirac bundle. Ifn =0 mod 4, thenD: T(ST® S™) — I'(S* & S™) decomposes as

0 D™
o= (2 )
2. Let S be a complex Dirac bundle. If n = 0 mod 2, then D: T(S*T® S7) —» I'(St® S7)
decomposes as
0 D™
>=(5r o)
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Proposition 7.9. We have
n
(Ds,ty = {(s,Dt) =divV with V = Z(y(ei)s, tYe;
i=1

In particular, if M is a compact manifold with boundary and v denotes outward pointing unit normal,
then

(Ds, 1)y — {5, Dt)ys = /a s

and every D : T'(S) — I'(S) Dirac operator is formally self-adjoint, that is, if s, t € T'(S) are compactly
supported, then

<DS, t>L2 = <S,Dt>L2.

Proof. Let (ey,...,e,) be alocal orthonormal frame. We compute
(Ds,t) = > (r(e) Vs, 1)
i=1
= > (Vse(y(e)s), 1) = (¢ (Vicee)s), )
i=1

= Z(S: Y(€i)Vse;t) + e, (y(ei)s, t) — (y(Vice,ei)s. t).

i=1
Since
n
divV =) (Vice r(e)s thej.er)
i,j=1
= > de(y(ens £+ (y(e))s, ) (Vice,es )
i=1
n
= > e r(es t) = (y(ep)s, t)es, Vice,ei)
i=1
n
= > e (rle)s. 1) = (y(Vicee)s. 1),
i=1
the assertion follows. m]

Exercise 7.10. If D is a Dirac operator on S, s € I'(S) and f € C*(M), then

D(fs) = y(Vf)s + fDs.
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8 Spin structures, spinor bundles, and the Atiyah-Singer operator

It is a natural question, whether a given manifold admits a Clifford module bundle with irreducible
fibres. By Proposition 4.30 this question is tightly related to the existence of pin structures.
Assuming the underlying manifold is oriented, this itself is essentially the same as the existence of
spin structures. This is why we will directly go to spin structures and skip pin structures.

Definition 8.1. Let E be an oriented Euclidean vector bundle of rank r over M. A spin structure
on E is a principal Spin(r)-bundle s over M together with an isomorphism

$ Xspin(n) SO(n) = SO(E)

Definition 8.2. A spin structure on a Riemannian manifold is a spin structure on TM. A spin
manifold is a Riemannian manifold with a choice of spin structure.

Definition 8.3. If s is a spin structure and S is the spinor representation, then we denote by S the
associated bundle
$ Xspin(n) S.

We call S the spinor bundle associated with s. If s is the spinor bundle of a spin manifold, we also
write $ for the spinor bundle.
A section of § is called a spinor field or, simply, spinor.

The structure of the spinor representation described Proposition 4.35 induces corresponding
structures on S. In particular, S comes with an Euclidean metric with respect to which the
Clifford multiplication y: E — End(S) is skew-adjoint. Suppose M is a spin manifold and S is
the corresponding spinor bundle. What is missing in order to make S into a Dirac bundle is a
covariant derivative compatible with the inner product and the Clifford multiplication. Before
discussing this point in detail, we will address the existence question for spin structures.

8.1 Existence of spin structures

We begin by reviewing the axiomatic definition of the second Stiefel-Whitney class.

Definition 8.4. Let E be a real vector bundle of rank r over a topological space X. Let k € Ny. The
second Stiefel-Whitney class is the unique class w;(E) € H?(X, Z;) such that:

1. If E — BSO(r) is the universal bundle over BSO(r), then wy(E) # 0 € H2(BSO(r), Z) = Z,.

2. If f+ X — Y is continuous, then

w(f"E) = f*w(E).
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Proposition 8.5.
1. E admits a spin structure if and only if w,(E) = 0.

2. Ifwy(E) = 0, then the set of spin structures is a H' (M, Z,)—torsor.

Proof. The proof relies on the following observation.

Proposition 8.6. There is a bijection between the set of spin structures on E and the set of 2—sheeted
covers of SO(E) such that the restriction to a fibre of SO(E) is a non-trivial cover.

Proof. The isomorphism $ Xspin(n) SO(n) = SO(E) defines a 2-sheeted covering map & via
5 — s X {1} — $ Xspin(n) SO(n) = SO(E); moreover, E satisfies E(xg) = E(x) ATi(g)
Conversely, any E gives rise to and isomorphism § Xspin(n) SO(n) = SO(E). The proposition now
follows by observing that the cover Spin(n) — SO(n) is non-trivial. O

The set of 2-sheeted covers of SO(E) is identified with H' (SO(E), Z,). The bijection is given
by the monodromy. Associated to the fibration SO(E) — M with fibre SO(n) there is an exact
sequence

res ﬁE

0 — H'(M,Z,) 2 H'(SO(E), Zy) =5 H'(SO(n), Zy) 25> HA(M, Z,).

If £ € H'(SO(E), Zy) is a 2-sheeted cover of SO(E), then res(¢&) is its restriction to H!(SO(n), Z;) =
Z,. If & corresponds to a spin structure on E, then res(¢) must be non-trivial, i.e., res(¢) = [—1].
Since the above sequence is exact, we must have fg([—1]) = 0. Conversely, if fg([-1]) = 0, then
such an ¢ exists. Moreover, the set of such ¢ is H' (M, Z,)-torsor.

It remains to identify fg([—1]) with wy(E). Since fg([—1]) is clearly natural, one only needs
to verify by direct computation that w,(E) # 0 for E — BSO(r) the universal bundle over BSO(r).
This completes the proof. O

Proof using Cech cohomology. For G equal to Z;, Spin(r), or SO(r), denote by G the sheaf of
continuous maps to G. The exact sequence

0 — Z; — Spin(r) — SO(r) — 0

of groups induces a corresponding exact sequence of sheaves. Since SO(r) is connected, H*(M, SO(r)) =
{0}. Hence, the above yields the following exact sequence of Cech cohomology groups:

0 — H'(M, Zy) — H'(M, Spin(r)) — H'(M,50(r)) > (M, Zy).

E corresponds to an element in H' (M, SO(r)), which we also denote by E. A spin structure on

E corresponds to an element of H' (M, Spin(r)) mapping to E. By exactness of the above sequence,
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the obstruction to the existence of such an element is precisely S(E) and the set of such elements
is an torsor over H' (M, Zy).

Since Z, is discrete, Z, is the sheaf of locally constant sections of Z,. Therefore, H (M, é) =

H'(M,Zy).
It remains to identify S(E) with wy(E). This follows from the naturality f(E) and checking
that f(E) is non-trivial for the universal bundle over BSO(n). O

Remark 8.7. Recall, that E being orientable means is equivalent to w;(E) = 0 is equivalent to f*E
being trivial for every continuous map f: S' — M. E admitting a spin structure is equivalent to
f*E being trivial for all continuous map from any compact surface to M.

Theorem 8.8. If M is an orientable 3—manifold, then wy(M) = 0.

8.2 Connections on spinor bundles

Proposition 8.9. Given any metric covariant derivative Vg on E, there exists a unique metric covariant
derivative on S such that

Vs(y(v)s) = y(Vev)s +y(v) Vss.

Sketch of proof of Proposition 8.9. A metric covariant derivative on E is equivalent to a connection
the principal bundle SO(E). The relation is as follows. Suppose & = (ey, ..., e,) is a local section
of SO(E). The covariant derivative on E induced by 0 is defined by the rule

Ve; = (870)(es).
A connection on SO(E) is encoded by a SO(n)-equivariant 1-form
0 € Q' (SO(E), so(r))

which restricts to the Maurer—Cartan form on the fibres. The desired covariant derivative on S is
equivalent to a connection the principal bundle s such that the corresponding Spin(n)-equivariant
1-form 6 € Q! (s, spin(r)) satisfies

6=r0
with £: s — SO(E) denoting the covering map induced by $ Xspin(n) SO(n) = SO(E) and under
the identification spin(r) = A’R®" = so(r). m]
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Remark 8.10. If the connection 1-form of Vg is given by
QE = Z Qijeiej
ij

then the connection 1-form of Vg is given by
1
95 = ZZGij-eiAej,
Lj

If we define Ffjkf by

¢
Fg(ei,ej)er = Ffjk e,
7

then F° the curvature of Vs is given by

- 1 13 k 14
Fs= ;R,.jme (€.

8.3 The Atiyah—-Singer operator
Definition 8.11. If M is a spin manifold, then by the preceding discussion the spinor bundle $
naturally is a Dirac bundle. The associated Dirac operator I is called the Atiyah—Singer operator.

Definition 8.12. A spinor ® € T'(§) is called harmonic if )@ = 0.

8.4 Universality of spinor bundles

Proposition 8.13. Suppose M is a spin manifold and denote by $ its spinor bundle. Denote by D the
commuting algebra for the spin representation of Spin(dim M). Given any Dirac bundle S over M,
there exists a unique Euclidean vector bundle (E, h) over M together with a metric connection such
that

S=$®pE

as Dirac bundles.

Proof. Take E = Homcy(um) (9, S). m|

8.5 Spin‘ structures

The condition to admit a spin structure is somewhat restrictive. One could be interested in a
slightly weaker version.
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Definition 8.14. Let E be an oriented Euclidean vector bundle of rank r over M. A spin® structure
on E is a principal Spin®(r)-bundle w over M together with an isomorphism

W Xspin(n) SO(n) = SO(E)

Definition 8.15. A spin® structure on a Riemannian manifold is a spin structure on TM. A spin°®
manifold is a Riemannian manifold with a choice of spin® structure.

Definition 8.16. If w is a spin® structure and S is the complex spinor representation, then we
denote by W the associated bundle
W Xspin® (n) w.

We call W the spinor bundle associated with w. Moreover, the characteristic line bundle associated
with w is the complex line bundle
L=w xSpin“(n) C

associated with the representation in which [x, z] € Spin®(r) = Spin(r) Xz, C acts as z°.

Definition 8.17. Denote by f,: H*(M, Z,) — H**'(M, Z) the Bockstein homomorphism induced

by the exact sequence 0 — Z NN Z;, — 0. We define
Wies1(E) = fawic(E).
Proposition 8.18.

1. M admits a spin® structure if and only if wo(M) € im(H?*(M,Z) — H?(M, Z,) if and only if
W (M) = 0.

2. If M admits a spin® structure, then the set of spin® structures is a torsor over H*(M, Z).

Proof. For G a topological group, denote by G the sheaf of continuous maps to G. The exact
sequence

0 — U(1) — Spin‘(r) — SO(r) — 0
of groups induces a corresponding exact sequence of sheaves. Since SO(r) is connected, H°(M, SO(r)) =

{0}. Hence, the above yields the following exact sequence of Cech cohomology groups:
0 — H'(M,U(1)) — H!(M.Spin°(r)) — H'(M.50(r)) 2> H*(M.U(1)).

E corresponds to an element in H! (M, SO(r)), which we also denote by E. A spin® structure on

E corresponds to an element of H' (M, Spin®(r)) mapping to E. By exactness of the above sequence,
the obstruction to the existence of such an element is precisely f(E) and the set of such elements
is an torsor over H' (M, U(1)).
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The exact sequence

057225 R 2 u0) = o,
gives rise to an exact sequence
H'(M,iR) — H'(M,U(1)) — H*(M,Z) — H*(M, iR).
Since iR is soft, H* (M, iR) for all k > 0. Therefore,
H*(M,U(1)) = H*'(M, Z) = H*"'(M,Z)

for all k > 0.
It remains to identify S(E) € H?*(M,U(1)) = H*(M,Z) as W5(E). There is a commutative
diagram
H'(M, Spin(r))

l

H' (M, Spin®(r) —— H'(M,S0(r)) —— H*(M,U(1))

l I

H*(M, Z,) H?(M,U(1)).

Given this and the fact that w;(E) is the image of E under the map H' (M, SO(r)) — H*(M, Z,),
we only need to prove that

H*(M, Z;) = H*(M, Z5) — H*(M,U(1)) = H*(M,Z)

agrees with f;. This can be proved by a diagram chase. Specifically, one considers the exact
sequence

2
1 7, u) 25 ua) —— 1

and proves that the diagram

HE (M, Z5) —— HE(M,U(1)) =2 FF(M,U(1))

| ! :

H*(M,Z,) —— HM'(M,Z) —2— HM'(M, Z).
commutes. [m]

Remark 8.19. The obstruction to admitting a spin®-structure is that w, (E) lifts to an integral class.
This holds for the tangent bundle of any orientable 4-manifold.
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Remark 8.20. It is not uncommon to see the characteristic line bundle called the determinant
bundle. The reason for that is that if M is an spin 4-manifold, then

L=NW"=ANW".
Similary, if M is an spin 3-manifold, then
L=ANW.

If one is not talking exclusively about 3— or 4-manifold, one should not call L the determinant
line bundle.

Proposition 8.21. Given a metric covariant derivative on E and a metric covariant derivative on L,
there exits a unique covariant derivative on S which makes the Clifford multiplication parallel and
which induces the given covariant derivative on L.

Remark 8.22. The fact that the spin connection depends on the choice of a connection on L, is
important in the formulation of the classical Seiberg-Witten equation.

9 Weitzenbock formulae

Definition 9.1. Given a Dirac bundle S, we denote by Fs € Q?(M,s0(S)) the curvature of V.
Define #5 € I'(End(S)) by

1 n
Fs =5 D, ver(e)Fs(ee)).
i,j=1
Proposition 9.2 (Weitzenbock formula for Dirac bundles).

D2 = V;VS + 975.

Proof. We pick a local orthonormal frame (e, . .., e,) around a point x € M such that at x we have
Ve; = 0. At the point x € M, we compute

n n
Z y(€i)Vsey(ej)Vse, = Z y(e)y(ej)Vse, Vs,
ij=1 Lj=1
n n
- Z VseVse + Z y(e)y(e))[Vse: Vs,
i=1 i<j
n
= ViVs+ ) y(e)r(e)Fslene)). 0

i<j
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Proposition 9.3 (Bochner). If M is compact and Fs is non-negative definite (that is: (Fs®, @) > 0),
then D® = 0 implies Vs® = 0. Moreover, Fs is positive definite somewhere, then ® = 0.

Proof. If D® = 0, then we have
/ [VO|? + (FsD, D) = 0. o
M

The usefulness of Proposition 9.2 and Proposition 9.3 crucially depends on being able to
understand what F is. In the following we will try to better understand Fs and, hence, Fs.

Definition 9.4. Let S be a Dirac bundle. Define Rs € Q?(M, s0(S)) by

n

Rs(o,w) i= 3 D" v(e)r(e)(R@ wieie))

ij=1

Proposition 9.5. Let S be a Dirac bundle. Denote by Fs € Q?(M,End(S)) the curvature of V. There
is an F;W € Q*(M, s0(S)) which commutes with Clifford multiplication such that

Fs =Rs+Fy".
Proof. This result follows from the following two propositions.

Proposition 9.6. Let S be a Dirac bundle. Denote by Fs € Q*(M,End(S)) the curvature of Vs. We
have

[Fs(u,0),y(w)] = y(R(w,0)w).

Proof. We pick a local orthonormal frame (ey, . . ., e,) around a point x € M such that at x we have
Ve; = 0. At the point x € M, we compute

[Fs(ei ej),y(ex)] = [[Vs.ess Vse; ], v(ex)]

[Vsen [Vses v(ex)]]l = [Vses [Vses y(er)]]
= [Vse ¥ (Vesen)] = [Ve,, v (Ve er)]
(Ve;Veser) —y(Ve, Veer)

(R(ei, ej)ex). m|

Y
Y

Proposition 9.7. Let S be a Dirac bundle. We have

[RS(u: U)’ }/(W)] = Y(R(u: U)W)
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Proof. We pick a local orthonormal frame (ey, .. ., e,) and compute

[Rs(ex. er), y(em)] = 4—11 Z(R(ek, er)ei,ej)[y(e)y(e;),y(em)]

ij=1
1 n
=1 ;(R(ek, er)ei e)(y(e)y(ej)y(em) —y(em)y(e)y(es)).
We have
0 ifi=j,
0 if i, j, m are pairwise distinct,

y(e)y(ej)y(em) — y(em)y(e)y(ej) = 2y(e;) ifi#jandi=m,
—2y(e;) ifi+# jandj=m.

Therefore,

[Rs(ek 0 y(em)] = 5 D" (Rs(ews er)ems ei)y(e)) = 5 D (Rs(ers er)es ey (@)
j=1 i=1

= Z(Rs(ek, e{’)em> ej>)/(ej)'

=1
Given the above, simply define
F&" == Fs — Rs.

Definition 9.8. The Ricci curvature of g is
n
Ric(o, w) = ) (R(e0)w,e;)
i=1

and the scalar curvature of g is

n
scaly = Z Ric(e;, €;).
i=1

Exercise 9.9. Prove that Ric(v, w) = Ric(w, 0).
Proposition 9.10 (Weitzenbock formula for Dirac Bundles, I). With

n

Fs" = % Z y(e)y(e;)Fs" (ei €))

i,j=1

S

and with scaly denoting the scalar curvature of g, we have

1
D? = ViVs + Zscalg + 9/75“”.
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Remark 9.11. Why is this better than Proposition 9.2? We know that EFStW is C¢(M)-linear this
strongly restricts what " could possibly be and, sometimes, makes easy to work out what it
actually is.

The proof relies on the following computation. On first sight the computation looks off-putting,
but the result of the computation is of fundamental importance and will be used repeatedly later.

Proposition 9.12. We have

Z y(ee)y(ei)y(ej)(R(ek, er)ei, ej) = =2 Z y(ei)Ric(ex, e;)

ijb=1 i=1

and
n

D vleoy(eNy(en)(Riex er)es, e} = 2scal,.

i,j k=1

Proof. The first identity implies the second directly.
If i, j, £ are pairwise distinct, then

y(ee)y(en)y(e;) = y(e)y(ej)y(er) = y(ej)y(er)y(es)-
By the algebraic Bianchi identity

(R(ek, er)ei, ej) + (R(ex, ei)ej, er) + (R(ex, ej)es, e;) = 0.

Thus the sum of terms with i, j, £ pairwise distinct appearing the the left-hand side vanishes. The
terms with i = j vanish because R(ey, e;) is skew-symmetric.
Ifi # j = ¢, then

y(er)y(e)y(ej)(R(ex, er)ei, ej) = y(ei)(R(ex, e;)ei ) = —y(e:)(R(ej, ex)ei, ;).

The sum of these expressions contributes
n
= > v(eiRic(ex, ;)
i=1

to the left-hand side. If j # i = £, then

y(ee)y(ei)y(ej)(R(ex, er)ei, ej) = —y(ej)(R(e; ex)ej, e;)

The sum of these expressions also contributes
n
= " y(enRic(ex e)
i=1
to the left-hand side. |
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Proof of Proposition 9.10. Given an orthonormal frame (ey, ..., e,), by the previous proposition we
have

1 v 1 <
> D" ylex)y(enRs(ex, er) = 3 D vleyleny(eNy(e;)(Riex eei e))
k=1 i,jk,b=1
1
= Zscalg. O

Proposition 9.13. IfS = § is the spinor bundle, then
Fs = Rs.

In particular,
1
D? = ViVs + Zscalg.

Therefore, if scal; > 0, then every harmonic spinor is parallel; if scaly is positive somewhere, then
harmonic spinors must vanish.

Proof. The twisting curvature F¢" is 2-form with values in skew-symmetric endomorphisms of §
which commute with the Clifford multiplication. Since § arises from an irreducible representation,
by Schur’s Lemma an endomorphism of § commuting with the Clifford multiplication must be a

scalar. A skew-symmetric scalar vanishes. This shows that F{" = 0. O
Alternative proof. One can proof directly that Fs = Rs using Proposition 4.25. O

Exercise 9.14. If S = W is a complex spinor bundle, associated to a spin®—structure prove that
FY e Q?%(M, iR). Identify F&" in terms of the curvature of the connection on the characteristic line
1

bundle L. More precisely, prove that F§V = ;F4 where F4 denotes the curvature of the connection

on L.

10 Parallel spinors and Ricci flat metrics

Proposition 10.1 (cf. Hitchin [Hit74, Theorem 1.2]). Let M be a spin manifold. If there exists a
non-zero spinor ® € T'($) such that
Vo =0,

then M is Ricci flat.

Remark 10.2. This is well-known among physicists, because non-zero parallel spinor are closely
related to super symmetry.

Proof. Since Ric is a symmetric tensor, we can chose a local orthonormal frame and functions
A1, ..., Ay such that
RiC(@i, ej) = }Ll-5l-j.
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If ® is parallel, then in particular Rs® = 0. By Definition 9.4 and Proposition 9.12, this means that

n
0= Z y(ee)Rs(ex, )@
=1

n

= % Z Y(ef)}’(ei))/(Ej)<R(€k, es)ei, ej>(1)

ij.b=1

1< _
=~ > v(e)Ric(er, )@
i=1

1
= _E)Lk}’(ek)q)-
It follows that A; = - - - = A, = 0 and therefore Ric = 0. m]

All known Ricci flat manifold have special holonomy, that is, Hol(g) is a strict subgroup of
SO(n). It is a famous open question whether there are any compact Ricci-flat manifolds with
Hol(g) = SO(n). If M admits a parallel spinor, then it is impossible that Hol(g) = SO(n), because
the holonomy group of the spin bundle must reduce to a subgroup Spin(n — 1) C Spin(n). The
possible holonomy groups have been classified by Berger [Berss]. The following theorem clarifies
the relation between parallel spinors and special holonomy.

Theorem 10.3 (Wang [Wan89]). Let M be a complete, simply connected, irreducible spin manifold of
dimension n. Set d := dimker ID. If M is not flat, then one of the following holds:

1. n=2m,Hol(g) = SU(m) (that is: M is Calabi-Yau,) and d = 2.

2. n =4m, Hol(g) = Sp(m) (that is: M is hyperkdhler), andd = m + 1.
3. n=17,Hol(g) = Gz, andd = 1.

4. n=8,Hol(g) = Spin(7), andd = 1.

Remark 10.4 (Friedrich [Frioo, Chatper 3, Exercise 4]). For ¢ > 0, the metric

X X1

+c
(dxg)?
X1

g=—" c(dx1)2 + x2(dxy)? + x; sin(xp) 2 (dxs)? +

X1+

is Ricci flat, but does not admit a non-trivial parallel spinor.
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11 Spin structures and spin® structures on Kihler manifolds

Proposition 11.1 (Atiyah, Bott, and Shapiro [ABS64, pp. 10, 13, 14]).
1. The map p: U(n) — SO(2n) does not lift to Spin(2n).
2. The map p x det: U(n) — SO(2n) x U(1) lifts to Spin®(n); that is,
Spin®(2n)

U(n) ﬁ» S0(2n) x U(1).

3. The complex spinor representation can be identified with Ac(C"™)* such that the lift U(n) —
Spin®(n) makes the following diagram commutative:

U(n) ——— > Spin®(n)

| l

Ende(C) 2% Ende(Ac(CM)).

The Clifford multiplication on Ac(C™)* is given by
ya=v"Aa-i(v)a.

Proof. (1) is a consequence of the fact that m;(p) : m1(U(n)) =Z — m,(SO(2n)) = Z; is surjective,
while the image of the map w1 (Ad): m;(Spin(2n)) — m;(SO(2n)) is trivial.

(2) is proved by constructing the lift explicitly. Given f € U(n), chose a unitary basis (ey, . . ., e,)
of C" in which f is diagonal; that is: f = diag(e'®, - ,e'*"). An orthonormal basis of the 2n-
dimensional real Euclidean space C" is given by (ey, iey, . . ., ey, ie,). Define f € Spin®(2n) by

f = 1_[ [(cos(aj/Z) +sin(a;j/2)e;(iej)) X e%“f] .
j=1

Observe that aj € R/27Z, so aj/2 € R/nZ. Consequently, the both factors individually are only
defined up to a sign. Their product, however, is well-defined. Clearly, (H;’zl e%“f)z = det(f). The
fact that p(f) = ATi( f ) follows from following observation.

Proposition 11.2. Let (ey, e5) be an orthonormal basis of R? and let &« € R. We have

cos(a) - sin(a))

Ad (cos(a/2) + sin(a/2)erer) = (sin(a) cos(a)
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Proof. Since
a (cos(a/2) +sin(a/2)eje;) ™ = cos(a/2) — sin(a/2)e e,

we have
Ad (cos(a/2) + sin(a/2)eie;) e; = (cos(a/2) + sin(a/2)eier)? e;
= (cos(oc/z)2 — sin(a/2)?
+ 2 cos(a/2) sin(a/2)erez)e;
= (cos(a) + sin(a)eez) e;.
From this the assertion follows directly. O

The formula for the Clifford multiplication defines how Spin®(2n) acts on Ac(C")*. Proving
(3) is a matter of a calculation using the explicit formula for the lift constructed above. O

Remark 11.3. Recall that if V is a real vector space with a complex structure I, then we decompose
VerC=V> o V"

with
VW0 ={veV®C:Iv=iv}) and V' :={oeV®C:Iv=-iv}.

Given v € V, we denote by 0v*! and 01 its projections to V! and V1 respectively; more precisely,

1 1
ol0 = E(v —ilv) and 0% := 5(0 + ilv).

If V has Hermitian metric, then with respect to the induced metric on V ®g C, we have
1 1 1
1,02 2 2 2 0,12 2
v | = =(Jo|* + |Iv]) = =|v and [077|° = =|v]°.
0 = (ol + I1of?) = 1ol 01 = lo

Consequently, v — V20! is an isometry.

Definition 11.4. If M is a complex manifold, then its canonical bundle is
Fm = ALTYM*

and the anti-canonical bundle is %,

Remark 11.5. If M is a Kihler manifold with volume form vol, then there is a pairing (A"T>M*) ®
(A"T*M*) — C given by

In particular,
Hr = A"TOM* = A"THM.
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Proposition 11.6. Suppose M is a Kdhler manifold.

1. For any Hermitian line bundle L, there is a unique spin® structure w on M whose complex
spinor bundle is

n
W= @ AFTON @ L
k=0

whose characteristic line bundle is L®? ®c H - We have

(n=1)
2

wt = @ A*TOWNF L and W™ = @ AZKHTO e o
k=0 k=0

(S5

2. The Clifford multiplication on W is given by

y@a = V2(*)* A a — V2i(0*Y)a.

3. If A is a Hermitian connection on L, then the corresponding connection on W induced by the
Levi—Civita connection on A*(T*M)%! is compatible with the Clifford multiplication.

4. If A induces a holomorphic structure d on L (that is: Fg’z =0), then
D =V2(dg +3%): Q¥ (M, Z) - Q" (M, Z).

In particular, if M is compact, then the space of positive and negative harmonic spinors can be
identified with the cohomology groups

Ln/2] L(n-1)/2]
@H%(M,g) and @ HZ* (M, P).
k=0 k=0

Proof. If M is a Kahler manifold, then the structure group of TM is canonically reduced from SO(2n)
to U(n). It follows from Proposition 11.1, that any Kahler manifold has a canonical spin® structure;
moreover, the complex spinor bundle is given P, _, AR(T*M)%! and the Clifford multiplication is
as asserted. It is computation to verify that the characteristic line bundle of the canonical spin®
structure is given by #,. Taking into account that the set of spin® structures is a torsor over the
group of Hermitian line bundles, the above proves (1) and (2). (3) is obvious and the first half of (4)
follows by a direct computation. The second half of (4) follows by Hodge theory. O

Proposition 11.7. A spin® structure w arises from a spin structure if and only if its characteristic
line bundle is trivial. The set of spin structures inducing a fixed spin® structure is a torsor over
ker(H'(M,Z,) — H*(M,Z) (that is: the group of Euclidean line bundles with trivial complexifica-
tion).
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Proof. Spin®(n) = Spin(n) Xz, U(1) and we have an exact sequence
0 — Spin(n) — Spin‘(n) — U(1) — 0.

Since characteristic line bundle is associated to the representation Spin®(n) — U(1), its triviality
is precisely the obstruction to lifting a spin® structure to a spin structure. This proves the first
part. The second part follows by observing that any two spin structures differ by a Euclidean line
bundle I, while any two spin® structures differ by a Hermitian line bundle. O

Remark 11.8. Serre duality asserts that for a holomorphic vector bundle & over a compact complex

manifold,
HN(M, &) = H" (M, &* ® Fu)".

In terms of the Dolbeault resolution, this duality is induced on chain-level by the pairing

(AFTOM* @ &) ® (A" FTOM* @ &* © Hm) = Hy ® KM R®ERE”
— A*"T*"M ® C
— C.

This pairing induces an isomorphism
AT @ & = (A" FTOM* @ €* @ Hn)".

Using the Hermitian inner product on %3, we obtain an anti-linear isomorphism
o AFTOM* @ & = A FTOM* @ &* ® F.

In particular, if & is a square root of F#j (that is: £®? = #j), then

o AFTOWM @ & = AV 1O @ 2.
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Proposition 11.9. Let M be a Kdhler manifold.
1. M admits a spin structure if and only if there is a complex line bundle L satisfying L®* = H),.

2. Suppose M is compact. There is a bijective correspondence between the set of spin structures on
M and the set of isomorphism classes of holomorphic line bundles & satisfying £®? = H.
(Each such & inherits a Hermitian metric from F;.)

3. Suppose M is compact. Suppose that £ is a square root of Hyr and W denotes the associated
complex spinor bundle.

(a) Ifdimc M =1 mod 4, then
$=W and ID=vV2(0+7).

The is a complex structure ] on $ which commutes with Clifford multiplication and
anti-commutes with the complex structure i.

(b) Ifdim¢ M = 2 mod 4, then
$5=W* and D =V2(3+3");

moreover, there is a complex structure J on $* which commutes with Clifford multiplication
and anti-commutes with the complex structure i.

(c) Ifdimc M =3 mod 4, then is a real structure on W which respect to which V2(d + 9*)
is real. With respect to this real structure we have

$=ReW and I)=V2(d+93).

(d) Ifdimc M = 4 mod 4, then is a real structure on W* With respect to this real structure
we have

$ =ReW* and I)=V2(3+3).

Proof. (1) follows from Proposition 11.7.
(2) Denote O™ the sheaf of nowhere vanishing holomorphic functions on M. There is a short

exact sequence of sheaves

x-x?

157y > 0 — 0 —>1.

The corresponding long exact sequence in cohomology reads as follows:

HO(M, 6%) — H(M, 0%) — H'(M, Zy) < H'(M, 0%) — H'(M,6%) 5> H*(M. Z,)

The map « is injective, because the map C* = H*(M, 6%) — H°(M, 06*) = C* is surjective. Recall,
that H' (M, 0%) classifies a holomorphic line bundles. A holomorphic line bundle Z has a square
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root if and only if B([Z]) = (¢1(L) mod 2) = 0. If f([Z]) = 0, then by the above the set of
square roots is a torsor over H'(M, Z5).

For the proof of (3), using 1, one first analyzes the relationship between the spinor representation
S and the complex spinor representation W in dimension n and determines the following:

1. Ifn=2 mod 8, then S = W and W has a complex anti-linear complex structure J. S = H,
W=wrew =CeC.

2. If n =4 mod 8, then S* = W* and W* have a complex anti-linear complex structure J.

3. If n = 6 mod 8, then there is a real structure on W and S = Re W. This real structure does
not respect the splitting W = W* @ W~ Clifford multiplication is real with respect to this
real structure.

4. Ifn =8 mod 8, then there is a real structure on W* and S* = Re W*. Clifford multiplication
is real with respect to this real structure.

12 Dirac operators on symmetric spaces

12.1 A brief review of symmetric spaces

Suppose G is a compact Lie group and K is a closed subgroup. Set
M = G/K.

Tautologically, 7: G — M is a principal K-bundle. M can be made into a Riemannian manifold
via the following construction. A Riemannian manifold obtained by this construction is called a
symmetric space.

Definition 12.1. Let G be a Lie group. Set Lyh := gh and Rjh := hg. The Maurer—Cartan form of G
is the unique differential form pg € Q'(G, g) such that

pe(dLy(§)) = &.
Exercise 12.2. The Maurer—Cartan form satisfies

Ry = Ad(g)p.
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Proposition 12.3. Set
f:=Lie(K) and ¢ :=Lie(G).

Let m be a complement of T C g such that for allk € K
Ad(k)m cm
and [m,m] c £.

1. The 1-form 0 € Q'(G, T) defined by
0 = muc

is a connection 1—form on the principal K—bundle G — M.

2. The curvature tensor of 0 is given by
1
Q= _E[Wm,UG A Twmpic].

3. There is unique K—equivariant vector bundle isomorpism TM = G Xx m which agrees with
the canonical identification Tj; )M = m at [1] € G/K.

4. Suppose (-, -) is an Ad(K)—invariant Euclidean inner product on m. By slight abuse of notation
also use (-, -) to denote the induced Riemannian metric on TM. The connection on TM induced
by 6 is the Levi-Civita connection.

Proof. (1) Given ¢ € fand g € G, we have
0(9¢) = mpc(dLgé) = m(§) = &.
Moreover, if k € K, then
R0 = mRy jig = 7 Ad(k)_lpg = Ad(k)_lﬂt,ug = Ad(k)™'0.

This proves that 6 is a connection 1-form.
(2) The curvature of 9 is

1
Q=d0+ > [0 A 0]
1
= Jde/JG + 57[{[9 A0O].
Since m is Ad(K)-invariant, we have [f, m] C m. Since, moreover, [m, m] C , we have

melpc A pcl = [mpc A mepcl + [mpc A Tmpc]
= [0 A O] + [mmpG A mmpic].
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It follows that
1
Q= do+ (0 A 0]
1 1
= me(dpc + > [pG A pGl) — > [Tmpc A Tmpc].

Since p satisfies the Maurer—Cartan equation

1
dyc + 5[”6 A pcl =0,

the curvature Q is given by the asserted formula.

(3) is obvious.

(4) It is clear that the connection induced by 6 is a metric connection. It is an exercise to show
that this connection is also torsion-free and, hence, agrees with the Levi-Civita connection. O

12.2 Homogeneous spin structures

Definition 12.4. Assume the situation of Proposition 12.3. A homogeneous spin structure on
M = G/K is a homomorphism Ad: K — Spin(m) such that the following diagram commutes

Spin(m)
2
K —d SO(m).
Given a homogeneous spin structure,
s 1= G X Spin(n)

defines a spin structure in the usual sense on M. If Spin(m) — GL(S) denotes the spinor repre-
sentation, then the spinor bundle of s is given by

$Z=GXKS.

The connection induced by 0 yields the spin connection.
A spinor i € T'($) can be identified with a K-equivariant map

y: G—S with y(gk) = Ad(k™)y(g).

The Clifford multiplication by v € T, M = m is given simply by the Clifford multiplication of m
on S. The derivative Viy € Q!(M, $) can be identified with the K-equivariant 1-form on G with
values in S defined by

(V)(&) = (dy) (D) +ad(0(D)y
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with _ .
ad = Lie(Ad).

Therefore, if (ey, ..., ey,) is an orthonormal basis for m, the Dirac operator is given by
m
By =" y(eNZet.
i=1

12.3 The Weitzenbock formula for symmetric spaces

Suppose that (-, -), in fact, arises from G-invariant inner product on g; e.g., G is semi-simple and
(-, -) is the negative of the Killing form.

Definition 12.5. The Casimir operator of G is the differential operator Qg: C*(G) — C*(G)
defined by

n
Q== L2,
i=1
for some orthonormal basis (e, ..., e,;) of g.
Proposition 12.6. We have
1
D% = Q¢+ gscal.

Sketch of proof. Since [e;, e;] € Tand, for £ € f, £y = —&1(5), we have

B = ) v(ey(e) Lo Loy

ij=1

m 1 m
= Z LY+ 5 Z y(ey(ep)ZLle.e;1¥
i=1 L,j=1
m 1 m ~
== D Ly~ D vey(epad(lene;)).
i=1 ij=1
Let (fi, ..., fx) be an orthonormal basis of f. The above formula can then be written as

k m
B =06+ ) ad(fad(f) - 5 D" vledr(epad(len e,
=1

ij=1

A computation identifies the sum of the last two terms with %scal. O
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Here is why the above is useful. The scalar curvature scal of a symmetric space is constant.
L?T'($) is acted upon by G and can be decomposed into irreducible representations

L2T($) = @ Vi
AeA

On an irreducible representation, the Casimir operator acts as a constant c(1). Consequently, the
spectrum of I§® is given by

spec(Ip®) = {c(/l) + %scal tle A}.

This can (in principle) be used to compute the spectrum of » using representation theory.

Example 12.7 (Toy example). Consider the circle S' = R/27Z. It has two spin structures. For one
of them, the spinor bundle is the trivial bundle § = C and the Dirac operator is simply I} = id;.
Consequently,

speclp =Z

with eigenspinors given by 1 (1) = e,

We can think of S! as the symmetric space U(1)/{e}. Since Spin(1) = {*1} and U(1) is
connected, there is a unique homogeneous spin structure on S'. This is the spin structure considered
above. The irreducible representation of U(1) are parametrized by Z: given k € Z, U(1) —
GL(C), z > z¥ is irreducible. Each of these representations appear with multiplicity one in LT ($)
(by Fourier theory). The Casimir operator on the representation parametrized by k € Z takes
value k2. Consequently, the above discussion tells us that

spec p” = {k? : k € Z}.
Of course, this derivation is the same as direct derivation in the previous paragraph.

Remark 12.8. This method has been used by Sulanke to determine the spectrum of I) on S" =
SO(n + 1)/SO(n) in her PhD thesis. A simpler way to determine the spectrum of ) on S" was
found by Bar [Birg6]. In fact, Bar’s method also determines an explicit eigenbasis with respect to

D.
13 Killing Spinors
Definition 13.1. Let M be a spin manifold. A Killing spinor is a spinor ¢ € I'($) satisfying

Vo = py(0)y =0
for some constant i € R and all v € TM. We call y the Killing number of .

Proposition 13.2. A Killing spinor with Killing number y is an eigenspinor with eigenvalue —nju.
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13.1  Friedrich’s lower bound for the first eigenvalue of I

As far as I know, the origin of the study of Killing spinors is the following result.

Theorem 13.3 (Friedrich [Fri8o]). Let M be a compact spin manifold with non-negative but non-
vanishing scalar curvature. Denote by A* and A~ the smallest positive and negative eigenvalues of I
respectively. With

scaly := min scal,

we have

(A5)? >

n scal
4n-1 "

If equality holds, then M admits a non-trivial Killing spinor with Killing number +4(n—”_1)scal or
n
—mscal.

scaly.

Remark 13.4. The obvious lower bound on A* arising from Proposition 9.13 is A* > %

The proof is based on an important trick. The basic idea is that if f € C*(M, R), then there is
a Weitzenbock formula for I) + f which give sharper bounds that Proposition 9.13. More generally,
one can replace f with a suitable endomorphism of §$.
Definition 13.5. Given f € C*(M,R), define the covariant derivative fVon$ by
'V,® = Vo - fy(v)d.

Remark 13.6. TV, ® is a metric covariant derivative.

Proposition 13.7. We have
1
B+f)=IvIv+ Zscal + (1—n)f?

Proof. Since
D(f$) =y(Vf) + fD(4).

we have

D+ 2= +2fD+y(V)f + f2.

By Proposition 9.13, we have

D+ =V'V+2fD+y(V) + f*+ Al—lscal.
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We have

fyfy = _ifveifvei

i=1

= - Z(Ve,- = fr(e))(Ve, = fy(e:)

n
== Y (V= = Yo Ve — 2fVe,Ve,)
i=1
=V'V+nfi+y(Vf) +2fD,
which can be rewritten as
V'V =IVIY —nf? —y(VF) - 2fD.
This proves the asserted identity. O

Corollary 13.8. If is compactly supported, then
1
[ 4@ = [ (Gacats - mge) ik + oy
M m\4

Proof of Theorem 13.3. Suppose A is an eigenvalue of I} and ¢/ is an eigenspinor for A. Using
Corollary 13.8 with f = p a constant, we obtain

0= / (j—lscal+ (1-n)p? - (A +,u)2) [y|? + |fV¢|2.
M

Consequently,
1
Zscalo SA+p)?+(n—-1)4%

The minimum of the right-hand side is Z=1A?; it is achieved at y = —A/n. This implies the

n

bound. m]

13.2 Killing spinors and Einstein metrics

Proposition 13.9. If M admits a non-trivial Killing spinor with Killing number pi, then M is Einstein
with Einstein constant 4(n — 1) (u/n)%.

Proof. The curvature of 'V is given by

TFee = [Vi = fy Ve — fe
=R}, = Afviye + dcfveve + 1y vel-
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Arguing as in the proof of Proposition 10.1 with f = —1/n, we have

0= Z y(ee) Fler, er)y

n n

= i D vley(eny(e) (Rie er)e ey + > (A/m)Py(er) [y (ex), y(en)ly

ij,0=1 =1

—3 D" rlenRic(e, ey + 2(n = (W )r(e)y
i=1

= (—%Ak +2(n— 1>(A/n)2) y(e)y.

It follows that
Ric = 4(n — 1)(A/n)>. |

13.3 The spectrum of the Atiyah-Singer operator on 5"

Theorem 13.10. Letn > 3. On S", we have
spec(Ip) = {+(n/2+k) : k € No}.

The multiplicity of Ar = =(n/2 + k) is

rk$-(k+z_1).

Proof. The following argument goes back to Bar [Birg6].

Proposition 13.11. Let n > 3. The spinor bundle § of S" can be trivialized by Killing spinors with
Killing number +1/2 and also by Killing spinors with Killing number —1/2.

Proof. Consider the covariant derivative *1/2V defined by */2V iy = Vi ¥ 1/2y(v)y. A computa-
tion shows that the curvature of ¥1/2V vanishes. Since S" is simply-connected, it follows that $
admits a trivialization by V*—parallel spinors. O

Proposition 13.12. We have
1
(w + 1/2)2 — il/ZV*il/ZV + Z(n _ 1)2‘

Proof. This is Proposition 13.7. O
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Pick Killing spinors (7, ..., {;) with Killing number +1/2 forming a basis for § point-wise.
Here m = rk §. Let (fi) be a complete L? orthonormal basis of eigenfunctions for A on S". Denote
by Ax the eigenvalue corresponding to f.

Proposition 13.13. We have
spec(Agn) = {k(n+k—1) : k € No}.
The eigenvalue Ay, = k(n + k — 1) has multiplicity

I n+k—-1\n+2k-1
=Lk n+k—1

Clearly (fiy;) forms an L? orthonormal basis of L°T'(§). Since y7 is £1/2y _parallel we have,

(B £ 1/2° (i) = (Ai + 0 1>2) fi}-

Therefore, (flgb;—’) is an eigenbasis for (I + 1/2)%. Using Proposition 13.13, we can compute the
spectrum of (D + 1/2)2.

Corollary 13.14. We have
spec (B +£1/2)*) = {k(n+k—1) + (n—1)*/4 : k € No}.

The eigenvalue Ay = k(n+k — 1) + (n — 1)?/4 has multiplicity

rk §.

k n+k-1

n+k-1\n+2k-1
m(Ak)=( )—

Proposition 13.15. If A%x = A%x, then x* = +)x + Ax satisfy

We have \/k(n +k-1)+(n-12%/4=k+ ”T‘l For ¢ = +1, define
= @ 1/2)(fivy) +e(k+ (n=1)/2)(feth).
A brief computation shows that

we = ez =m)/2+e(k+ (n = 1)/2) (f7) +y(Vi)yi
Except ¥/, and ¢, these spinors are non-vanishing. It follows that
spec(D £1/2) c {e(k+(n—1)/2) : e = £1,k € No}\{=(n - 1)/2)}.
This implies the claim about spec(Ip). For the computation of the multiplicities we refer the reader

to [Birg6, Lemma 5]. |
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14 Dependence of Atiyah-Singer operator on the Riemannian metric

The following goes back to the work of Bourguignon and Gauduchon [BG9z2]. The conformal
invariance was already noted by Hitchin [Hit74, Section 1.4].

14.1 Comparing spin structures with respect to different metrics

Let (M, g) be a Riemannian manifold. Let SO(M, g) denote its orientated frame-bundle. Let s be a
spin-structure on M.

Proposition 14.1. If g is a different metric on M, then there exists a unique section h of g—self-adjoint
endomorphisms of TM such that § = ge*"; that is,

§(o,w) = g(e?'v, w) = g(ev, e'w).

In other words, e": (TM,§) — (TM, g) is an isometry. This means it induces an isomorphism of
SO(n)—-bundlesb: SO(M, g) — SO(M, g).

Proof. This is basic linear algebra. O

Proposition 14.2. Let s be a spin structure for (M, g). There is a unique spin structure s for (M, §)
such that e” lifts to an isomorphism of Spin(n)—bundles e": § — s.
We have
et (y(0)¥) = jeo)e M.

Proof. Let g; = ge?'". Then we have isomorphism b;. These can be lifted to isomorphism of spin
h. s — §. This isometrically identifies the spinor bundles with respect to the different
metrics and these isomorphism are also compatible with the Clifford multiplication. O

structures e

Remark 14.3. It should be pointed out as a warning that the above construction depends on the
choice of path. In particular, it might not behave as one might expect with respect to concatenations.

Given this, we can compare Dirac operators with respect to different metrics.

Definition 14.4. In the situation above, we set

~g,h

)

Having chosen a reference metric g, the above allows us to view the Dirac operators for other

metrics as an operator on the spinor bundle with respect to g. This makes it possible to compare
Dirac operator with respect to different metrics.

2h
= e et
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14.2 Conformal invariance of the Dirac operator

Proposition 14.5. Let g be a Riemannian metric and let f € C*(M). Then
i)g’f = e_nTHfmgenT_lf
Proposition 14.6. Let (ey, ..., e,) be a local orthonormal frame with respect to g and denote by T the

Christoffel symbols of VI, that is,
Veiej = aei + ril;€k.

Denote by é; = e fe; the corresponding local orthonormal frame with respect to § = ge?l. The
Christoffel symbols T of VI are given by
TN =T - O - 0,f + 8y - O f-

Proof. Exercise. O

Corollary 14.7. In the above situation, the spin connections Y9 and Vg are related by
—Frd _ 1
e fy}'gief =ef (Wzi T Z(ajf)[yj,yi]) .
Proof of Proposition 14.5. We have
~ n ~
efpief = Z eff/(éi)VZ_e_f
i=1
n ~
= > y(eel Ve
i=1
n
_ —flys .1
= > vee (V2 + 2@yl
i=1

_ n-—1
— et (W R Ty(Vf))
= e_nTHle)genT_lf. i
Corollary 14.8. The dimension of the space of harmonic spinors is a conformal invariant.

14.3 Variation of the spin connections

In order to make use of I) we need to understand how the spin connections with respect to g and
g are related. Denote by Y the connection on the spinor bundle with respect to g.
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Proposition 14.9. Let
P g,h

y

= hy? e =y 4 dy,-
We have .
44 = =3 D96 (VW) = g (VEmep |y (eny(ey) + O(H)

Lj

The proof follows immediately from the following observation regarding the Levi-Civita
connection.

Proposition 14.10. Denote by V9 the Levi-Civita connection for §. Set
Voh = hyieh,

Define ay, by .
VIt = VI + ap

Write ap, = a(h) + O(h?). We have
g(an(wo, w) = g(u, (Vih)w) — g(u, (V5,h)0).

Remark 14.11. If (e;) is a orthonormal basis for T,,M, then
ap = Z(&h);eiej
Lj

with '
(an)j(ex) = ((an)(ex)e), &) = gex, (VE,h)es) — gler, (Ve h)ej).

Proof. This is essentially proved by taking the derivative of the usual formula for the Levi-Civita
connection. The following computation makes this look more complicated than it should be, but
it also derives an explicit formula V9 in terms of V9 and h. (We highly recommend to skip this
computation.)

Recall that exp(—y)dy exp(y) = Yy with

eddx —id

Y, =
x ad,

We have
GV, W) = 2 (Lui0,) + L (o, 10) = Luii2,0)
+§([w, 0], w) = ([0, wl, u) + §([w, u], 0))
= l(.,Z,g(ehv, ew) + .Zz,g(ehw, e"u) - ffwg(ehu, e"v)

2
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+g(e"[u 0], ew) = g€ [0, wl, ) + (" [w,ul, e"0))
= (R Tih)o W) + o, (R V)
+ (T (=R Voh)w,w) + G(w, (T(=h)Voh)u)
- G (=R Vo)) = G, (C(-R)V uh)o) )
+ 2 (9(MV 0, M) + g€, V)

+ g(e"Vow, e"u) + g(ew, eV u)
- g(thWu, ehv) - g(ehw, thwv)

+ g(eh [u, 0], ehw) - g(eh [0, W], ehu) + g(eh[w, ul, ehv))

- %(g ((Y(=h)Vuh)o, w) +§(v, (Y(~h) Vuh)w)
+ é((Y(—h)Vuh)w, u) + g~(w, (Y(=h)V,h)u)

- g(X(=h)Vyh)u,v) = §(u, (Y(=h)V,h)o)
+g(Vuo, w)

Note that if x, y are self-adjoint, then (Y(x)y)* = Y(—x)y. Set
1
O(x) = E(Y(x) +Y(-x)).

Thus a defined by V9 = V9 + a is characterized by
gla(wo,w) = G((O(R)Vyh)v, w) + G((O(h) Vi) w, u) — G((O(h) V5, h)u, v).

Therefore, a, defined by )
e"Vieh = VI 4

satisfies

§(a(u)o, w) = +§(~(Y(=h)VIh)o, w) + §((e** O (h) Vi h)o, w)
+ ("0 (h) Vi) w, u) — §((e** O (h) VY, h)u, v)
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because
g(ehvze_hv, w) = j(ehvze_hv, w) + j(eha(u)e_hv, w)
= §(Viv,w) + G(=(X(~h)VIh)o, w)
+G(e" (O VIR)e™ 0, w) + (" (O(h)VIh) e w, u)
~ g("(@(m)Vi,h)e"u,0)

= §(Vio, w)
+G(=(Y(=h)VIh)o, w) + G((e*O(h)VIh)v, w)
+G((e"O(h) VIR w, u) — G((*O(h)VI,h)u, v). O

14.4 Variation of the Dirac operator

. ~g,h 2h
Proposition 14.12. Set )’ = e"Ip? e Ath =0, we have

apst (k) = - Z y(e,-)V”;ei + %y(V*h + Vtr(h)).

Proof. Let (e;) be an orthonormal basis of (TM, g). Then (é;) = (e "e;) is an orthonormal basis of
(TM, g) and

(B () = ) e (7@ Ve )

i=1

= Z y(ei)ehvg_e_h‘i[’
i=1 l

= D ()i, ¥
i=1

= Do v(e) (Y, + (e w. 0
i=1 '

Definition 14.13. The stress-energy tensor of i/ is
Ty (v, w) = {y (@) Vo +y(W) Vo), )

Corollary 14.14. We have

(4.19) (U P () = = (Ty 0, w), ).
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Proof. We have

(" () = I
- ) eV,

- 2 (e (T mey) = (e (VL ed) ey ey (en)
i,j.k
+O(R?).

At a point where V,,e; = 0, we need to compute

Z(thji — Vihei)YiYiYe-
ijk

We can split this sum into five contributions depending on the incidence of the indices: i = j = k,
i#j=k,i=j#k k=i#j,i+# j# k. Only the third and the fourth sum contribute and we get

Z(thji = Vihe)yiyive = — Z(thii - Vihei)ye + Z(Vihji = Vhii)yk
ijk i+k i#j

=42 Z(Vihij - Vj tr(h)))/k
ij

= =2y(V*h+ Vir(h)). o

15 L2 elliptic theory for Dirac operators

Dirac operators naturally are defined as differential operators acting on smooth sections I'(S) a
Dirac bundle. The space T'(S), naturally, is a Fréchet space. Unfortunately, functional analysis for
Fréchet spaces is very delicate. It will be easier for us to work with Hilbert spaces of W*? sections

of S.
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15.1 W2 sections

Definition 15.1. Let M be a compact, oriented, Riemannian manifold. Let E be a Hermitian or
Euclidean vector bundle over M. Suppose V is a metric covariant derivative on E. Let k € Ny.
Given s, t € T'(E), define

k
(s, Yz = Z/ (Vks, th>T*M®k®E voly, and ||slykz = V/(s, $)yyke.
j=0 I M

We denote by W*?T'(E) the Hilbert space obtained as the completion of I'(E) with respect to

the norm ||-||,x2; that is,
11,2

WX2T(E) = T(E)

Instead of W*? we will simply write L?.

If E is Hermitian, then Wk’ZF(E) is a complex Hilbert space; otherwise, it is a real Hilbert
space.

Remark 15.2. Using measure theory and distribution theory, the space W*?T'(E) can be constructed
directly, without going through the abstract machinery of completion.

Exercise 15.3. The norm ||-||y,x2 does depend on the choice of inner product h and covariant
derivative V on E. However, since M is compact, different choices lead to comparable norms; that
is, for some constant ¢ > 0

-1
c . 2 < ||t 2 < cll 2.
sz < Illyge < el

Consequently, W*?T'(E), as a topological vector space, is independent of the choice of V and h.

Proposition 15.4. If D: T(E) — I'(F) is a differential operator of order £ € N, then it extends
uniquely to a bounded linear operator D: W**“2T'(E) — WX2I'(F) for all k € N.

Proof. Exercise. First proof that this holds for V: T'(E) — T'(T*M ® E) and 0-th order differential
operators. O

There are two fundamental theorems about W*?2 spaces.

Theorem 15.5 (Rellich-Kondrachov). The embedding W**T'(E) — W*?T'(E) is compact.

Proof. Tt suffices to restrict to k = 0. We need to prove that if (s;) is a sequence in WT'(E) with
lIsi|lw12 < 1, then the corresponding sequence in L°T'(E) has a convergent subsequence.

Step 1. We can assume that M = T" and E = C.
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Using a partition of unity we can write
Si=Si1+...+S1m

with s; ; supported in a coordinate chart. It suffices to prove convergence of the s; ; for fixed j.
Such a coordinate chart can be embedded into T". In a coordinate chart E is trivial and we can
decompose s; ; into its components (and possibly complexify).

Step 2. Preliminary steps using Fourier analysis.
By Fourier analysis, we can write any s € W“2I'(E) as
s(x) = Z §pet @)
aeZn
and by Parseval’s Theorem we have
2 2 2
IsIe = > (1+laf?) Isel”
aeZn
Denote by sV the following truncation of the Fourier series of s:
sN(x) = Z §aei<“’x>.
aeZ”
la|<N

According to the above and Parseval’s Theorem, we have

2 2 lIsllwe
||SN||L2 < |Is|lwrz  and ||s —sN”L2 = Z Ise|® < LN
aeZm
la|>N
Step 3. Completion of the proof.

Since ||s;||yy12 < 1, the above means that, for each N € N,
¥ <1 and =Ml < 1.

For each N, (sV) has is a bounded sequence in the finite dimensional space of smooth functions
spanned by e!{**) with & € Z" satisfying |a| < N. A diagonal sequence argument finds shows that
after passing to a subsequence, we can assume that sf\] converges for each N. Since ||sl~ - st ” 2 S
1/N, it follows that s; converges as well. O

Theorem 15.6 (Morrey—-Sobolev embedding). If¢ — n/2 > 0, then

lIsllcre < IIsllyywees;

in particular, W***?T'(E) — CT(E).
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Proof. 1t suffices to prove this for k = 0. Since the estimate is local, we can assume that s is
supported in a coordinate chart of radius 1 and work on R”. We need to estimate |s|(0) in terms of

lIsllwea.
For £ € $"!, by multiple applications of the fundamental theorem of calculus and rearranging
integrals we have

s(0) = — /01 ars(rx)dr

1 1
= +/ / 6fzs(r2fc) drydry
0 r

1,1 1
(—1)[/ / . / af[s(rp?) drp- - - drydry
0 Jn re-1
1 re re-1 r2
= (—1){’/ / / e / af[s(rp%) dridry - - - drp
o Jo Jo 0

=(-Df/(-1)! /1 rilols(r) dr.
0

Therefore, integrating over S"~! we obtain

1
|s(0)] S/ / rf=1 ks (rx) drdx
sn1.Jo

= [ |x|""|V’s| volgn

B;
1/2 1/2
< ( |Vt’s|2) . ( |x|2(l’—n)) )
By B
The second factor is integrable provided 2(¢ — n) > n, that is, £ > n/2. O

Remark 15.7. The above argument is due to Nirenberg [Nir59, p. 127]. The inclined reader will
observe that it can be used to prove a considerably more general result.
There also is a Fourier theoretic argument, which the reader can find in [Roeg8, Theorem 5.7].

15.2 Elliptic estimates

Proposition 15.8. Let k € Ny. There is a constant ¢ > 0 such that

Isllywrrz < ¢ (IDsllywa + lIsllzz) -
Proof. By the Weitzenbock formula D? = V*V + %. Consequently,
Isll3y2 < (D?s,s)p2 +cllsl7

2 2
< |IDsll7z + cllsll7.-
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This proves the assertion for k = 0.

Exercise 15.9. Prove that [D, V] is a o order differential operator.
Given this, we have
Vsl < IDVs|I7, +clisl7
< IDsll3yz + cllsl-
This proves the assertion for k = 1. The assertion for arbitrary k follows by induction. O

Lemma 15.10. Let X,Y,Z be Banach spaces. Let D: X — Y be a bounded linear operator. Let
K: X — Z be a compact linear operator. If there is a constant ¢ > 0 such that

llxllx < ¢ (IDx[ly + [[Kx]|z),
then ker D is finite-dimensional, and im D is closed.

Corollary 15.11. ker (D: W*12T1(S) — WK2T(S)) is finite-dimensional.

15.3 Elliptic regularity
Exercise 15.12. Let X, Y be a Hilbert spaces and X* = & (X, R) and Y” their duals. Let L: X —» Y
be a bounded linear operator. Set
ILllzx.y) = sup{l[Lx]| : [|x|| = 1}.
Prove that
IL* 2 (v x=) = IILll & (x,v)-

Definition 15.13. Denote by W%2TI'(S) the dual space Hilbert space of W*2T'(S).

Remark 15.14. By Theorem 15.6, Urey WST(S) is the space of S—valued distributions. We denote
this space by 2'T'(S)’.

We can extend D to D: W*L2I(S) — WK2T(S) for all k € Z. If k > 0, it is clear how to
define D. For k > 1 and ¢y € WK*12['(S), we define Dy € WR2I'(S) by

(DI,D, ¢>W—k,2,wk,2 = <¢, D¢>W—k+1,z’wk—1,2.
For £ > k > 0, WX (S) € WK2T'(S), we have
WR2T(S) = (WFR2D(S))* ¢ (WHPT(S))" = WHT(S).

Therefore,
WHT(S) ¢ WAL (S).

for all £ > k. All the results proved above extend to k € Z, in particular, the elliptic estimates.
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Proposition 15.15. If iy € D'T(S) and Dy € W2T(S) € W2T(S), then yy € W*12T(S).

There are many ways of proving this result. A popular method is to use difference quotients,
see [Evaio, Section 6.3]. We will use the a Friedrich’s mollifier.

Definition 15.16. A Friedrich’s mollifier for S is a family (F;).c(o1) of smoothing operators
W2 (S) — T(S) with the following properties for each k € Z:

1. There is a constant ¢, > 0 such that, for all s € L2T'(S),
IFegllwrz < cllgllyrea.

2. For any first order differential operator B there is a constant cg > 0 such that for all s € T'(X)
with
1B, Felpllwwa < cllpllwee

3. Forany s € 9'T(S) and t € T'(S), we have

(Fed ) = (. 9).

Exercise 15.17. Suppose M = R" and S is trivial. Let ¢ € C°([0,0),[0,1]) be a compactly
supported function with [ ¢ = 0. For ¢ > 0, define

(Fes)(x) =" . $((x —y)/e)s(y)dy.

Prove that (F;) is a mollifier and use this construction to prove the existence of mollifiers in
general.

Sketch of proof of Proposition 15.15. We will prove that, for all k € Z, if y € W*?T'(S) and Dy €
WH2T(S), then y € WFL2T(S).

The definition of Friedrich’s mollifiers implies that there is a constant ¢ > 0 independent of ¢
such that

[[Fesllwrz < lIsllwez and  |[[Fe, Dlsllyra < [lsllyr.

By elliptic estimates

IFep Iy < ¢ (IDFellyyee + | Fetfllyxz)
= ¢ (IILD, Fel/llwez + I Fetfllyyz)

< cllyllye.

It follows that F.i/ converges weakly in W**L2T'(S). By definition of F,, the limit of F. in
D'T(S) is . Since these limits must agree, we have iy € WK*L21(S). O

Corollary 15.18. ker (D: W21 (8) — Wk’ZF(S)) = ker D; in particular, it is independent of k.

88



16 The index of a Dirac operator

Let M be a spin (or spin®) manifold of even dimension with complex spinor bundle W = W* @& W~.
Let S be a complex Dirac bundle. For some Hermitian vector bundle E we can write

S=W®cE

and thus
S=S"®S with S*:=W*Q®cE.

We call this the canonical grading on S.
The Dirac operator on S splits according to this grading as

0 D"
o=l )

D* = (D).

with

By the preceding discussion ker D* and coker D* = ker D™ are both finite dimensional.
Definition 16.1. The index of D with respect to the canonical grading is
index(D) = dimker D* — dimker D™

It is a truly remarkable fact that index(D) can be computed in terms of the topology of the
underlying manifold M and in terms of the topology of S. The proof of this fact and the index
formula will occupy most of the rest of this course.
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Remark 16.2. Let V = V* & V™~ be a Z, graded Euclidean (or Hermitian) vector space and let
T: V — V be linear map. Writing
(%)

T: T-

The super trace of T is
strT =tr T —tr T”.

Suppose A: V — V is of degree 1 and self-adjoint, that is

0 A
1= (8 ).

with A* = (A¥)*. We can compute
index A = dimker A* — dimker A~

as follows.
Write

_((A)*AY 0
Az_( 0 (A-)*A-)'

Observe that

lim e~ (A9)"A" _ II,
t—o0 -

with IT* denoting the orthogonal projection to ker A*. Because of this

q ERRT] _tA? _ H+ 0
index A = tli)ngo str(e™™) = str( . H_) .

We have 1 1
2 2 2 2
9y str(e™™) = str(A%e™™) = str([Ae 2™, Ae 2™ ]5) = 0.

with [+, -]s denoting the Z;-graded commutator. Therefore,
index A = str(e_tAz)

for any t. Now, it turns out that in the infinite dimensional setting for A = D the same rea-
2

son goes through (once one makes sense of e~tD" the trace, etc.). Moreover, one can compute

. 2 . . .

lim, o str(e™*P") as a integral of certain characteristic classes.
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17 Spectral theory of Dirac operators

Theorem 17.1. There is a complete orthonormal basis (¢n)nen of L’T(S), which consists of smooth
sections of S, and sequence of real numbers (A,)nen such that

D¢, =Angn, and lim |A,| = +oo.
n—oo
The above are unique up to renumbering.
Definition 17.2. The set of 4, is called the spectrum of D and is denoted by spec(D).

Remark 17.3. One can prove a similar result directly for D, but it turns out we only need the result
for D?. Indeed, the proof of the above result is somewhat simpler.

We require following well-known result from Hilbert space theory.

Theorem 17.4 (Spectral theorem for compact self-adjoint operators). Let H be a Hilbert space. Let
T: H — H be a compact self-adjoint operator. There exists a complete orthonormal basis (x,)neN
and a sequence of real numbers (Ap)nen such that

Tx, =Apx, and lim A, =0.

n—oo

The above are unique up to renumbering.

Exercise 17.5. Prove Theorem 17.4.

Proof of Theorem 17.1.

Step 1. D? +c: W% — W12 is invertible.
It follows from the Weitzenbock formula that, for ¢ > 1,

Ipllwie < sup{((D* + ), P)2 : [Yllwre < 1} = 1(D* + ©)Bllw-12. < Il

Therefore, D? + ¢ has trivial kernel and closed image. It also follows that D? + ¢ is surjective. The
above shows that the standard inner product on W2 is equivalent to

(Ds, Dtz + c{s, t)pz.

Consequently, it follows from the Riesz representation theorem, that D? + ¢ is surjective.

Step 2. Application of the spectral theorem to the resolvent.
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The resolvent R: L? — L? is defined as the composition

12 (D%+¢)™!
, N

L2 > w- wh? - 12,

It is compact and self-adjoint. Consequently, Theorem 17.4 yields a complete orthonormal system
(¢n) and a null-sequence (yu,) of positive real numbers such that

R¢n = ,un¢n-

Step 3. Completion of the proof.

The above can be rewritten as
ngb,, = Aflgbn with )Lfl = (1/py —¢).

Since D? = D*D, A, > 0. Since p, — 0, A, — +o0. By elliptic regularity ¢, is smooth.
Recall that: If A%x = A%x, then x* = +Ax + Ax satisfy

AxT = +Ax*.

This means that the eigenspinors for D? determine the eigenspinors for D. The eigenspaces for
different eigenvalues of D perpendicular. For the eigenspaces themselves, are spanned by smooth
sections which can be renormalized to be orthonormal by Gram-Schmidt. O

18 Functional Calculus of Dirac Operators

Let D be a Dirac operator. For any ¢ € L°T(S), write

(181) b= >,

Aespec(D)

with ¢, denoting the L?-~orthogonal projection to the A-eigenspace of D. We understand the
right-hand side as a series in L?T'(S).

Proposition 18.2. A section ¢ € L?T(S) is smooth if and only if
gallzz = O(IAI%)
forallt > 0.

Proof. The section ¢, is an eigensection of D with eigenvalue A. Therefore, by elliptic regularity
we have

k
I¢allwre <k A%[Pallre.
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It follows that the right-hand side of (18.1) converges in W*2T'(S). Since k is arbitrary, it follows
that the right-hand side is smooth.
Conversely, if ¢ is smooth, then D¥¢ € L? for all k. Therefore,

Ay
Aespec(D)

is L? summable for all k. Hence,

> Pl < .

Aespec(D)
This implies the asserted decay. O
Proposition 18.3. Set
L”(R) = {f: spec(D) — R : f is bounded}.

For every f € L™ (R), there is a constant ¢ > 0 such that, for all s € L*T(S), the series

fD¢= > fa

Aespec(D)
converges in L? and its value satisfies
If(D)¢l < cllgpllre.
Proposition 18.4 (Bounded Functional Calculus).
1. The map f +— f(D) is homomorphism L*(R) — & (L*T(S)) of unital Banach algebras.
2. If T € L(L*T(S)) commutes with D, then it also commutes with f(D).
3. If ¢ is smooth, then f(D)¢ is smooth.
4. If f has rapid decay, that is, it satisfies
[fF ()] =0(A™)
forallk > 1, then f(D)¢ is smooth for any ¢ € L?T(S).
Proposition 18.5. (1) is a simple computation.

(2) follows from the fact that if T commutes with D then it must preserve the eigenspaces of D.
(3) and (1) are consequences of Proposition 18.z.
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Definition 18.6. Let 7;: M X M — M denote the projection onto the i-th factor. Set
SRS =S ®m,S".

A smooth kernel is a section k € T'(S ® §*). To any smooth kernel we associate the operator

K € Z(L'T(S),L®T(S)) defined by

(K9 = [ K.
M

We say that an operator admits a smooth kernel if it is of the form K for some smooth kernel k.
Exercise 18.7. Proof that for any ¢ € L'T'(S), K¢ is smooth.

Proposition 18.8. If f has rapid decay, then there exists a smooth kernel k such that
f(D) =K.

Proof. Fix an L? orthonormal eigenbasis (¢,) of D with eigenvalues A,,. We can write

(f(D)Y)(x) = Z F(An)n () {Pn, )12

neN

:Zﬂm%mA%MW@>

neN

= [ 3 £ (). 9 )

neN

Since f is rapidly decaying,

k(x,y) = D Fn)n(x){$n(y). ).

neN

converges and defines a smooth kernel. O

19 The heat kernel associated Dirac of operator

Proposition 19.1.

1. Let ¢y € L°T(S). There exists a unique ¢ € T'((0,00) X M, S) such that

(2 +D)$=0 and limllg(t,") - doll2 =0.
2. If gg € T(S), then ¢ € T(([0,00) X M, S) and ¢(0,-) = ¢y.
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Proof. We first prove uniqueness. If ¢ satisfies (9; + D?)¢ = 0, then

Al pellFs = —2(0e s, fe)r2
= —2[ID¢y|l}. < 0.

This implies uniqueness because if ¢ and i/ satisfy the heat equation with initial condition, then
d = ¢ — ¢ satisfies the heat equation with initial condition 0 and thus vanishes.
We establish existence. Define

$(t,x) = (7P o) (x).

tD? tA?

Here e*"" is obtained using bounded functional calculus for f;(1) = e . Since bounded
functional calculus is continuous, we have lim;_,o||¢(, ) — Pol|z2 = 0.

For fixed t > 0, ¢(t, -) is smooth because f; is rapidly decaying. It also depends smoothly on t,
which can be seen as follows. Since f +— f(D) is a homomorphism of Banach algebras, we can
take the limit of

G () = Prae(x) ~ e—tD2 _ e—(t+.€)D2

3 &

Po

as ¢ = 0 and deduce that )
8t¢t = _Dze_tD ¢0 = _D2¢t'

Repeated applications of this argument show that 95¢, = —~D?@,. This proves ¢ is smooth and
satisfies the heat equation.

If ¢y is smooth, the above argument also works at ¢ = 0. This establishes the second part of
the proposition. O

Proposition 19.2. There exists a unique k; € C'((0, o), C*T (S ® S*)) such that for all ¢ € T(S) the
following holds:

1. ®(t,x) = (K;@)(x) satisfies the heat equation
(9; + D)@ = 0.
2. Forall ¢ € T(S), lim;—||K;p — ¢p||p~ = 0.
In fact, such a k; is a smooth.
Definition 19.3. We call k; the heat kernel associated of D.

Proof. The uniqueness of k; follows from the uniqueness of the solution to the heat equation.
From the proof of Proposition 19.1 it is clear that K; = e~tP* and k; is the kernel associated

with K; via Proposition 18.8. The argument used to establish smoothness of ¢ in ¢ in the proof of

Proposition 19.1 also proves that k is smooth in ¢. O
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Proposition 19.4 (Duhamel’s Principle). Let i/ € C°((0, o), C*T(S)).
1. There exists a unique ¢ € C' ([0, 00), C’T'(S)) satisfying

(0:+D¥p =7y and ¢ =0.

2. It is given by
t
G = / e =Dy dr.
0

3. Foreacht > 0, we have
| Pellwez St sup [[Yllwea.
7€[0,¢]

Proof. Uniqueness is a consequence of the uniqueness statement in Proposition 19.1. We have
¢o =0and

t
Oy = U + / —D? "Dy, dr
0
= ‘pr - D2¢t~

This ¢, solves the inhomogenous heat equation.
It remains to prove the estimate. We clearly, have

—(t—1)D?
”¢t||wf,2 Set sup |le (t-1)D lﬁt”

ref0,t] w2

O

Since e~P": L’T'(S) — L?T'(S) is bounded independent of o and by elliptic estimates, we have

—oD? —oD? —-oD?
le™ ™ Yllwez < D€ Yllpz + 11”2 Yl
—oD? —oD?
= le” P D Yllr2 + le™” 2
S DYz + 1Yl

< [ llwea.

This means that Since e=P” : WL (S) — WHT(S) is bounded independent of . From this the
asserted estimate follows. O

20 Asymptotic Expansion of the Heat Kernel
Definition 20.1. Set

g — VL
T (amp)ni2
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The proof of the index theorem which will discuss is based on rather carefully understanding
the heat kernel. The heat kernel for the Laplacian A on R" is given by

n 1 —don 2 .
k}} (x, y) = W@ dgn (x,y)"/4 with an(.X', y) = |x — yl

Knowing this and the Weitzenbock formula Proposition 9.2
D? = V*V + Fg
one might guess that k; is approximately

W= L d(ar
LT (4me)ni?

where d denotes the Riemannian distance on M. It turns out that this is true. In fact, one can do
better and find a precise asymptotic expansion of k; at t = 0 with leading term k.

Definition 20.2. Let X be a Banach space. Let f: (0,00) — X be a function. If g;: (0,00) — X
i € Ny are functions such that for all n € Ny there is an my = my(n) such that for all m > m

|f(t) - Zm:ai(t)

i=1

Snm [H|" for t <,m 1,

then we say that (a;) are an asymptotic expansion of f at t = 0 and write

(9

f(t)~2ak(t) as t— 0.

i=0

Remark 20.3. The definition of asymptotic expansion makes no reference to convergence of the
series ), ai(t). If f: R — X is a smooth function, then its Taylor expansion at 0 is is an
asymptotic expansion

2 (i)
f(t) ~ Zfi—'(o)ti as t— 0.
=

However, the right-hand side converges only if f is analytic near zero.

Remark 20.4. Asymptotic expansion are in no way unique!

97



Theorem 20.5. Let M be a compact Riemannian manifold. Let S be a Clifford bundle over M with
Dirac operator D. Denote by k; the heat kernel of M.

1. There are ®; € T'(S ® S*) such that

(9]

ey
k't =9 IZ(; We G)i as t— 0.

is an asymptotic expansion att = 0 of k: (0,00) — C'T(S® S¥). for allr € N,.
2. Op(x,x) =ids and O1(x, x) = %scalg(x) — Fs(x) with Fs as in Proposition 9.2.

3. The section x — ©;(x,x) can be computed in terms of algebraic expressions involving the
metric, connection coefficients, and their derivatives.

The proof requires some preparation.

Definition 20.6. Let m € Ny. An approximate heat kernel of order m is a time-dependent kernel
k; such that

1. ®(t, x) == (K;¢)(x) satisfies the heat equation
(0; + DYk, = t™r,
with r; € C°([0, o), C™T(S ® S*)).
2. For all ¢ € T(S), lim;_||K;$ — ¢z = 0.

Proposition 20.7. Let k; be the heat kernel of D. Let m € Nj. Iflzt is an approximate heat kernel of
D to order m > m + dim M/2, then i
kl’ - kt = tmet

with e; € C°([0, o), C™T'(S ® §*)).

Proof. Write i ~
(9 + D2k, (x,y) = t™r,(x, y)
With r; € C°([0, 00), C™I'(S ® §*)). By Proposition 19.4, there is a unique g; such that

(=0 + Di)qt(x, y) = —trhrt(x, y) and go=0.

Moreover,
llgellyme < £™1

From the uniqueness of the heat kernel it follows that
ke — ,;t =4q:-

By Theorem 15.6, the desired estimate on e; = ™™g, follows. O
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In light of this proposition, we need to find ©; such that for every m there exists an ny = ny(m)
such that for n > n,
1 —d(-)2/4t a
e t'0;
(47t)n/? ; ’

is an approximate heat kernel to order m.
Let us first analyze to what what extend k! fails to be a heat kernel.

Proposition 20.8. Lety € M. Fix normal coordinates in a neighborhood U of y in M. Set

g = det(gij).

InU, we have

ko("y) rko("y)
Vki (oY) = —==r and (3 + MK y) = ;gt drg.
Proof. We have
k? k? k?
VK? = —-LVd(-,y)? = —-LVr? = —Lro,.
=g ) ar YAl
This proves the first identity.
To prove the second identity, we compute
2
0 (" T 0
otk (y) = (—5 + E) ki ()
and
Ak (- y) = V'VKL (-, y)
" kO ',
= V>F (— t(Zty)rar)
Ko,
= V* (— t(zty) rar)
3k (-, k(-
:r r t( y) _ t( y)v*(rar)
2t 2t
r’ ki (. y) r
= _—— k9 . _ I - —9,
42! y) 2t (n 29 g)
P n r
=|-—+—=+-—0,9| k().
( pro Tl rg) (5 Y)

Here we used that

n
. _ r
Vi(ro,) = —g7'/* E 9:(g'*x;) = —n - garg-

i=1
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Proof of Theorem zo.5. Let U be a neighborhood of the diagonal {(x, x) € MXM : x € M} € MXM
such that if (x,y) € U, then d(x, y) is less than ¢ > 0, which itself is less the half injectivity radius.
Let y € C*(M X M, [0, 1]) supported in U and with y(x,x) = 1 for all x € M. We will construct
©; of the form y©; with ©; defined on U.

Pick y € M and choose normal coordinates on By (y). If @)y is a section of S ® S, then by
Proposition 20.8 and Proposition 9.2

~ ~ ~ r ~ 1 ~
(0 + D*) (k) (-, y)©y) = k& (at@y +D%0, + 4—gta,g Oy + ?V,a,@)y) .

The last term arises from (Vk?, V@y).
We make the ansatz that © is a formal power series in t; that is:

with C:),-,y smooth and independent of . We set C:)_],y = 0. The condition that this formal power
series is such that
(8: + D*) (K} (,1)©,) =0
is simply that
~ r ~ ~
Vr3r®i,y + (l + @(?rg) ®i,y = _D2®i—1,y

or, equivalently,
Var (Tigl/4éi’y) = _ri—lgl/4D2éi_1’y.
Fixing (:)O,y(x) = ids,, the ODE for éo,y has a unique solution. Recursively, we can solve the
ODE’s for (:)i,y for i € Ny. At each stage @,-’y is determined uniquely up to constant multiple of a

term which is of order r~* near x. Since we require ©; , to be smooth, this term must vanish. We

define
0i(x,y) = x(x,y)O; y(x).
We need to see that for each m € Ny there is an Ny = Ny(m) such that for N > Ny
N .
KN =k Y e,
i=0

is a an approximate heat kernel of order m.
Since ©;(x,x) = ids, and k} (x,y) — 8y ast — 0, it follows that k] (x,y) — x4 as t — 0.
By construction of k¥ we have

(3 + Dk (y) = VK (L y)er (+y)
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where el is smooth. If for N > 2m + n/2, tNk? = O(+™) in C™. Thus kY is an approximate heat

kernel of order m. This completes the construction of the asymptotic expansion of k;.
The assertion about the computability of ©;(x, x) should be clear from the construction.
By construction ©(x, x) = ids_. It remains to compute ©; (x, x). We have

éo,y =gl
since this solves the ODE and is ids, at 0. By construction

Var (rgl/‘lé)l,y) = —ch:‘)o’y

From this it follows that
O14(y) = (-D*O0 ) (y)-
By Proposition 9.2 the right-hand side is

~A(g"*) - Fs(y).

We have )
gij = 6ij + 3 ZRikfjxkxt’ +0(Ix]%)
k.t
and consequently
_ _ 1
g 1 = det(g;;) Vh=1- T Z Rikeixkxe + O(|x]?).
ikt

Thus

21 Trace-class operators

Proposition 21.1. Let X and Y be two separable Hilbert spaces. Let (e;) and (f;) orthonormal bases
of X and Y, respectively. Given a bounded linear operator A: X — 'Y,

1Allss = )" I(Aes e)]* € [0, 0]
Lj

is independent of the choice of bases. Moreover,

lAllEs = [|A™ s
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Proof. We have
D lAeill? = ) [KAes, )2
i i,j
= > Kew A" f)I?
Lj
= >l
J

The left-hand side manifestly is independent of (f;) while the right-hand site is manifestly inde-
pendent of (e;). |

Definition 21.2. If A € £ (X,Y) satisfies ||A||gs < oo, then A is called a Hilbert-Schmidt operator
and ||A||gs is called its Hilbert-Schmidt norm.

Proposition 21.3.

1. The set of Hilbert—Schmidt operators is a Hilbert spaces with respect to the inner product

(A Bys = ) (£ Aei)(Bei, f5)
ij

2. ForAe Z(X,Y),
lAlle < [lAllas.

3. Hilbert—Schmidt operators are compact.

4. If A is Hilbert—Schmidt and B is bounded, then AB and BA (whenever they are defined) are
Hilbert-Schmidt.

Definition 21.4. We say that T € &£ (X) is of trace-class if there are Hilbert-Schmidt operators A
and B such that

T = AB.

The trace of a trace-class operator is

tr(T) = (A*, BYys = Z(Tej, ej).
J

Proposition 21.5. If T is self-adjoint and of trace-class, then tr T is the sum of the eigenvalues of T.
Proposition 21.6. IfT is of trace-class and B is bounded or T and B are both Hilbert—Schmidt, then
BT and TB are of trace-class and

tr(TB) = tr(BT).
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Proposition 21.7. Ifk is a continuous kernel, then K is Hilbert—Schmidt and

1K = / k2.
MxM

Proof. Let (e;) be an orthonormal basis for L°T'(E). Then (e; ® €}) is an orthonormal basis for
L’T'(E ® E*). We have

IKIZs = > [(Kei, ej)re]”
Lj

2

:Z/ (k(x,y)ei(y), ej(x))dydx
N MxM

2

-y / (k(x,y), e (x)e} (y))dydx
i) MxM

2

-y / (k(x,y), e (x)ef (y))dydx
i MxM
= [lk(x, ),

e o
MxM

Proposition 21.8. Ifk is a smooth kernel, then K is of trace-class and
trK = / tr k(x, x)dx.
M

Proof. For N > 1, (A + 1)~ has a continuous kernel g (and therefore is Hilbert-Schmidt). The
operator
H=(A+1)NK

is a smoothing operator which has some kernel h, which is self-adjoint. In terms of g and k, we
have

k(x,y) = /M 9(x, 2)h(z y)dz.

Therefore, K is trace-class and
trK = / (g(x,z), h(z,x))dzdx
MxM
= / tr(g(x, z)h(z, x))dzdx
MxM

:/ tr k(x, x)dx. |
M
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22 Digression: Weyl’s Law

As an application of the asymptotic expansion of the heat kernel k; we prove the following.

Definition 22.1. Denote by 0 < A; < A, < - the eigenvalues of D?. Define N: [0,00) — Ny by
N(A) = max{k € Ng : Ax < A}.

Theorem 22.2 (Weyl). We have

rk S - vol(M) pu

NQ) ~ as A — oo,
(4m)"/2T(n/2 + 1)
and »
n
A ~ ar [FSVALMNTom ks oo
I'(n/2+1)
Proof. 1t follows from Theorem 20.5 that
lim ¢"/2 i et - YL
t—0 s (47[)"/2 '
This, in fact, applies the asserted statement about N(A) by the following result. O

Theorem 22.3 (Karamata). If (Ax) is an increasing sequence such that

[ee)

lim t* Z e e = A
t—0
k=0

then
N(A) ~ A /T(a+1) as A — oo.

Proof. For any continuous function f on [0, 1], define

br(t) = ) fle™M)e .
k=0

We have A .
: a _ —-s\..a—1 _—s
}1_1)131‘ Pr(t) = _F(a)/o f(e™®)s“ e ds.

Since and f can be approximated by polynomials and since everything is linear in f, it suffices to
prove this for f(x) = x™. The left-hand side is then

o0 (o8]

lim ¢ e (mDide — lim ¢/ (k +1)° Z e M = (k+1)“A
k=0 k=0
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while the right-hand side is
A /oo —(k+1)s a—1 — -
— e s e ds=(k+1)“A
I'(a) Jo
(by a computation).
Now for r € [0,1), define f; such that f, vanishes on [0,r/e], is affine on [r/e, 1/e], and

fr(x) = 1/x for x € [1/e, 1]. We have

$5,(1/r2) < N(A) < ¢5.(1/4).

Consequently,
Ar” ol : _ A%
< liminf A7*N(A) < limsup A™*N(A) < .
al'(a) al'(a)
Taking the limit » — 1 proves the result. O
23 Digression: Zeta functions
Proposition 23.1. Let D be a Dirac operator and denote by \; < A, < --- the eigenvalues of D?

counted with multiplicity. Suppose that zero is not an eigenvalue. For Re s > n/2, the series

{p(s) = Z 25,
k=1

converges. The series extends to a meromorphic function on all of C with poles contained in n/2 — Ny.
The function is holomorphic at 0 and its value is given by

1
(4)"/? /Mtr Onta:

Definition 23.2. We call {p the zeta function of D.

{p(0) =

It will be useful to recall(?) some some properties of the Mellin transform.

Definition 23.3. Given f € C*(0, o), its Mellin transform is defined as

M(f)(s) = T(s)™" /0 Foyrar,
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Proposition 23.4. Let f € C*(0, ) have an asymptotic expansion of the form

(o)
f N Z ajt—n/2+j
j=0

and suppose that |f|(t) < e . In this situation, the following hold:
1. M(f) converges forRes > n/2.
2. M(f) has a meromorphic extension to C with poles contained in n/2 — Ny.

3. M(f) is holomorphic at 0 and

anj2 n €272
0 ne2zZ+1.

M(f)(0) = {
Proof. We write

1 &)
1“(s)M(f)(s):/0 f(t)ts_ldt+/l f(Hrstdt.

Since f(t) has exponential decay, the second integral converges and defines a entire function.
Using the asymptotic expansion, the first integral can be written as

1 k 1
/ f(Htrld = Z aj / £ 4 op(s)

Here r(s) arises as
1
r(s) = / O(tk/2=n/z+s=1) g
0

It is holomorphic for Res > n/2 — k/2. The first term is meromorphic and has poles contained in
n/2 — Ny. This proves the first two assertions since I'(s)~! is entire.
Since I'(s)™! = s + O(s?) we have

M(F)(0) = ( P +sr<s>)
jzos+]—n/2 -
anj2 n €27
- {0 ne2zZ+1.
This completes the proof. O
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Proof of Proposition 23.1. By Theorem 22.2,
M ~ c(M)KY" as A — oo.

Therefore, if Re s > n/2, then

Z|/1,;S| <m 1+ Zkzs/" < co.
k=1 k=1

Consequently, {p is summable provided Res > n/2.
Denote by I'(s) the gamma function. Recall that T'(s) has poles at -N, C C and that I'(s)™! is
entire (that is: holomorphic on all of C). We have

A8 = F(s)_l/ e s lde
0
Using this we can write
{p(s) = Z F(s)_1/ e ks T1dt
k=1 0
=T(s)7! / tr(e_tDz)ts_ldt.
0

That is, {p is the Mellin transform of ¢t > tr(e~*P 2). The result now follows from Proposition 23.4
and Theorem 20.5. ]

Definition 23.5. If D? has trivial kernel, we define its determinant by

det(D?) = e~$p (0

We have,
{p(s) = Z exp(—slog Ax);
k=1
hence,

{h(s) = Z log Ax exp(—slog Ax).
k=1

Formally, evaluating at s = 0, we obtain

{b(O) =" Zlog /1k and egb(o) n_n l_[Ak
k=1 1

The expressions on the right-hand side actually cannot be defined. The expressions on the left-hand
side are “regularizations” of those on the right-hand side.
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24 From the asymptotic expansion of the heat kernel to the index
theorem

Let S be a Z, graded Dirac bundle, that is S = S* @ S~ and D decomposes as

Recall that,
indexz, D = index D" = dimker D* — dimker D™.

Theorem 24.1 (McKean-Singer). Let ©; be as in Theorem zo.5. If n is odd, then indexz, = 0. If n is
even, then

. 1
indexz, D = @) /Mstr®n/2.

tD

Proof. The limit as t — oo of e~ * is the orthogonal projection onto ker D. Hence,

tD

. —_ 2 .
lim stre = indexz, D.

t—o00

In fact, denoting by m.. the dimension of the S* component of the eigenspace for A € spec(D?),
we have

stre™ = Y e (mi(2) - m_(A)
Aespec(D?)
=indexz, D + Z e M (me (1) — m_(Q)).
Aespec(D?)\{0}
If € [(S*) is an eigenspinor for D* with eigenvalue A # 0, then
DDy = ADy.

This gives a map from the A eigenspace in I'(S*) to the one in I'(S7). Since A # 0, this map is

invertible. It follows that m, (A1) = m_(A) for A # 0. Therefore, the second term in the above

expression vanishes. It follows that str(e 7P is independent of ¢t and always computes indexz, D.
Using Theorem 20.5, we have

lim str e *P

“=1lim [ str k:(x, x)dx
t—0 =0 Jar

1 [n/2] )
= lim ——— i 2/ str ©; (x, x)dx.
=0 (47)n/2 ; M i(x, %)
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Since the left-hand side is finite, we must have

/ str@;(x,x)dx =0 for i< n/2.
M

If n is odd, the remaining term is the limit O(tl/ 2) and vanishes. If n is even, we have

. RT —tD? _ 1
indexz, D = }gr}) stre = @ /M str ©,/2(x, x)dx.

The task at hand is now to compute
str @p/2(x, x).

Results computing this term are called local index theorems. In Theorem 20.5 we computed that
1
O1(x,x) = gscalg(x) - Fs(x).
Here is an application.

Theorem 24.2 (Gauss—Bonnet). If is a closed Riemann surface, then

1
x(2) = E/Zscalg.

Proof. Consider the Dirac bundle
S=AT>
with the Z, grading given by the parity of the degree; that is:
S*=A"T*T@OA’T'S and S =A'T'S

The Dirac operator is given by
D=d+d".

The term Fg in the Weitzenbock formula
V*V = (d +d%)? + Fs

vanishes on 0 and 2-forms, and on 1-forms is given by the Ricci curvature Ricy. It follows that

Lscal, (x)idg+ 0
_ (5%
©1(x,x) ( 0 %scalg(x)ids— — Ricy(x).
Hence,
str ©;(x, x) = trRicy(x) = scaly(x).
This implies the result. O
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25 The local index theorem

Theorem 25.1. Let M be a spin manifold of even-dimension 2n and denote by W = W* @ W~ the
complex spinor bundle. Let E be a Hermitian vector bundle with a metric connection Vg. Set

S=W®E and S*=W*QE.

Denote by D the Dirac operator on S. We have

indexz, D = / A(Vpm)ch(VE)
M

" _ Fy/4ri
A(V) = det \/ sinh (Fy /471)

ch(V) = tre'fv/?7,

with

and

Here we define the integral to vanish on the components of A(Vryr)ch(Vi) which are not of degree

dim M.
e Fy/4ri .
sinh(Fy /4ri)

can be understood as follows. Using det(A) = exp trlog A, we can write

e Fy/4ri _ lt 1 Fy/4ri
¢ sinh(Fy /4mi) N Pl sinh(Fy /4ri) |

This can be expanded as a power series:

Remark 25.2. The expression

[tr(Fy/27mi)%]? +---

1 1
1 — — tr[(Fy/47mi)? tr[(Fy /2mi)*
T r[(Fv/ m)]+5760 r[(Fy/ m)]+4608

Here for a 2-form o with values in End(V), »"¥ is obtained by taking the k-th wedge power of
the 2—form part of w and composing the parts in End(V). In terms of the Pontrjagin forms, we

have ,
Av)=1- 239 T2V~ 4 (V)
24 5760

We will prove the following stronger form:
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Theorem 25.3. In the situation of Theorem 25.1, we have

}i_l’)l’(l) str k;(x, x)vol = [A(VTM)Ch(VE)]n (x).

The following proof of this result is due to Freed and based on a rescaling argument around
x. Choose a small ball B,(0) ¢ T, M and identify B,(0) with exp(B,(0)) € M. (This means in
particular that we identify 0 with x). Using radial parallel transport, for every y € B,, identify W,
with Wy and E, with E;. We have

k:(0,y) € Hom(W, ® E,, Wy ® Ey)
= Hom(Wy, Wy) ®c Hom(E,, Eo)
= End(W,) ® End(E,)
= (C¢(TyM) ®gr C) ® End(Ey).

Proposition 25.4. Let ¢ € Ct;, = End(W) with W denoting the irreducible representation of Cts,.
Write ¢ as
c= Z crey.
T

with

€iy...ip = €i; "€y

and I ranging over all increasing multi-indices. With respect to the splitting W = W* & W~ induced
by the complex volume form, we have

strc = (=2i)"cy...2n.
Proof. The complex volume form is
wc =i"; - ey

It acts by +1 on W* and —1 on W~. Consequently,

str(c) = tr(wce) = Z ci tr(wcer).

1

IfI=(1,...,2n), then
tr(wcer) = i" tr(erer) = (—i)" tr(idy) = (—2i)".

IfI # (1,...,2n), then up to a constant wce; = e with I¢ denoting the complement of I in
(1,...,2n). The action of ejc on the basis elements of C¢;, has no fixed points. Consequently,

trce,, erc = 0.
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Since Cf,, = W ® W*, we have
trce,, ere = dim W™ - tryy ee.
Thus tryy ee vanishes. m]

This tells us that we need to extract the top coefficient of k; (0, y) in C£(TyM) ®g C to compute
strk;(0,0). Set
CIt = kt('a 0)

We have an asymptotic expansion

q:(0) ~ (47;)” Z Z 0 rer
j=0 T
with ©;; € End(W).
Proposition 25.5.
1 O =0if|I] > 2j.
2. tr®y ;. 2n = (27i)" [A(VTM)Ch(VE)]n (x).

Proof of Theorem 25.3. Using Proposition 25.4 and Proposition 25.5, we have

(=2)"
(4m)"

(27i)" [A(VTM)Ch(VE)]n (x) = [A(VTM)Ch(VE)]n (x). o

lim str k; (x, x) =
t—0

The proof of Proposition 25.5 relies on a scaling argument.
Definition 25.6. Given ¢ > 0, define U,: C¢;3, — AR" by
Ue(ey ---e;) = e_kei1 A...Nej.
Define the rescaled heat kernel q; : B,/.(0) — AR" ® End(E,) by
q; (y) = e"Ueke2, (64, 0).

The function ¢5(0) has an asymptotic expansion

1 < R
(25.7) q‘;(O) ~ (@) Z Z &2 |I|tJ n®j,IeI,
=
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Proposition 25.8. Define M, : B,/.(0) — B.(0) by

Me(y) =¢&y.

Set
Se :=UM: and P, :=¢S.D*S".

With the above notation we have
(0 +Pe)q; =0 and }i_r)r(l)qf = &y.
Proof. By definition

qr = €"Seqe2-

We have
(8; + D2)qlL =0 and }m& qr — 50.

This implies the proposition directly. O

Proposition 25.9. We have

2n 2n z
. 1
lim P, = Py = - kz; (ak - ;Ru(om) +Fg(0)

acting on C®(R*", A(R*")* ® E,). Here Ry, is identified with a 2—form and acts by taking wedge
product. Fg(0) acts by taking the wedge product with the 2—form part and applying the component in
End(Eo)

The proof of Proposition 25.9 is a lengthy computation. We will defer it for a while.

Proposition 25.10. The heat kernel for Py evaluated at (0,0) is

(47t) % det (ﬂ)e_mf(o) .

sinh(tR/2)
Proof. Set
2n 2
Q:i=- Z (ak - iZng(O)yg) and F := Fg(0).
k=1 t

Since 2—-forms commute, the operator Q commutes with F.
The heat kernel of Py is thus given by

e~ tPo = p1Qp—tF
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The expression e~ *f' can be computed using the power-series expression for exp since F™*! = 0,

and thus the series is a finite sum.
If necessary, adjust the coordinates so that R = (Ry,) is block-diagonal:

0 —W1
w1 0
R = 0 [O))
—2 0

Then Q can be written as
n 1 2 1 2
Q= Z Ok with  Qp = —|02k—1 + —~wkXok | — |92k — ~WkX2k—1
pa 4 4

These Qi can be expanded as
Ok = Qp+Qp
with

1 1
QZ = —(8§k_1 + agk) - wac (x22k_1 +x§k) and Q}C = Ewk(ka_lazk — X9k 0ok_1).

Mehler’s formula, discussed in Section 26, shows that the heat kernel of the operator —8)26 +a®x? is
given by

1 ( 2ar |\ 2 2at
—|= exp|-————|.
V4t \ sinh 2at 4t tanh 2at
Applying this with a = ia)k exhibits the heat-kernel of Qg as

(25.11) hi (x) = (4nt)_l(M) exp(_x2 (M))

sinh itwy /2 "4t \tanh itwy/2
Since Qllchk,t =0.
(0r + Q)i =0 and }in(l) hi.s = So.

Therefore,

l_[ hk,t(()) = (471-t)—n l_[ M

sinh itwy /2
To rewrite this in terms of R, observe the following. The power series

x/2

(25.12) fx) = sinh(x/2)
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involves only even powers of x; hence, there is a power series g with

(25.13) f(x) = g(x?).
Evidently,
(25.14) (2 Ox) =(())C —(3)«72)'
Therefore,
0 —-x\ _[g9(-x% 0 _(f(ix) 0

(2515) f (x o)‘( 0 g(—xz))_( 0 f(ix))
and
(25.16) det\/f(g _Ox):\/det f(g _0")= F(=ix).
Consequently,

tR/2 ity /2
(25.17) det sinh(¢R/2) l_[smhlta)k/z .

Proof of Proposition 25.5. Set

= (4r)" L LI
q) = (4rt) 2\/det (sinh(tR/z))e -

Using the Taylor expansion of the last two factors, we can write

= (47)7" Z P;(R/2,—F)t/™
J

with P; homogeneous of degree j.

Since P, varies continuously ¢, so do the associated heat kernels. The homogeneous asymptotic
expansions of the heat kernel evaluated at (0,0) are unique and thus also vary continuously.
Consequently,

11m(47r) "ZZ 2j= M= "©;er = (4m)” ZP (R/2,-F)t/™.

j=0
Hence,
lim Y e W@; e; = Pj(R/2,~F).

e—0
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It follows that for |I| > 2, the coefficient ©®; ; must vanish. We also obtain the formula

Z @j,l = Pj(R/Z, —F).

\I1=2j
Finally, using that P, is homogeneous of degree n, we have

®n,1...2n = Pn(R/z’ _F)
= (27i)"P,(R/4ri,iF [ 27)
= (27i)" [A(Vrm)ch(Vp) ] | (x). O

Proof of Proposition 25.9. By the Weitzenbdck formula
1
P, =V'V+ Zscalg + Fg
Denote by Fi';. the Christoffel symbols, that is,
Vo,0; = TfSo.
Denote by a the local connection 1-form of Vg. We have
Py = —g"(y) [0 + STV (e At +a(y, ) | (30 + ST (w)el A €+ aly, )
1=79 W) |ok* 54, Ye Aej+aly, e et Stulye Aejtaly. e
1. * *
+ W) (90 + 3T A +alyeen)]
1
+ Zscalg(y) + Fe(y).

The rescaling involved in passing from P; to P, means scaling y to ey (and correspondingly for
derivatives and 1-forms), and scaling e

We have
_ — 1_; * *
P. = 2" (ey) (e o +¢ ZEFZi(ey)ei A€ +a(ey, ek))
— — 1_; * *
. (g Yo+ ¢ zir{fi(y)ei A€ +aley, eg))
— 1_; * %
S (00 + ST A e +alewen)
&2
+ Zscalg(l//y) + Fe(y).
Using

1
b b 2
l—‘kaz = _ERkt’ay[ +0 (|y| )’
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this becomes

P =g*(0) [0 — ZRimiymei A ej) (af - L—LR;ml.ymei A€ |+ Fe(y) + O(e).

Since gk(0) = &*¢, this proves the that P, has a limit and that the limit has the the asserted

form.

26 Mehler’s formula

In the proof of the local index theorem we used (25.11). We could verify by hand that this is the
desired heat kernel for the model operator, but it also can be derived from Mehler’s formula. Since
this formula also explains the appearance of the otherwise quite mysterious A genus, let us discuss

it now.

Let A be a commutative R-algebra. Let a € A be a nilpotent element. (Or assume that power

series can be evaluated on A for some other reason.) Consider the heat equation
(26.1) o f —Af +a*x*f=0.
We want to find a solution f;(x) of this equation with initial condition

li = .

fim = o

We make the ansatz L
fi(x) = a(t)e 2¥ PO,

Plugging this ansatz into (26.1), we obtain
1
a o — Exzﬁ’ +p(t) = x*p+a’x* =0
or, equivalently,
log(a)’ =-p and B’ =2(a* - B%).
Recall that

X —-X X X
) eX —e eX +e cosh x
sinhx = — coshx = 5 and cothx =

sinhx

A computation shows that
coth’ = 1 — coth?.

The ODE for f is solved by

1
B =acoth(2at +C) = Eat log sinh(2at + C)
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Thus
a(t) = D/+/sinh(2at + C)
Since sinh x = x + O(x?), the initial condition holds for

C=0 and D =+a/2nx.

This show that the desired f; is given by

1/2 2
1 2at X 2at
6. = Tar '
(26.2) fe(x) \art (SinhZat) exp( 4t tanh 2at)

27 Computation of the A genus

27.1  Review of Chern-Weil theory

Let G be a Lie group. Let k = R or C Let k[[g]] be the algebra of G-invariant power series on
the Lie algebra g. Any p € k[[g]]® can be written as

PX)= Y plXe - 0X)

k times

where py: (S5g)¢ — k is a linear map.
Let P be a principal G-bundle over M Let F4 € Q?(M, gp) be the curvature of a connection on
P. We define

p(Fa) = )" pr(Fa A=+ A Fa) € Q°(M, k).
k=0

Here py. acts as Skgp — k. There are only finitely many summands.
Chern-Weil theory asserts that the cohomology class

[p(Fa)] € H*(M,C)

depends only on P.
As we will see for computations it is useful to recall that if t is a maximal torus and W is the
Weyl group, then the inclusion
k[t]" c k[g]©

is an isomorphism.
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27.2 Chern classes

Example 27.1. The Chern classes arise from
1 X
¢(X) = det (1 + ’—) .
27
for X € gl,,(C). The total Chern class of a complex vector bundle of rank n is
c(E) =co(E) +...+cy(E) = [c(Fa)].

Example 27.2. The Chern character arises from

ch(X) =trexp (%)
for X € gl,,(C). The total Chern character of a complex vector bundle is
ch(E) = [ch(Fa)].
For computations it is useful to observe that diagonalizable matricies are dense in 1(n); hence,
Cl[u(m]]° = C[[xy,. ... x,]]%".

The Chern classes correspond to

n n .\ k
l_l(1+ixj/2ﬂ)=2(i) Z Xj o Xy

j=1 k=0 1<j1< - <ig<k

The Chern character corresponds to

From the relation

we deduce
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27.3 Pontrjagin classes

Example 27.3. The Pontrjagin class of a real vector bundle is
P(V)=¢c(V®C)—c2(VRC)+---+(—1)"cz, (VR C).
There is a maximal torus t in 0(2n) generated by block-diagonal matrices with blocks of the

Y=(_0y g).

Over C this block can be diagonalized to
iy 0
0 -—iy/’
2

. \2
c1(X) =0 and c(X) = (i) (iy) (~iy) = Y

472

form

It follows that

With respect to R[0(2n)]°?" = R[y,...,y,]%", the Pontrjagin classes correspond to

n n k
1
2 2\ — 2 2
| |(1+yj/4ﬂ)— (@) >, WY
k=0

j=1 1<ji<--<ig<n

27.4 Genera

The Chern character is an example of a genus.

Definition 27.4. Let f € C[[x]]. The Chern f-genus of a complex vector bundle E is defined
characteristic class pr(E) associated to

iX
X) = det —11.
o0 =ox s (5
Proposition 27.5.
1. IfL is a complex line bundle, then cy(L) = f(c1(L)).
2. If Vi and V; are two complex vector bundles, then cy(V; ® V3) = ¢ (V1) U cp(V3).
Definition 27.6. Let g € C[[x]] with g(x) =1+ ---. Set f(x) := 4/g(x?). The Pontrjagin g genus

of a real vector bundle V is
pg(V) =cr(VeC).
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Remark 27.7. Suppose E is a complex vector bundle. Then E ®g C = E @ E. Consequently,
py(E) = cf(E®E) = cp(E)*.

The A-genus arises as the Pontrjagin genus of

Vx/2
sinh(v/x/2)

Let us discuss how to understand these genera using with respect to the isomorphism R[0(2r)] 0" =
R[y1,...,y,]". Consider the block
0y
Y = .
50

iy O
0 —iy/’

_ fly/2m)
Py(Y) = det ( f(—y/zm)

= f(y/2n)f(~y/2m)
=g (y2/47r2) .

g(x) =

Over C, this block is conjugate to

Thus

Therefore, writing

[e0)

g(x) = Z agx"

k=0

i)

J=1 \ k=0

we have

27.5 Expressing A in terms of Pontrjagin classes

To understand the A—genus, recall that

ﬂ:l_i+7_x+__”
sinh(+/x/2) 24 5760
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Therefore,

2
. T 1y 7 Y
A=l1-=L+ 5] +
i1 24 4 5760 \ 4
_ﬂmz% (4712) (5670ny Z y]lyjz)
1<11<]z<n

To express this in terms of Pontrjagin classes, recall that,

2
1 2.2
=5 Zy, and p; = (@) Z Y5, Y-

1<j1<j2<n

Therefore,

2 n
1
(4—”2) Zy?=pf—2pg.
=1

It follows that

A 1
A=1—-— 7py — 14p, + 10
24171 5760 ( P1 P2 PZ)
1 7P1 _4P2
=1-—p1+— +
24 5760

28 Hirzebruch-Riemann-Roch Theorem

Definition 28.1. Let E be a complex vector bundle over M. The Todd class td(E) of E is the
characteristic Chern genus associated with the function

) ==

That is, if F4 is the curvature of some connection on E, then
iFA/Zﬂ
td(E) = [det (elFA/Z—ﬁ_l)] .

Exercise 28.2. Prove that

2 4 2 2
c ci+c2  cqc —c; +4cfcy +cic3+ 3¢5 — ¢4
td=1+ — + 2 2, 1 1 ! 2

2 12 24 720
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Theorem 28.3 (Hirzebruch—-Riemann—Roch). Let M be a compact spin Kihler manifold. Let & =
(E, dg) be a holomorphic vector bundle together with a Hermitian metric h. We have

X(8) = index (3 +3;: 0/(M.8) — Q*(11.8) = [ W(TM)Ch(E)
M
Remark 28.4. The spin condition can be dropped. This requires to discuss how Theorem 25.1 can

be formulated on non-spin manifold.

Proof. The first identity is a consequence of Hodge theory. To compute the index we will use
Theorem 25.1 and the discussion in Section 11.
For a spin Kahler manifold has the complex spinor bundle can be written as

W+ — AO,CVTO,IM* ® %]&1/2 and W— - A0,0ddTO,lM* ® %]&1/2

and the Dirac operator is given by
D=V2(d+d").

It follows from Theorem 25.1 that

(&%, = / A(M)ch(E).
M

Consequently,

x(&) = /M A(M)ch(K,)* ® E) = /M A(M)+/ch(Ky)ch(E).

Recall that
TM®C=T"M&T"M and Hy=AeT"'M".

Write R for the Riemann curvature tensor on TM and Rc for the curvature on the complex vector
bundle T°M. We have

‘/C_h(KM) = \/exp(— triRc/2m) = det(e—iRc/4ﬂ)

By Remark 27.7, we have

iR/2m _ iRc/2m
\/det (m) = det (eiRC/4” _ eiRC/47r) .

Therefore,
- iR/2m ZiR/4x
A(M)\/Ch(KM = [det (m) det(e R/4 )]
iR/2m
« o ()
= td(M).
This proves the index formula. O
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Theorem 28.5 (Riemann-Roch). Let ¥ be an compact Riemann surface and let & be a holomorphic
vector bundle. We have

(&) =deg &L —g(3) + 1.
Proof. The Todd class of a Riemann surface is

c1(Z)

td(Z) =1+ [2]

= 1+%2)[2]
=1+ (1-9(2))[2]

and

ch(&) =1+¢(&)
=1+deg(Z)[2].

Consequently,
(&) = [ dE)enz)
b

_ /Z (1+ (1= g(M)[E) (1 + deg(L)[3])
= deg(Z) +9(3) - 1.
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29 Hirzebruch Signature Theorem

Proposition 29.1. Let M be a compact oriented manifold of dimension 2n.

1. The operatort: Q°*(M,C) — Q°*(M, C) defined by

o = jdd-D+n

* with degw =d.
is an involution.

2. Denote by Q.(M,C) the +1—eigenspace of . With respect to the splitting Q°*(M,C) =
Q. (M, C) ® Q_(M, C), the operatord +d*: Q*(M,C) — Q°*(M,C) is of the form

., _(0 D
d+d* = (D . )
Equivalently,
(d+d)r+7(d+d") =0.
3. We have
index D = 0 ifn is odd
o(M) ifniseven.

Here we denote by o(M) the signature of the intersection form Q on H**(M,R).

4. If M is spin and W = W* & W~ denotes the complex spinor bundle, then with respect to the
isomorphism ATM ® C = W ® W induced by Clifford multiplication we have

Q*(M,C) = T(W* & W).

and
D = Iy, .

Definition 29.2. The operator D: Q. (M,C) — Q_(M, C) is called the signature operator.
Proof of Proposition z9.1. (1) We have
sxw=(-1)""Dy  with degw =d.

Consequently,
,Z_Zw — (_1)d(2n—d) id(d—1)+ni(2n—d)(2n—d—1)+nw

— l-Zd(2n—d)+d(d—1)+n+(2n—d) (2n—d—1)+nw‘

125



We have

2d(2n—d)+d(d—1)+n+@2n-d)(2n—d—-1) +n
=(—2+1+1)d*+(4—-4)dn+4n’ + (-1 +1)d + (1 — 2+ 1)n = 4n®.
Therefore, 72 = id.

(2) We have
d'w= (-1 s dswp=—xd*ow.

Therefore,
(d+d*)T — id(d_1)+nd* w— id(d—1)+n s d * %0
— idz—d+nd %0 — (_1)d(2n—d) idz—d+n +dow

2_ . _ 2_
— id d+nd>‘< W — lZd(Zn d)+d*—d+n + dow

I —d?-
:ld d+nd*w_l d d+n*dw

and
T(d+d*)a) — _i(d—l)(d—2)+n wxd % w0+ l-(d+1)d+n + dow
— _id2—3d+2+n(_1)(2n—d+1)(d—1)d o+ l-d2+d+n « do
— _id2—3d+2+n+2(2n—d+1)(d—l)d o+ id2+d+n +dow
— _i—d2+d+nd o+ l-d2+d+n +do.
Since

d*+d=-d*Fd+2(d*+d) and 2|(d*=+d),

it follows that
(d+d)r+7(d+d") =0.

(3) Since
(d+d")? = A,

we have
D'D=A: Q,(M,C) » Q,(M,C) and DD*"=A: Q_(M,C) —» Q_(M,C).

It follows that the kernel of D consists of complex harmonic forms « satisfying ra = « and that
the kernel of D* consists of complex harmonic forms « satisfying ra = —a. That is:

kerD = . (M,C) =% (M,C) N Q. (M,C) and
kerD* =%_(M,C) = (M,C) N Q_(M,C).
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The maps Q°(M,C) & --- & Q" 1(M,C) & Q" (M,C) — Q.(M, C) defined by
(fo.o,a, py > (f21f,...,a e, f).

are isomorphisms. It follows that
H:(M,C) =X M,C)®---&F" (M, C) ®#"(M,C).

Consequently,
index D = dim %" (M, C) — dim Z" (M, C).

If nis odd and d = n, then

- .2
*T = l-n(n 1)+n>l< = "

and

Consequently, =: #Z*(M,C) — Z"(M, C) is an (anti-linear) isomorphism. Hence, dim ' (M, C) =
dim 7" (M, C).
If n = 2k and d = n, then

r= i2k(2k_1)+2k>k _—

Consequently, #" (M, C) consists of (anti-)self-dual harmonic forms. Thus, it follows from Hodge

theory that
index D = o(M).

(4) Exercise. (Sadly, not fun.) |

Proposition 29.1 (4) allows us to compute o(M) using Theorem 25.1 if we can compute ch(W).
Let me preempt the answer.

Definition 29.3. The L genus of a real vector bundle V is the Pocntrjagin genus associated with

VY
B tanh /y

L(y)

Exercise 29.4. We have

1 1
L==pi+—(Tps—p>) +....
31+ = (Tp2 = p1)
Theorem 29.5 (Hirzebruch). If M is a compact oriented manifold of dimension 4k, then

o(M) = /M L(TM).
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Remark 29.6. Historically, the Hirzebruch Signature Theorem was discovered before the Atiyah-
Singer Index Theorem.

Sketch of proof of Theorem 29.5. We can assume that M is spin, because this is true locally and it
suffices for the proof of Theorem 25.1.

Exercise 29.7. Prove that

ch(W) =g(TM) with g¢(y) = 2coth(4/y/2)

Hint: The formula in Remark 8.10 asserts that if Rfjk is the Riemann curvature tensor, then the
spin curvature of W is given by

1
Fw(ene)) = 7 ) Riar(€)y(e).
ab

In a suitable basis we can assume that for every i and j

0 _yl
v O
(Rfjk) =
0 -y
Yar 0
The corresponding spin curvature is then
1 &
Fw(ei e5) = 5 Z Yk - Y(e2a-1)y (€24)-
a=1
From the exercise it follows that
A(TM)ch(W)
is equal to the Pontrjagin genus associated with
. \Vy/2
A = ————2coth 2
(¥)9(y) Snh(yg/2) - (Vy/2)
_ VY
tanh(y/7/2)

While this is not exactly L, it turns out that if V has rank r, then

L(V) = (A(V)g(V)),.
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In particular,

/M ATM)g(TM) = /M (A(TM)g(TM)) . = /M L(TM)q = /M L(TM).
O

Remark 29.8. Hirzebruch’s proof of Theorem 28.3 proceeded in a completely different way. One
first proves that the signature is invariant under oriented cobordism. In fact, o induces a ring
homomrphism from the oriented cobordism ring Q3° to Z. Thom proved that Q5° ® Q is generated
by the complex projective spaces CP". Thus it suffices to prove Theorem 28.3 for CP". Proceeding
in this way requires to figure out the formula for L genus that one wants to verify. The original
proof of the Atiyah-Singer Index Theorem, in fact, followed as similar (although much more
involved) line of reasoning. While these approaches are very beautiful, they require a certain
ingenuity in “guessing” what the right index formula might be. One of the key advantages of the
of the heat kernel proof of the index theorem that we discussed in this class is that this approach
automatically reveals the index formula (and one does not have to predict the answer).

Suppose now that M is a 4-manifold. In this case we have
1
o(M) = 31 (M),
In particular, p; (M) is divisible by 3. If M is spin, then we also have

index(Ip: T(W*) - T(W")) = —ﬁpl (M) = ‘déw :

It follows that o(M) is divisible by 8.
Theorem 29.9 (Rokhlin). If M is a compact spin 4—manifold, then o (M) is divisible by 16.

Proof. The original proof of this result requires what I would consider heavy lifting in algebraic
topology.

Since we already have the Atiyah-Singer index theorem we can give the following simpler
proof (due to Atiyah and Singer). Recall that the real spinor representation of Spin(4) is H & H.
The complex spinor representation is obtained by forgetting the quaternionic structure on H and
identifying it with C. From this it follows that the complex spinor bundles W* are obtained from
the real spinor bundles by forgetting the quaternionic structure. That is, as complex vector bundles

+
s =w=.
Moreover, we have

(B: T8 ->T($))=(D: T(W) > T(W))
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as complex linear operators. Consequently,
indexc (I: T(W*) — T(W")) = indexc (B: T($") — I'($7))
=~ indexy (P: T(") - T(#)).
Now, the bundles $* actually have quaternionic structures and I is quaternionic linear. It follows

that indexg (IP: T($") — T'($7)) is divisible by 4. Consequently, indexc (D: T(W*) — ['(W™))
is divisible by 2. o

Remark 29.10. The same argument shows that if M is a compact spin (8k + 4)-manifold, then
Ay (M) is even.

Theorem 29.11 (Freedman). There exists unique a compact simply connected topological 4—manifold
with wo (M) = 0 and intersection form

2 -1
-1 2 -1
-1 2 -1
S|
Es = -1 2 -1 1|
|
-1 2

B 2

Since o(Eg) = 8, it follows that M cannot admit a smooth structure.
Rohklin’s theorem also leads to the following invariant of a spin 3—manifold.

Definition 29.12. Let (N, s) be spin 3-manifold. The Rokhlin invariant of (M, s) is defined as
U(N,s) =o(M) mod 16 € Z/16Z.
where M is any compact spin 4-manifold with oM = N.

Invariants of this type still play an important role in geometry and topology. One of the recent
applications of this idea is the v-invariant of G,—manifold due to Crowley and Nordstrém [CN12].
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30 Example Index Computations

Example 30.1. Let M be a closed spin 4-manifold. Denote by )" : T(W*) — T'(W") the positive
chirality complex Atiyah-Singer operator. By Theorem 25.1,

index p* = /M A(TM):—i /M p1(TM).

By the Theorem 29.5, we have
1
o(M) = - [ pi(TM).
3J/m

Consequently,
o (M)

index " =
E 8

1. H2(S%,R) = 0. Consequently, o(S*) = 0. It follows that
index P* = 0.

In fact, we can see this by other means. The standard round metric g; on S* has positive
scalar curvature. Therefore, it follows from the Weitzenbdck formula that

ker D4, = 0.

This means that
+ + o = _
ker],ﬁg0 =0 and cokerlﬁgo =~ ker Ego =0.

Since the index is homotopy invariant and the space of metrics is convex and, hence,
contractible, it follows that index )" = 0 for every metric.

2. CP? is not spin. One way to see this is to note that ¢(CP?) = 1 and thus not divisible by 8.

3. Consider a smooth quartic Q in CP®. That is Q is the zero locus of a generic section
s € H'(Ocps (4)). Along Q, we have

0— Jo — Tepslo = Ocps(4) — 0
Consequently,

Heplo = KT yslo = AT ® Ocpr(—4)lg = Ho ® Ocps (—4)|g.

From the Euler sequence
0 — @CP3 i @CP3(1)®4 - %PS i O

it follows that
Fcry5 Ocps (—4).
Therefore,
e%Q = @Q.
That is g is holomorphically trivial. It follows that Q is spin.
In fact, choosing the spin structure corresponding to 4/ #p = Op, we have

W'=0p®A*J; and W™ =9;.



Example 30.2. Let M be a closed spin 4-manifold. Let be E a Hermitian vector bundle with
a unitary connectio. Denote by f;: T(W* ® E) — I'(W~ ® E) the positive chirality complex
Atiyah-Singer operator. By Theorem 25.1 and Theorem 29.5 we have

index p* = / A(TM)ch(E)
M

1
S h
o /A/IPI(TM)+/]\/IC 2(E)

- _%U(M) + % /Mcl(E)Z — 2¢,(E).

Sadly(?), not every 4-manifold is spin. However, every oriented 4-manifold spin®. This
allows us to define an Atiyah-Singer operator I)*. The operator now depends on the choice of a
connection on the characteristic line bundle L of the chosen spin®—structure w. In dimension 4
the characteristic line bundle is

L=ANW*'=ANW".

Any two choices of spin®—structures and connections on L are related by tensoring W with a
Hermitian line bundle ¢ with connection. This has the following effect on the characteristic line
bundles:

ANWre ) = AW e

Suppose M is actually spin. Fix a spin structure sy. This induces a spin® structure wy with
trivial characteristic line bundle Ly = A*W;'". Denote by If; the positive chirality Atiyah-Singer
operator for s, or, equivalently, wy. Let ¢ be a Hermitian line bundle with connection. Denote w,
the spin® structure obtained by twisting wy by ¢. Denote by W} the corresponding complex spinor
bundle and denote by IB; the corresponding positive chirality Atiyah-Singer operator. We have

¢ (A*WH) = ¢ (AW ® £) = 2¢, ().

From the above discussion it follows that

1 1
indexlD; = —gO'(M) + E/ Cl(f)z

M

1 1
:——0(M)+—/ 1 (A*W)H)?2.
8 8 Jus

In fact, this index formula is valid even if M is just spin®. Our proof of the index formula is
easily adapted to establish this. The point is that in the Weitzenbtck formula an additional term
arising from the curvature on L appears and this yields correction term of ch(L) = "), That is
the Atiyah—-Singer Index Theorem for a spin®-~manifold is

index Pt = / A(TM)ch(L)
M
with L denoting the characteristic line bundle.

The above index formula plays an important3ble in Seiberg-Witten theory. It determines the
(virtual) dimension of the moduli spaces in question.



Example 30.3. Let M be closed oriented 4-manifold. Let G be semi-simple Lie group. (Take
G = SU(2) if you want.) Let P be principal G-bundle over M and denote by gp the associated
adjoint bundle. That is

gp=PXgg

with G acting on g through the adjoint representation. Since G is semi-simple, the negative of the
Killing form is a G-invariant inner product on g. This makes gp into Euclidean vector bundle.
Suppose A is a ASD instanton on P; that is: a connection on P such that the self-dual part of its
curvature vanishes

Fy =0 orequivalently, xF4=—F4.

The deformation theory of A as an ASD instanton is controlled by the Atiyah-Hitchin-Singer
complex:

d d,
0 — Q°(M,gp) =5 Q'(M,gp) —> Q2(M,gp) — 0.

The virtual dimension

d(ap)

of the moduli space of ASD instantons is thus the Euler characteristic of the cohomology of this
complex. Equivalently it is minus the index of the operator

d+
04 = (df) 1 Q'(M,gp) — Q°(M, gp) ® Q(M, 8p).
A

This operator is the Dirac operator associated to the tensor product of gp with the Clifford
module
St=T*M and S =ReA:’T*'M

with Clifford muliplication given by
y(0)a = a(v) + (0" A a)*.
Exercise 30.4. Prove this!

A computation verifies that if W* denote the positive and negative chirality complex spin
repesentations

Wewrew W =weWw'= (ReAR*@TM)®C
=(R®ARH®COTMC.

as graded Clifford modules. In particular, the complexification of 54 agrees with the negative
chirality Atiyah-Singer operator twisted by W* ® g}C,. By Theorem 25.1, we have

d(gp) = index §4
= index )

W*eg$

= —index %Tﬁf 05
_ / A(TM)ch(W*)ch(gS).
M

One can evaluate this by working out ch(W™), but we will proceed in this way. instead, we
observe that cl(gg) =0, cho(gg) =rkgp = dimg, chy(W*) = rkW* = 2, and Ay(TM) = 1 imply
that

d(P) = — A A(TM)ch(W*)ch(g$)



31 The Atiyah—Patodi-Singer index theorem

Definition 31.1. Let (M, g) be a non-compact Riemannian manifold of dimension n. We say that
(M, g) is asymptotically cylindrical (ACyl) if there exists a compact subset K, § > 0, a closed
Riemannian manifold (N, ¢ ), and a diffeomorphism ¢: M\K — [1, 00) X N such that

VK (¢og — goo)| = O(e™%)  forall ke Ny
Here ¢ is the coordinate function on [1, o).

The Atiyah-Singer Index Theorem does not apply to the Dirac operator on an ACyl Riemannian
manifold. The extension of index theorem to this setting is (a special case) of the Atiyah-Patodi-
Singer Index Theorem.

We shall first address the question when a Atiyah—Singer operator on an ACyl manifold is
Fredholm.

Proposition 31.2. Let N be a closed Riemannian manifold. Let I C R be an interval.

1. The product I X N is spin if and only if N is spin.

2. There is a canonical bijection between spin structure on N and spin structures on I X N.
Suppose that N is odd dimensional.

3. Fix a spin structure on N and equip I X N with the corresponding spin structure. If Wx; denotes
the complex spinor bundle of N and W, denotes the complex spinor bundles of W, then there
are isomorphisms

Ai/[ = HEWN.

4. With respect to the above isomorphism, the complex Atiyah-Singer operator Ip” : r(wy) —
['(W,,) is identified with .

Dy =00+ Dy

Proof. The proof is left as an exercise. O

The above shows that the Atiayh—-Singer operator on a spin ACyl manifold (of even dimension)
is asymptotically translation-invariant. (I will spare you and not give a definition of what
precisely it means to be asymptotically translation-invariant. Surely, you can figure out the
definition yourself.)
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Proposition 31.3. Let M be an ACyl manifold with asymptotic cross-section N. Let D: T(E) — T'(F)
be a first order elliptic differential operator which is asymptotic to

8[+A

with A denoting a first order self-adjoint elliptic differential operator on N. The operator
D: WKL2D(E) — W*2D(F) is Fredholm if and only if A is invertible.

Sketch proof. The operator D satisfies the estimate
lIsllwerzary S [1Dsllwrz (M) + [Isllz2 () -

This implies that dimker D < co and im D is closed if them embedding W**2(M) — L?(M) is
compact. For compact manifold the latter is true, but for non-compact manifolds it fails. If one can
show that, in fact,

lIsllwrnzany S [1Dsllwrz (M) + lIsll12k)

for K some compact subset, then the same argument works again.
Such an estimate basically means that D is invertible on the cylindrical end. Since D is
asymptotic to d, + A, this is essentially equivalent to

O +A: WHIZ(R x M) —» W (R x M)

being invertible.
If A is not invertible, that is A has a non-trivial kernel then for any x € ker A we can find a
sequence of cut-off functions y; such that

10 + A) isllwra = O(1)  and || yislyyrez — oo

This is impossible if A is invertible. If A is invertible, however, one can relatively easily write down
a formula for the inverse of 9, + A. We can write any compactly supported section s as

sttx) = > fOs(x)

Aespec A

with s a A-eigensection for A. Define

[(@+ s (€x) = ), g @nk)
Aespec A
with
0 - e M [ Mp(ndt ifA>0
T T\ et (2 ey (nydr if 2 <o,

This formula inverts 9 + A. With some work one can show that it induces an inverse of
O +A: WHLZ(R x M) — Wr2(R x M). O



The upshot of the above discussion is that if M is an ACyl spin manifold, then Ip; is Fredholm
if and only if Dy is invertible. Thinking about what was involved in the proof of the Atiyah-Singer
index theorem, we see that the formula

lim str k, (x, x)voly = [A(TM)ch(E)].(x)

still holds—after all its proof was entirely local. What does not hold, however, is the McKean-Singer
formula Theorem 24.1:

index " # lim / str k; (x, x)voly,!
t—0 M

Half of the difference between these two terms is called the y—invariant. Here is a general
definition

Definition 31.4. Let A be a self-adjoint operator The n—invariant of A is the value of

na(0)
where 14 is the analytic continuation of

sign A
9= 5, TS

A#£0

defined for Re s > 1.

There is some work involved in showing that n4(0) is well-defined. Roughly speaking, 14 (0)
is the difference of the number of positive eigenvalues and the number of negative eigenvalues.
Of course, this is co — co. In any case, 4(0) is a regularization of this spectral asymmetry.

Theorem 31.5 (Atiyah-Patodi-Singer). If Dy g is invertible, then

A 1
index Dz = | ATM)G(E) + 11, (0.
M

Index
Z, grading, 25 unital, 8
anisotropic, 17
accidental isomorphisms, 44 anti-canonical bundle, 65
ACyl, 135 approximate heat kernel, 98
algebra, 8 ASD instanton, 134
Z, graded, 25 associated graded algebra, 23
graded, 8 associated graded vector space, 23

137



asymptotic expansion, 97
asymptotically cylindrical, 135
asymptotically translation-invariant, 135
Atiyah-Hitchin-Singer complex, 134
Atiyah-Singer operator, 55

canonical bundle, 65
canonical grading, 89
Casimir operator, 72
characteristic line bundle, 56
Chern f-genus, 120
Chern character, 119
Chern classes, 119
Clifford algebra, 19
Clifford bundle
associated with a Riemannian manifold,
47
associated with an Euclidean vector
bundle, 46
Clifford group, 35
Clifford module bundle, 417
Clifford multiplication, 47
Clifford norm, 36
commuting algebra, 28
complex Clifford module bundle, 47
complex Dirac bundle, 49
complex spinor representation, 45
conjugation, 20
contraction, 15

degree, 8, 25
determinant, 107
determinant bundle, 58
Dirac bundle, 49

Dirac operator, 50

exterior algebra, 14
exterior tensor product, 11

field
Euclidean, 18
filtration

138

on a vector space, 23
on an algebra, 23
Friedrich’s mollifier, 88

genus, 120
graded Clifford module bundle, 48
grading, 8

harmonic, 55

heat kernel, 95
Hilbert-Schmidt norm, 102
Hilbert-Schmidt operator, 102
homogeneous spin structure, 71

ideal

homogeneous, 25
index, 89
isometry, 16
isotropic, 17

Jacobson radical, 27

Killing number, 73
Killing spinor, 73

L genus, 127

light-cone, 39

light-like, 39

Lorentz transformation, 39

Maurer—Cartan, 69

Mellin transform, 105, 107

multi-linear map, 5
alternating, 10
symmetric, 15

negative chirality, 34, 35
negative chirality spinor representation, 43
nullity, 18

orthochronous, 39
orthochronous Lorentz group, 39
orthogonal group, 17



orthornormal frame bundle, 46 on a Riemannian manifold, 52
spin® manifold, 56
spin® structure
on a oriented Euclidean vector bundle,
56
on a Riemannian manifold, 56

pin group, 37

pinor representation, 43

Pontrjagin g genus, 120

Pontrjagin class, 120

positive, 39

positive chirality, 34, 35

positive chirality spinor representation, 43
proper, orthochronous Lorentz group, 39

spinor, 52

spinor bundle, 52, 56
spinor field, 52
spinor norm, 36

quadratic form, 15 spinor representation, 43
non-degenerate, 17 stress-energy tensor, 82

quadratic space, 15 super algebra, 25

quaternion algebra, 22 super trace, 9o

super vector space, 25
symmetric algebra, 15
symmetric space, 69
symmetric tensor product, 15

reflection, 17

representation, 27
irreducible, 27

rescaled heat kernel, 112

restricted Lorentz group, 39 tensor algebra, 10
Ricci curvature, 60 tensor product, 6
Rokhlin invariant, 130 Z, graded, 25

time-like, 39
Todd class, 122
trace, 102
trace-class, 102

scalar curvature, 60

second Stiefel-Whitney class, 52
Seiberg-Witten theory, 133
semisimple, 28

signature, 18

signature operator, 125

smooth kernel, 94

transposition, 20
twisted adjoint representation, 35

unit, 20
space-like, 39
special Clifford group, 35 vector space
special orthogonal group, 17 Z, graded, 25
spectrum, 91 filtered, 23
spin group, 37 graded, 8
spin manifold, 52 volume element, 33
spin structure complex, 35
on a oriented Euclidean vector bundle,
52 zeta function, 105
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