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(1) Let 𝐷 ∈ {R,C,H} Let 𝑃 be a finite-dimensional 𝐷 ⊗ Cℓ0,𝑛–module. Prove that there is a
Euclidean inner product ⟨·, ·⟩ on 𝑃 such that

⟨𝑣𝜙, 𝑣𝜓 ⟩ = |𝑣 |2⟨𝜙,𝜓 ⟩

and, moreover, 𝑖 is orthogonal if 𝐷 = C and 𝑖 , 𝑗 , 𝑘 are orthogonal if 𝐷 = H.

(2) Establish the exceptional isomorphisms

(a) Spin0,3 � Sp(1) � SU(2).
(b) Spin1,2 � SL2(R).
(c) Spin0,4 � Sp(1) × Sp(1) � SU(2) × SU(2).
(d) Spin1,3 � SL2(C).
(e) Spin0,5 � Sp(2).
(f) Spin0,6 � SU(4).

(3) Since Spin𝑟,𝑠 ⊂ (Cℓ0𝑟,𝑠)× is a Lie subgroup, 𝔰𝔭𝔦𝔫𝑟,𝑠 ⊂ Cℓ0𝑟,𝑠 with the Lie bracket agreeing
with the commutator. Set 𝑏 = 𝑏𝑟,𝑠 ≔ 1

2𝑝𝑟,𝑠 ,
1
2 of the polarisaton of 𝑞𝑟,𝑠 . Denote by

𝜅 : Λ2R𝑟+𝑠 → Cℓ0𝑟,𝑠 the map induced by the quantisation map. Identify Λ2R𝑟+𝑠 = 𝔰𝔬𝑟,𝑠 via

(𝑢 ∧ 𝑣)𝑤 ≔ 𝑢𝑏𝑟,𝑠 (𝑣, 𝑥) − 𝑣𝑏𝑟,𝑠 (𝑢, 𝑥) .

Prove the following:

(a) 𝔰𝔭𝔦𝔫𝑟,𝑠 agrees with the image of the quantisation map 𝜅 : Λ2R𝑟+𝑠 → Cℓ0𝑟,𝑠 .
(b) Lie(Ad) ◦ 𝜅 (𝛼) = 2𝛼 for every 𝛼 ∈ Λ2R𝑟+𝑠 = 𝔰𝔬𝑟,𝑠 .
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(4) What double covers Pin★𝑟,𝑠 → O𝑟,𝑠 are there such that the following diagram commutes

{±1} {±1}

Spin+𝑟,𝑠 Pin★𝑟,𝑠

SO+
𝑟,𝑠 O𝑟,𝑠?
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