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(1) This exercise is concerned with (a version of the) trace theorem.

(a) Define 𝜄 : R𝑛−1 → R𝑛 by 𝜄 (𝑥) ≔ (0, 𝑥). Define the restriction map res : S(R𝑛) →
S(R𝑛−1) by

res(𝑓 ) ≔ 𝑓 ◦ 𝜄.

Define the integration map 𝐼 : S(R𝑛) → S(R𝑛−1) by

(𝐼 𝑓 ) (𝑥) ≔
ˆ
R
𝑓 (𝑤, 𝑥) d𝑥 .

Prove that for every 𝑓 ∈ S(R𝑛) �res(𝑓 ) = 𝐼 𝑓
(b) Let 𝑠 > 1

2 . Prove that there is a constant 𝑐 = 𝑐 (𝑠) > 0 such that for every 𝑅 ⩾ 0

ˆ
R

(
1 + 𝑅2

)𝑠− 1
2

(1 + 𝜂2 + 𝑅2)𝑠
d𝜂 ⩽ 𝑐.

(c) Prove the following.

Theorem 0.1 (Trace Theorem). Let 𝑠 > 1
2 . The restriction map res : S(R𝑛) →

S(R𝑛−1) extends to bounded operator res : 𝑊 𝑠,2(R𝑛) →𝑊 𝑠− 1
2 ,2(R𝑛−1).

(d) Assume 𝑠 > 1
2 . Is res : 𝑊

𝑠,2(R𝑛) →𝑊 𝑠− 1
2 ,2(R𝑛−1) surjective?

(e) Does the trace theorem hold for 𝑠 = 1
2?

(2) Let 𝑝 ∈ Hom(𝑆𝑘 (R𝑛)∗,Hom(𝑉 ,𝑊 )). Consider the formal differential operator 𝐷 ≔

𝑝 (𝜕) : R[𝑥1, . . . , 𝑥𝑛] ⊗ 𝑉 → R[𝑥1, . . . , 𝑥𝑛] ⊗𝑊 . Suppose that 𝑝 is elliptic. Prove that 𝐷 is
is surjective.

(3) Compute the symbols of d + d∗ : Ω(𝑋 ) → Ω(𝑋 ), Δ : Ω(𝑋 ) → Ω(𝑋 ), and of a Dirac
operator.
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(4) This exercise is concerned with Ehrling’s Lemma and a simple applications to Sobolev
interpolation.

(a) Prove the following.

Lemma 0.2 (Ehrling’s Lemma). Let 𝑋,𝑌, 𝑍 be Banach spaces. Let 𝐾 : 𝑋 → 𝑌 be a
compact operator. Let 𝐼 : 𝑌 → 𝑍 be an injective operator. For every 𝜀 > 0 there is a
constant 𝑐 (𝜀) > 0 such that for every 𝑥 ∈ 𝑋

∥𝐾𝑥 ∥𝑌 ⩽ 𝜀∥𝑥 ∥𝑋 + 𝑐 (𝜀)∥𝐼𝐾𝑥 ∥𝑍 .

(b) The Rellich theorem asserts that for every bounded open subset Ω ⊂ R𝑛 the inclusion
𝑊 𝑘,2(Ω) ⊂𝑊 ℓ,2(Ω) is compact if 𝑘 > ℓ . We only need this for the cube𝑄 ≔ (0, 1)𝑛 .
Prove that for every 𝜀 > 0 there is a constant 𝑐0(𝜀) > 0 such that for every 𝑓 ∈
𝑊 2,2(𝑄)

∥ 𝑓 ∥𝑊 1,2 ⩽ 𝜀∥ 𝑓 ∥𝑊 2,2 + 𝑐0(𝜀)∥ 𝑓 ∥𝐿2 .

(c) Prove that for every 𝜀 > 0 there is a constant 𝑐1(𝜀) > 0 such that for every 𝑓 ∈
𝑊 2,2(R𝑛)

∥∇𝑓 ∥𝐿2 ⩽ ∥∇2 𝑓 ∥𝐿2 + 𝑐1(𝜀)∥ 𝑓 ∥𝐿2 .

(d) By considering 𝑓𝑟 (𝑥) ≔ 𝑓 (𝑥) prove that for every 𝑓 ∈𝑊 2,2(R𝑛) and 𝑟 > 0

∥∇𝑓 ∥𝐿2 ⩽ 𝑟 ∥∇2 𝑓 ∥𝐿2 + 𝑐2𝑟−1∥ 𝑓 ∥𝐿2 .

(This holds although Rellich’s theorem does not apply with Ω = R𝑛 .
(e) Prove that for every 𝑓 ∈𝑊 2,2(R𝑛) and 𝑟 > 0

∥∇𝑓 ∥𝐿2 ⩽ 𝑐3∥∇2 𝑓 ∥1/2
𝐿2

∥ 𝑓 ∥1/2
𝐿2
.

(These multiplicative forms of the the interpolation inequality are usually the most
powerful versions.)

(f) Prove that 𝑐0(𝜀) can be taken to be 𝑐4𝜀−1.
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