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(1) Let X be a Riemannian spin manifold. Let Y € X be an oriented submanifold. Work out
how to restrict the spin structure of X to Y! Which problems might arise restricting spin
structures in the pseudo-Riemannian case?

2) Explicitly describe the two spin structures on S!! Which one is the restriction of the
P y p
unique spin structure on D??

(3) Let (V,g) be a Euclidean vector space. Let (S, y) be a Cf(g)-module. Let b be a bilinear
form with respect to which y(v) is skew-adjoint for every v € V. Define *: 0(V) — 0(S)

by
A=) glaes ep)[y(e). v(ey)]
i=1
for (ey, ..., e,) an orthonormal basis. Check that this does not depend on the choice of

orthonormal basis. Determine the relation between
[A,y(v)] and y(Av).
(This underlies the discussion of the refined Weitzenb6ck formula in the lecture notes.)

(4) Let (X, g) be a connected spin manifold. Denote by (S, y, b, V) the corresponding Dirac
bundle. Prove that g is Ricci-flat if there is a non-zero ¢ € T'(S) with V¢ = 0. (Hint: Deter-
mine a formula for the curvature of V based on the discussion of the refined Weitzenbock
formula.)

(5) Establish a pullback diagram

. U1 :
Splnr’ﬁ b Spin, g,

l l

SO, x U(1) —> SO

r,s+2°

Use this to prove that V admits a spin’!) structure if and only if there is a Hermitian

line bundle L such that V @ L admits a spin structure. Finally, prove the following.



Proposition o.1.

(a) V admits a spin’ Y structure if and only if w,(V) € im(H2(X, Z) — H*(X,Z/2Z) if
and only if W5(V) = 0.

(b) IfV admits a spin®") structure, then the set of spin’ V) structures is a torsor over
H%(X,Z).

6) Suppose that V admits a spin structure. Describe the set of all spin structure on V
pp p p
inducing the same spin”(!) structure. Describe the of all spinV!) structures on V with

trivial characteristic line bundle.



