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1  Riemannian metrics

Definition 1.1. Let M be a manifold. A Riemannian metric on M is a bilinear form g € T'(S*T*M)
on TM which is positive definite. A Riemannian manifold is a pair (M, g) consisting of a manifold
M and a Riemannian metric g on M.

Notation 1.2. If (M, g) is a Riemannian manifold, x € M, and v, w € T, M, then we set

(13) (v,w); =g(v,w) and [v]y:=+g(v,v).
Notation 1.4. If x!,...,x": M > U — R are local coordinates, for a,b € {1, ...,n}, we set
Oa : and Jab = 9(5a, ab)

x4
Definition 1.5. The musical isomorphisms -*: TM — T*M and -#: T*M — TM are defined by
o= (v,-) and <aﬁ, > =a().

Definition 1.6. Let (M, g) be Riemannian manifold. Let f € C*®(M). The gradient of f is the
vector field Vf defined by

(Vf,) = df .
The Hessian of f is the bilinear form Hess f € T'(S*T*M) defined by

1
Hess f = E;’fvfg.

2 The Riemannian distance

Definition 2.1. The length of a curve y: [ty, t;] — M is defined by
51
(22 (= [l
to

Remark 2.3. The length functional ¢ is invariant under reparametrizations of y.
Definition 2.4. A curve y: [t,t;] — M is parametrized by arc-length or has unit speed if

(2-5) C(Ylizy,e]) =t —to or, equivalently, [y|=1.



Definition 2.6. The Riemannian distance associated with (M, g) is the functiond: MXM — [0, o]
defined by

(2.7) d(x,y) = inf{l(y) : y € C*([to, t1], M) with y(ty) = x and y(t;) = y}.

Proposition 2.8. (M, d) is a metric space.

3 The Riemanian volume form

Definition 3.1. Let (M, g) be an oriented Riemannian manifold. The Riemannian volume form is
the unique positive volume form

(3.2) vol, satisfying |voly| = 1.

Proposition 3.3. In local coordinates x*, . . ., x",

voly = /detgdx’ A --- A dx".

Definition 3.4. Let (M, g) be an oriented Riemannian manifold of dimension n. The Hodge star
operator is the linear map x: A*T"M — A*""T*M defined by

a Axf = (a, f)vol,.

Definition 3.5. Let (M, g) be an Riemannian manifold. The divergence of v € Vect(M) is the
function divo € C*(M) defined by

div(v)voly = Z,voly.
(Here voly need only be locally defined.)

Definition 3.6. Let (M, g) be Riemannian manifold. The Laplacian of f € C*(M) is the function
Af € C*(M) defined by
Af =—-divVf.

Proposition 3.7. For f € C®(M), in local coordinates x', . . ., x",

Hess f = Z (aaabf - Z F;bacf)dxa ®dx® and
c=1

a,b=1

n 1 ;
Af:—a;I Maa( detg-gbabf).

Proposition 3.8. For f € C*(M),
Af = —trHess f.



4 The Levi-Civita connection

Definition 4.1. Let M be a manifold. An affine connection is a connection on TM. An affine
connection V is called torsion-free if for all v, w € Vect(M),

Vow = V0 = [v,w].

Definition 4.2. Let (M, g) be Riemannian manifold. An affine connection V is called metric if

that is: for all v, w € Vect(M),
dg(v, w) = g(Vou, w) + g(v, Vw).

Theorem 4.3 (Fundamental Theorem of Riemannian Geometry). Let (M, g) be a Riemannian

manifold.
1. There exists a unique affine connection V- which is torsion-free and metric.

2. The affine connection V'€ satisfies Koszul’s formula:

2(ViC0, w) = L (v, W) + Ly(w, 1) — Loy (u, 0)

(4-4) + {[u, v], w) = {[u, w], v) — {{v, w], u).

3. Suppose x',...,x" are local coordinates on M. The Christoffel symbols I'", defined by

n
(4.5) VLD, = > T8, 0.
c=1
satisfy
c 1 cd
(4.6) Tap = 59 (8agbd — Oagab + ObGad)-

Definition 4.7. We call VI the Levi-Civita connection associated with (M, g).

Remark 4.8. It is customary to drop the super-script LC.



5 The Riemann curvature tensor
Theorem 5.1. Let (M, g) be a Riemannian manifold.
1. There exists a unique tensor field Ry € Q*(M, o(TM)) satisfying
(5.2) Ry(u,v)w = V,Vow — Vo, Vyw — Vi, o w.
2. The tensor field R, satisfies
(5.3) <Rg(u, V)W, z> = (Rg(w, 2)u, v>.
3. The tensor field Ry satisfies the algebraic Bianchi identity:

(5.4) Ry(u, v)w + Ry(v, w)u + Ry(w, u)v = 0.

4. The tensor field Ry satisfies the differential Bianchi identity:
(55) d"R, = 0.
Definition 5.6. We call R, the Riemann curvature tensor of (M, g).

Remark 5.7. Let V be a Euclidean space of dimension n. The space of algebraic curvature tensors
onVis

R(V) = ker (52A2V 4 A4v) C AV ® A%V,

Since
4 2

n*—n
12

at each point x € M, the Riemann curvature tensor Ry has (n* — n%)/12 components.

dim R(V) =

bl

Definition 5.8. The sectional curvature of (M, g) is the map sec, : A’TM\{0} — R defined by

<Rg(v, W)W, v>

5 secy(v Aw) =

Remark 5.10. The Riemann curvature tensor Ry can be recovered from the sectional curvature
secy algebraically.

Remark 5.11. The sectional curvature really is a map Gr,(TM) — R.
Definition 5.12. The curvature operator is the self-adjoint map R, € I'(Sym?(A?TM)) defined by

<‘Rg(u AV), WA z) = <Rg(u, V)z, w>.



6 Model spaces

Example 6.1 (R"). R" with the Riemannian metric
n
go = Z dx? ® dx*
a=1
has vanishing Riemann curvature tensor: R = 0.

Exercise 6.2 (S™). Consider the n-dimensional unit sphere
S":={x e R"": |x| = 1}
with the Riemannian metric g; induced by g, on R"*!. Prove that:
1. Ifu, v, w € Vect(S") c C®(S",R™*1), then at every point x € S

Vow = dyw + (v, whx.

2. The Riemannian curvature tensor of (S", g;) is given by
R(u,v)w = (v, w)u — (u, wyv; thatis: sec=1.
Exercise 6.3 (H"). Consider R**! with the Lorentzian metric
n
gL =-dx"®dx"+ ) dx* @ dx".
a=1

Set
H" = {x eR"™ :g;(x,x) = —1and x; > 0}.

Prove that:

1. The symmetric bilinear form g_; obtained by restricting g to H" is positive definite; that is:
a Riemannian metric.

2. The Riemannian curvature tensor of (H", g_1) is given by

R(u,v)w = —={(uv, w)u + (u, wyv; thatis: sec = —1.

Definition 6.4. Letn € {2,3,...} and k¥ € R. The n-dimensional model space of constant sectional

curvature x is
(S", K‘l/zgl) ifk >0,

(¢, 9x) = { (R", go) ifk =0,
(H", (-x)"Y2g;) ifx <oO.



Theorem 6.5 (Riemann [Rie68], Killing [Kilg1], and Hopf [Hop2s]). If (M, g) is a simply-connected
Riemannian manifold of constant sectional curvature k € R, then it is isometric to an open subset of

(S;’z9 gK)

Proof sketch. The proof relies on Proposition 11.10, which can then be combined with a unique
continuation argument. |

Definition 6.6. Let n € {2,3,...} and k¥ € R. The function V: [0, o) — [0, o) is defined by

(6.) VE(r) = vol(By(x))
for B,(x) C SZ.
Remark 6.8. The functions V" satisty the scaling relation
V() =V5, (1).

Definition 6.9. For k € R, set

sin(+y/xr) if k >0,

sing(r) :==3r ifx =0,

sinh(v/—kr) ifk <O0.

Exercise 6.10. Letn € {2,3,...} and ¥ € R. Denote by
voly.

the Riemannian volume form of (S?, g« ). Prove that, in geodesic polar coordinates,

(6.11) gx = dr ® dr + sin,(r)*gsn1  and

(6.12) vol” = sin,(r)""'dr A volgn-1.

Remark 6.13. It is exercise to compute that

n/2 71'”/2

and thus: V,, o(r) = ——r".
o) = [z )

21 )
I'(n/2)

V. for k # 0 can be expressed in terms of trigonometric/hyperbolic functions and Gaufy” hyperge-
ometric function ;F;; but these formulae are unwieldy.

If k > 0, then V" is constant equal to k™/?vol(S™) on [7/+/k, c0).

Fork <O0andr > 1,

(6.14) vol(s"™1) =

e(n—l)ﬁr

: n-1
sinh(v—-kr)"™" ~ o1

Therefore,
ﬂ'n/z ( 1)
6. ‘rn ~ n— \/—KV‘
(6.15) <) (n- 1)2”‘2F(n/2)\/—_1<e




7 Geodesics
Definition 7.1. Let I C R be an interval. A curve y: I — M is called a geodesic if
(72) Vty =0.

Here V; is the pull-back of the Levi-Civita connection to y*TM.

Remark 7.3. Suppose x', ..., x" are local coordinates on M. Setting y’ := x’ o y, (7.2) becomes
Wk keioj _

(7.4) yr+Lyy =0,

Theorem 7.5 (Existence and Uniqueness of Geodesics).

1 Givent, € R,x € M, andv € T M, there exists an open interval I containing t, and a geodesic
y: I —> M satisfying y(t,) = x and y(tx) = v.

2. Lety: I - Mandd: J — M betwo geodesics. If there is and t, € IN] such thaty(t,) = 5(tx)
and y(tx) = (tx), then y and § agree onIN J.

3. Lety: I — M be a geodesic with I = (ty, t;) maximal. Ifty # —oo, then for every compact
subset K C M, there exists a tg( € (to, t1) such that if t € (to, té(), then y(t) ¢ K. An analogous
statement holds if t; # +oo.

In particular, if M is compact, then I = R.

Definition 7.6. We say that (M, g) is geodesically complete (at x € M) if every geodesic (passing
through x) can be extended to R.

8 The exponential map

Definition 8.1. Given x € M and v € Ty M, denote by yX: I — M the maximal geodesic with
¥X(0) = x and y(0) = v. Set

(8.2) Oy ={veTM:1€}} and 0:= U 6, c TM
xeEM

The exponential map at x is the map exp,.: O, — M defined by

(8:3) exp,(v) = yo(1).

The exponential map exp: O — M is defined by exp|p, = exp,.

10



Proposition 8.4.
1. O is open and exp is smooth.

2. The derivative at 0 € Oy of the exponential map exp,,,
(8.5) doexp,: ToyThM — T, M,

is invertible; in fact, it is the inverse of the canonical isomorphism T, M = TyT,M.

In particular, exp,, induces a diffeomorphism between a neighborhood of the origin in T,M and
a neighborhood of x in M.

3. The derivative of the map (,exp): O — M X M along the zero section is invertible.

In particular, this map induces a diffeomorphism between a neighborhood of the zero section of
TM and a neighborhood if the diagonal in M X M.

Lemma 8.6 (Gauf’ Lemma). Let x € M. Denote by 3, € Vect(T,,M) the radial vector field. Suppose
B,(0) C Oy is such that exp|g, (o) is a diffeomorphism onto its image. On B,(0),

(8.7) {(exp,)«0r, (exp,)sw) = {3y, ).

Theorem 8.8 (Short geodesics are minimal). Letr > 0 and x € M. Ifexp,: B.(0) - M isa
diffeomorphism onto its image, then, for every v € B,(0), y: [0,1] — M defined by y(t) := exp,.(tv)
is the unique minimal geodesic from x to exp,.(v); in particular: exp,(B,(0)) = B,(x).

Proof. We have £(y) = |v|. Let §: [0,1] — M be a curve from x to y = exp,.(v). We will show that
(8.9) €(8) = Iol.

We can assume that the image § is contained exp,.(B|,|(0)); otherwise, the upcoming argument
shows that part of § already has length at least |v|. Set

(8.10) w(t) = eXp;l(S(t)).

By the Cauchy-Schwarz inequality and Lemma 8.6,
1 .
()= [ Bl
0

1
> /f <5(fL(expp)*6,>dt
b (w(t), w(t))

o |w(@)l

Equality holds if and only if w(t) and 0, are parallel. O

1 1
i/W@&Nh m=/@wwm:M.
0 0

11



Definition 8.11. Let x € M. Normal coordinates of M at x are coordinates obtained by composing
exp,! with an isometry T, M = R".

Proposition 8.12. Suppose x',...,x™ are normal coordinates.

1. The Christoffel symbols Fl.’;. vanish at the origin.

2. We have g;jx’ = 6;jx’.

3. Setting
(8.13) Rijke = (R(D;, 0;)0k, O¢),
we have
1 n
(8:14) 9ij =8+ 3 ) Ruegxx’ +0(1xl).

k,t=1

9 The energy functional

Definition 9.1. A variation of a curve y: [ty,t;] — M is a smoothmap y: (—¢,¢) X [to,t1] = M
such that (0, -) = y. The variation vy is called proper if y(-, ty) and y(-, ;) are constant. We set

ys(t) = y(s, t).

Proposition 9.2 (First Variation Formula). Given a variationy of a curvey: [to,t;] = M,

(9.3) ds

E(ys) = —/ 1<Vty0(t)’ asy(O, t)> dt
=0

to

+ <Y0(t0), asy(09 t0)> - <Y0(tl)’ as)’(O, tl))

N

Corollary 9.4. A curvey: [ty,t;] — M is a geodesic if and only if, for every proper variationy, 0 is
a critical point of s — E(ys); that is:

d
(9:5) E E(ys) = 0.

s=0

Proposition 9.6. For every curvey: [ty, t1] — M,

(9.7) U(y) < V2E(y) - Vt1 — 1o

with equality if and only if |y| is constant.

12



Corollary 9.8. Letty < t; and x,y € M. Set
(9.9) Y € Py y =1{5 € C™([to, 1], M) : 8(to) = x and 6(t1) = y}.

Ify € Py y satisfies 0;|y| = 0 and minimizes € in Py ,, theny also minimizes E in Py y; in particular:
it is a geodesic.

10 The second variation formula

Lemma 10.1 (The second variation formula). Lety: [t,t;] — M be a geodesic. If y is a variation
of y, then

2

(10.2) ds?

Ewo=/Ww&ﬂamﬁwM@ﬂaaﬂmﬂm&ﬂamdt

+ (Vsasy(o, 1), Bty(t1)> - (vsasy(o, t), (9ty(t0)>.

s=0

Remark 10.3. If y is a proper variation, then (10.2) depends only on V := dsy(0, -).

Definition 10.4. Let y: [ty,#1] — M be a geodesic. The index form of y is the bilinear map
I: S’T(y*TM) — R is defined by

Kum=/kmuww—mmﬂmﬂmmm

Definition 10.5. Let y: [ty, #;] — M be a geodesic passing through x and y. We say that x and y
are conjugate along y if there is a non-zero Jacobi field J along y with J(t) = 0 and J(t;) = 0.

Definition 10.6. Let x € M. The conjugate locus of x in T, M is the set of points v € O, such that
x and exp, (v) are conjugate along t - exp_(tv).

Remark 10.7. The conjugate locus of x is the set of points v € Oy such that d,, exp,. is not injective.

Theorem 10.8 (Jacobi). Lety: [to, t1] — M withy(ty) = x and y = y(tx) fortx € (fo,t1). If x and y
are are conjugate along y|[4.+,], then y is not minimal; that is: there is a proper variation y of y with

(10.9) t(y(s, 7)) < €y)
foralls # 0.
Sketch proof. Since x and y are conjugate along y|(s, ], there is a non-trivial Jacobi field J along

¥ l[#o,t,] vanishing at #y and t.. Extend J to a piecewise smooth Jacobi field along y by declaring it
to vanish on [y, t1].

13



V. J(ts) # 0 for otherwise J would be trivial. Choose V € I'(y*TM) with
(10.10) V(t)) =0, V(t1)=0, and (V. J(t«),V(tx)) <O.

For 0 < ¢ <« 1, set
Je =] +¢€V.

Define the pricewise smooth proper variation y, of y by

(10.12) y.(s,t) = exp(s/(t)).

By Lemma 10.1,
2

o E(ys) =1(J., J.) = 2eI(J, V) + 1V, V).

s=0

(10.12)

An integration by parts, shows that

(10.13) KLW=—/wWﬁ+MLﬂmﬂ&Vﬁh+de%Wu»

The first term vanishes since ] is a Jacobi field and the second term is negative. Consequently,
I(Je, Je) < 0 provided 0 < ¢ < 1. O

Definition 10.14. Let x € M. The cut locus of x is the subset of those v € O, such that y(t) =
exp, (tv) is minimizing for t € [0, 1] but fails to be minimizing for t € [0,1 + ¢) for every & > 0.

Proposition 10.15. Ifv is in the cut locus if x, then
1. v is in the conjugate locus of x or

2. there is more than one minimal geodesic from x to exp,.(v).

11 Jacobi fields

Proposition 11.1. Let y be a variation of a geodesicy : [ty,t;] — M. If every ys is a geodesic, then
the vector field ] € T(y*TM) defined by

(112) J = 4,y(0,")
satisfies the Jacobi equation:
(11.3) Vi] +R(J. )y =0.

Definition 11.4. Let y be a geodesic. A vector field J € T'(y*TM) is called a Jacobi field along y if
(11.3) holds.

14



Proposition 11.5. Lety: [0,1] — M be a geodesic. Given Jo, Jo € Ty (0)M, there exists a unique Jacobi
field along y with J(0) = Jo and V,J(0) = Jj.

Proposition 11.6. Let x € M, v € Oy, andw € T, M = T, T, M. Denote by ] the Jacobi field along
t = exp, (tv) with

(11.7) J0)=0 and V.,J(0)=w.

Then
d, exp,(w) = J(1).

Theorem 11.8 (Hadamard). If (M, g) is complete and secy < 0, then exp,.: TxM — M is a covering
map. In particular, the universal cover of M is diffeomorphic to R™.

Sketch proof. Suppose that ] is a Jacobi field along y(¢) = exp(tv) with J(0) = 0 and V,J(0) = w.
Since

(11.9) OclJ* =2(VeJ.J) and  Gf|JI° = =2(RU. 7)Y, J) + 2|V ]I,
the function ¢ +— |J(t)|? vanishes at 0 and is strictly convex. Consequently, J(1) # 0. O

Proposition 11.10. Let (M, g) be a Riemannian manifold of dimension n and let x € R. Supposer > 0
is such that B,(x) lies within the cut-locus of x. Suppose that for some k € R, and every y € B,(x)
andv € 07 C T,M,

sec(dy,v) = k.

Letp € S¢ and fix an isometry TyM = T,S;. Then the map

Sg -1
exp,” oexpy gn

By(x) —— B,"(p)
is an isometry.

Proof. Letv € B,(0) € TyM and w € T, T, M = T,M. By Lemma 8.6, we can assume that w L v.
Denote by J the Jacobi field along ¢t +— exp(tv) with initial condition

J(0)=0 and V,J(0)=w.
Denote by W the parallel vector field along t — exp(tv) with
wW(0) = w.

By (11.3),

sing(|v|t)

0]

J(t) = W(t).

15



Consequently,
|vl?
This computation depended only on the radial sectional curvatures being precisely k. Therefore,

Srl
exp,

|dy, exp,(w)|* =

K

oexp;' is an isometry. mi

12 Ricci curvature

Definition 12.1. Let (M, g) be a Riemannian manifold. The Ricci curvature of (M, g) is the tensor
field Ricy € T(S*T"M) defined by

(12.2) Ricy(v, w) = tr(Ry(-, v)w) = Z(R(ea, V)W, eg).

a=1
Here (ey, . . ., e,) is a orthonormal basis of T, M.
Remark 12.3. If secy = k, then
Ricy = (n - 1)kg.

Remark 12.4. The map

tr: B(V)— SV
is injective if n < 3, bijective for n = 3, and surjective for n > 3. Therefore, for n > 3, the Ricci
curvature Ric, has (";1) components. For a Riemannian 3-manifold (M, g), Ric, determines all of

Ry.

Proposition 12.5. In normal coordinates,

VOlg 1 N . a,b 3
(12.6) m =1- g Ricgpx“x” + O(|x| )
6060 X T
Proof. Let x € M. Set
_ volg
VOlTxM '

Let v € T,M with |[v] = 1. Set y(¢) = exp,(v). Let e; = v,.. ., e, be a positive orthonormal basis
of T,M. Fora =1,...,n,let J,(t) be the Jacobi field along y with J,(0) = 0 and V,J,(0) = e,. By
Proposition 11.6,

dio exp,(eq) = L“T(t)

Therefore,

O(tv) = 7" 1\det G(t) with  Gap(t) = (Ja(1), J5(1)).

16



Since J, is a Jacobi field, its Taylor expansion is given by
3
Ja(t) = teg — ER(ea, v)o + O(th).

Hence, the Taylor expansion of G(t)/t? is

G“t’;(” = Sup - % [(R(eas v)0, ) + (R(eps 0)o, ea)] + O(F%).

Therefore,
2

O(tv) = " \det G(1) = 1 — %Ric(v, v) + O(t), o

13 Scalar curvature

Definition 13.1. Let (M, g) be a Riemannian manifold. The scalar curvature of (M, g) is the function
scal; € C*(M) defined by

n

(13.2) scaly = tr(Ricy) = Z <Rg(ea, ep)ep, ea>.
a,b=1

Here (ey, .. ., e,) is a orthonormal basis of T, M.

Proposition 13.3. If (M, g) is a Riemannian manifold and x € M, then, for0 < r < 1,

vol(By(r)) scalg(x) , 3
—VO”(r) =1- 6(n+2)r + O(r’).

14 Einstein Metrics

Definition 14.1. A Riemannian metric g is called a Einstein metric if there is a constant A € R
such that

(14.2) Ricy = Ag.
If g is a Einstein metric on M, then (M, g) is called a Einstein manifold.

Lemma 14.3 (Schur’s Lemma). Let (M, g) be a Riemannian manifold of dimensionn > 3. If A €
C*(M) and
Ricy = Ag,

then A is locally constant.

17



Corollary 14.4. Let (M, g) be a connected Riemannian manifold of dimensionn > 3. If

scaly

o D
Ric, = Ricy

9 4=

then g is an Einstein metric.

Proposition 14.5 (Contracted Bianchi identity). If (M, g) is a Riemannian manifold, then
(14.6) dscal, = —2V*Ric,.

Proof. Let x € M and let ey, . .., e, be a local orthonormal frame such that (V. ep)(x) = 0. At the
point x, by the differential Bianchi identity (5.5),

n

ec - scal = Z ((VeCR)(ea, ep)ep, ea>

a,b=1

== Z <(VeaR)(eba ec)ey, ea> + <(VebR)(eCa €a)ebp ea>

a,b=1

=9 Z (Ve R)(ep, €a)ec, €p)

a,b=1

= —(V*Ric)(e.). O
Proof of Lemma 14.3. By hypothesis, dscal; = ndA. However, by the contracted Bianchi identity
(14.6), dscaly = 2dA. Therefore, dA = 0. m|
15 Bochner’s vanishing theorem for harmonic 1-forms

Theorem 15.1 (Bochner’s vanishing theorem for harmonic 1-forms [Boc46, Theorem 1]). Let (M, g)
be a closed, connected Riemannian manifold of dimension n. IfRicy > 0, then the following hold:

1. Every harmonic 1-form « is parallel and satisfies Ricg(aﬁ, a%) = 0. In particular, by(M) < n.

2. Ifthere exists somex € M withRicy(x) > 0, then every harmonic 1-form vanishes. In particular,
bl(M) = 0.
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Proposition 15.2 (Bochner-Weitzenb6ck formula for 1-forms [Boc46, Lemma 2]). Let (M, g) be a
Riemannian manifold. For every a € Q'(M),

(15.3) (dd* + d*d)a = V*Va + Ric,(at, ).
in particular,
1
(15.4) 5A|a|z = ((dd* + d*d)a, &) — |Va|* - Ricy(at, a?).

Proof. Let x € M and let ey, . .., e, be a local orthonormal frame such that (V. ep)(x) = 0. At the
point x,
n
(dd" + d'd)a == D" e Ai(ep)Ve, Ve, ot + i(ea)e? A Ve, Vo,

a,b=1
n

n
== Ve, Ve,a— D ei(e)[Ve,, Ve, la
a=1 a,b=1
n
=V'Va + a(R(eg, ep)ep)e’
a,b=1
n
=V'Va + ale.)(R(eg, ep)ep, e.)e’.

a,b,c=1

This proves (15.3). The identity (15.4) follows from
Ala)* = 2(V*Va, a) - 2|Val. O

Proof of Theorem 15.1. Let a be a harmonic 1-form. By the Bochner-Weitzenbdck formula (15.4),

1
0=——/ Aler|?
2 /M

=/ |Va|2+Ric((xﬁ,aﬁ).
M

Both terms under the integral are non-negative. Therefore, they vanish. This proves (1). If
Ricy(x) > 0, then a must vanish in order for the second term to vanish. This proves (2). |

Remark 15.5. If Ric, > 0 and M is non-compact, then there often (always?) are many non-parallel
harmonic 1-forms.
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16 Bochner’s vanshing theorem for Killing fields

Definition 16.1. Let (M, g) be a Riemannian manifold. A vector field v € Vect(M) is called a Killing
field if

(16.2) Zvg = 0.
The space of Killing fields is denoted by
iso(M, g) == {v € Vect(M) : Z,,g = 0}.
Remark 16.3. If u, v, w € Vect(M), then
(16.4) (Zug)(0,w) = (Vou, w) + (Vyyu, v)

Exercise 16.5 (Bochner). Let v be Killing field and let @ € Q!(M) be a harmonic 1-form. Prove
that the function a(v) is constant.

Theorem 16.6 (Bochner’s vanishing theorem for Killing fields [Boc46, Theorem 2]). Let (M, g) be
a closed, connected Riemannian manifold of dimension n. If Ricy < 0, then the following hold:

1. Every Killing field v is parallel and satisfies Ricy(v, v) = 0. In particular, dim iso(M, g) < n.

2. If there exists some x € M with Ricy(x) < 0, then every Killing field vanishes. In particular,
Iso(M, g) is finite.

This follows from the following proposition and the argument from the proof of Theorem 15.1.

Proposition 16.7 (Bochner-Weitzenbock formula for vector fields [Boc46, Lemma 2]). Let (M, g)
be a Riemannian manifold. For every v € Vect(M),

(16.8) V%9 —ddivo = (V*'Vuo,-) - Ricy(v, -)
in particular,
1
(16.9) §A|v|2 = (V"Z,9)(v) — Z, divo + Ricy(v, v) — |Vol?.

Proof. Let x € M and let ey, . .., e, be a local orthonormal frame such that (V. ep)(x) = 0. At the
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point x,

(V" Zog)w) = = > (Ve, Zog)(eas W)
a=1

= = > Ve [(Log)ew W)] = (Log)ea Ve, W)

a=1
n
= - Z Vea(<veav’ W> +(Vwo,eq)) = <VeaU, VeaW> - <ea, vawv>
a=1 i
= (V*Vo, w) — Z Ve (Vwv, eq) — <ea, Vveawv>;

a=1
and, furthermore,

n n
- Z Ve, (Vwov,eq) — (vavv, ea> = - Z(Veavwv, ea> - <VVeawU» ea>
a=1

a=1

= —Ric(v, w) + Z(vaeav’ e“)

a=1

= —Ric(v, w) + Z,, divw. |

Corollary 16.10. If(M, g) is a compact Riemannian manifold, then v € Vect(M) is a Killing field if

and only if
V*Vov - Ricy(v, )’ =o.

Application to Riemann surfaces Theorem 16.6 can be used to proof Hurwitz’ automorphism
theorem.

Theorem 16.11 (Uniformization Theorem). Let (3, j) be a closed Riemann surface.
1. If (2) = 2, then (3, j) = CPL.
2. If x(3) = 0, then (2, j) = C/A with A C C a co-compact lattice.

3. If ¥(£) < 0, then (%, j) = H?/T withT C PSLy(R) a discrete subgroup acting freely on H2.

Theorem 16.12 (Metric Uniformization Theorem). Let (%, j) be a closed Riemann surface. In the
conformal class determined by j there is a unique Riemannian metric g satisfying

1 ifx(®) =2,
Ricy = Ag with A=40 ify(Z)=0,
-1 ify(®) <o.
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Theorem 16.13 (Hurwitz’ Automorphism Theorem [Hurgs, p. 424]). If (3, j) is a closed Riemann
surface with y(X) < 0, then

(16.14) #Aut(Z, j) < —42x(2).

Equality holds in (16.14) if and only if ¥ is a branched cover of CP' with ramification indicies 2, 3,
and?7.

Remark 16.15. See de Saint-Gervais [dSai16] for an account of the history of the Uniformization
Theorem.

Proof of Theorem 16.13. By Theorem 16.12, for the Einstein metric g,
Aut(Z, j) = Iso(Z, g).

Therefore, by Theorem 16.6, Aut(Z, j) is finite.
The inequality is proved by a somewhat tedious—but nevertheless enlightening—case distinc-
tion. Set I' := Aut(Z, j). Consider the quotient map

m: 2 — S:=3/T.

Since Aut(Z, j) acts holomorphically, 7 is locally given by z +— z". Therefore, S is a Riemann
surface and r is a branched covering map.

A point z € ¥ is called a ramification point of the stabilizer T} is non-trivial. In this case,
I, = Z/nZ and we call e, := #G, the ramification index of z. A point w € S is called a branch
point if it is the image of a ramification point. Since I" acts transitively on 7~!(w), every z € 77 1(w)
is a ramification point and they all have the same ramification index. The ramification index w is

the ramification index of any of its preimages and denoted by e,,. By the preceding discussion,
#I
#r(w) = —.

€w

Denote by zi, . . ., z;; the ramification points and by wy, ..., wi the branch points of z. By the
Riemann-Hurwitz formula,

—X(3) = —#T - x($)+ D (ez, = 1)
a=1

L 1

=A

=#I-

Therefore,
_xG)
T

Since y(XZ) < 0, A > 0. The following case distinction shows that A > é:

#' =
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« If ¥(S) < 0,then A > 2.

o If ¥(S) = 0, then k > 1; therefore: A > %

« It remains to analyze the case y(S) = 2. In this case k > 3.

— Ifk >5,thenA > %

— If k = 4, then at least one of the ramification indices is bigger than two; therefore:
A>1/6.

— A further case distinction in the case k = 3 shows that A > 1/42 with equality achieved
if the ramification indices are 2, 3, and 7.

This finishes the proof. O

Remark 16.16. It should be stressed that they crucial part of the above proof is establishing that
Aut(2, j) is finite. The remainder, although much longer, is really just bookkeeping.

17 Myers’ Theorem

Theorem 17.1 (Myers [Mye41]). Let (M, g) be a connected, complete Riemannian manifold. Let k > 0.
If
Ricy > (n — 1)xg,
then
diam(M, g) < 7/Vk.

In particular, m1(M) is finite.

Proof. If m1(M) is not finite, then the universal cover M has infinite diameter but also satisfies the
lower Ricci bound: a contradiction to the asserted diameter bound.

The diameter bound follows once we prove that if y: [0,T] — M is a minimal geodesic
parametrized by arc-length, then

T < m/Vk.
To see this, let e; = 7, ey, .. ., e, be a parallel orthonormal frame along y. Fora = 2,...,n, set
T
(17.2) V, = sin (Tt) eq

and let y, be a proper variation of y with dsy (0, -) = V;. By the second variation formula for the
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energy functional,
23

a=2

n T
E(Yas) = ). / IV Va(®)% = (RVa(2), PO (2), V(D)) dt
a=2

s=0

= (-1

7
T
<(n-1) (%)2 /T cos( t)zdt— (n—1x /T sin (%t)z dt
0 0

(2 -] e

If T > n/+/k, then this is negative; hence, one of the y , is an energy decreasing (hence: length
decreasing) variation; therefore, y is cannot be minimal. O

Remark 17.3. The diameter bound in Theorem 17.1 is sharp since S” has Ric = g.

Remark 17.4. The conclusion of Theorem 17.1 is much stronger than that of Theorem 15.1; however,
so is its hypothesis. In fact, Ricy > (n—1)kg with x > 0 is a much stronger condition than Ric, > 0
which in turn is much stronger than Ric, > 0.

18 Laplacian comparison theorem

Definition 18.1. Let (M, g) be a Riemannian manifold of dimension n and x € M. The distance
function associated with x is the function r: M — [0, c0) defined by

r(y) = d(x,y).

Remark 18.2. Within of the cut-locus of x in M, the distance function r associated with x is smooth
and, by Gauf}’ lemma, satisfies
|Vr| = 1.

Theorem 18.3 (Laplacian Comparison Theorem). Let (M, g) be a Riemannian manifold and let
x €M Letk e R If
Ricy > (n — 1)xg,

then, within the cut-locus of x in M,

(18.4) —-Ar<(n-1)

Moreover, at a point y within the cut-locus of x in M, equality holds in (18.4) if and only if all radial
sectional curvatures are equal to k; that is: for allv € ;- C TyM,

secy(0r,v) = K.
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This might seems to be a “technical” result, but we will see that it has far-reaching consequences.
As a first indication, we give a second proof of Myers’ theorem.

Proof of Theorem 17.1 using Theorem 18.3. Suppose k > 0 and Ricy > (n — 1)kg. If diam(M, g) >
7 /Vk, then there is a minimal geodesic y: [0, T] — M parametrized by arc-length with T > 7/ Vk.
Set x := y(0). The geodesic is contained in within of the cut-locus of x in M and r o y(t) = ¢. This
contradicts (18.4) because the function sin/.(¢)/sin,(¢) = vk cot(vkt) diverges to —oo as ¢ tends

x/Vk. O
The following propositions prepare the proof of Theorem 18.3.

Proposition 18.5 (Bochner-Weitzenbock formula for gradients). Let (M, g) be a Riemannian mani-
fold. For f € C®(M),

(18.6) SAIVFI = (AL, Vf) = [Hess I = Rie(V, V).
Proof. By the Bochner-Weitzenbock formula (15.4) for a = df,
CAIV S = (Ad"df, Vf) - [VAF P~ Rie(df*, df)
= (VAf,Vf) — [Hess f|* — Ric(Vf, Vf). ]
Proposition 18.7. In the situation of Theorem 18.3,

(Ar)?

n-—1

(18.8) — 0, Ar + +(n-1)k <0.

Equality holds in (18.8) if and only if
Ar .
(18.9) Hessr = ——1(g —dr®dr) and Ric; = (n—1)kg.
n—
Proof. By the Cauchy-Schwarz inequality, if A € R™*™ is symmetric, then

(tr A)?

(18.10) < AP

with equality if and only if A = %1. Therefore and since Hess r(d,, -) = 0,

A 2
( r)l < |Hessr|?

n—
with equality if and only if the first part of (18.9) holds.
By the Bochner-Weitzenb6ck formula for gradients (18.6),

0 = —0,Ar + [Hess r|? + Ric(d;, 9;).

Consequently, (18.8) holds with equality if and only if (18.9). O
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Proposition 18.11 (Riccati Comparison Principle). Letk € R. If f: (0,T) — R satisfies
1
f+fP+x<0 and f(t)= ;+O(1),

then .,
sin;.(t)

sin, (1)

f®) <

Proof. The function f, = sin] /sin, satisfies the Riccati equation
1

fl+fi+x=0 and fi(t)= -+ 0,
Choose a smooth function G: (0, T) — R such that

G =f+fi and G(t)=2logt+ O(1).
Since q

T [e9(f = Ol = (f = fi+ f2 = f2) <0,

the function e®(f — f;) is decreasing. This implies the assertion because

lim eCO(f(1) - fe(£)) = 0. 0

Proof of Theorem 18.3. Let y: [0,T] — M be a geodesic emerging from x and parametrized by
arc-length. Set

Ar
) = — t).
f@) = ———oy(t)
By (18.8),
f+ fA+x<0.
Since .
Ar=""" 4 0q),

(18.4) follows from Proposition 18.11.
If equality holds in (18.4) at y, then, by Proposition 18.7,

Hessr = s%n,c(r) (9g—dr®dr).
sin(r)
Let e; = Oy, €y, ..., e, be alocal orthonormal frame defined near y such that at y, for all a, b =
2,...,n,
sin (r)

Hess r(eq, p) = bap and [0,,e4] = 0.

sing(r)
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Since
Hessr(eq, ep) = (Vea Oy, eb>,

the former means that .
sin.(r)

e
sin,(r) “

Ve, 00 = = freq.

Therefore,

secy(0r A eq) = —<V0,Vea(9r, ea>
= _<V{9rfkea’ ea>
= _<(f1<, + f,?)ea, ea)

=K

Remark 18.12. There is also is a proof of Theorem 18.3 using Jacobi fields.

19 The Lichnerowicz—Obata Theorem

Theorem 19.1 (Lichnerowicz [Lic58] and Obata [Oba62, Theorems 1 and 2]). Letx > 0. Let (M, g)
be a closed Riemannian manifold of dimension n with Ricy > (n — 1)kg. If A is a non-zero eigenvalue
of the Laplacian, then

(19.2) A > nk.
Equality is achieved in (19.2) if and only if (M, g) is isometric to (SZ, gy ).
The analysis of the case A = nk requires the following result.

Theorem 19.3 (Obata [Oba62, Theorem A]). Let (M, g) be a complete Riemannian manifold of
dimension n. Let k > 0. There exists a non-zero function f € C*(M) satisfying

(19.4) Hess f = -k fyg

if and only if (M, g) is isometric to (S¢, gi )

Remark 19.5. Is straight-forward to verify that the coordinate functions xi, . . ., X, on S® C R"*!
have satisfy (19.4).

Proof of Theorem 19.1 assuming Theorem 19.3. Suppose f € C*°(M) is an eigenfunction of the Lapla-
cian with eigenvalue 4 # 0. By (18.6),

%A|Vf|2 = A|Vf|? = [Hess f|* = Ric(Vf, Vf).
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Using the lower-bound on Ric, and (18.10),

/12 f2
—n .

SAIVfTE < (0= (1= DRIV -

By integrating both sides and by integration by parts,

2
0<G-m-n0 [ wrE-2 [ 5

(n : Y2 - nx) /MfZ.

Since A # 0, (19.2) holds.
It follows from the above, that equality holds in (19.2) if and only if

Hess f = —kfg and Ric(Vf,Vf)=k|Vf|.
The result thus follows from Theorem 19.3. O

Proof of Theorem 19.3. Without loss of generality, we restrict to the case ¥ = 1 and assume that
the maximum of f is equal to 1. Let x, be a point at which f achieves its maximum.

Proposition 19.6. For every geodesicy: [0, T] — M parametrized by arc-length with y(0) = x4,

foy=cos.
In particular, withr = ry,,

f = cos(r).
Proof. The function F: [0,T] — R defined by

F = f oy.
satisfies

F" +F =0.

Hence, there are constants A, B € R such that
F(t) = Acos(t) + Bsin(t).
Since f achieves its maximum at x and f(x) = 1, the coefficients are A = 1 and B = 0. O

For y € B, (x4),if y: [0,7(y)] = M is a minimizing geodesic parametrized by arc-length from
X% to y, then

Vi) = —sin(r(y)y(r(y)).
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Therefore and since sin(r) # 0 for r € (0, 7), y is uniquely determined by y. Thus, exp, : B,(0) —
B (x4) is a diffeomorphism.
We have
Vf = —sin(r)o,.

Thus, for v,w L 9,,

—sin(r) Hess r(v, w) = —sin(r {V,0,, w)
= (Vo Vf,w)
= Hess f(v, w)

= —cos(r)g(v, w).

Therefore,
Hessr = cot(r)(g — dr ® dr).

It follows as in the proof of Theorem 18.3, that the sectional curvature on B, (x4 ) is equal to 1. One
can now use Theorem 17.1, to argue that the sectional curvature is equal to 1 on all of M and then
appeal to Theorem 6.5.

One can also argue directly. First of all B, (x,) is isometric to S™\{p} by Proposition 11.10.
There must be a unique point x; at distance 7 from x,. To see this, note that: f achieves its
minimum —1 on 9B, (x4). Every y € 9B, (x4) is a non-degenerate critical point; hence, 9B, (xx)
is discrete. On the other hand, 0B, (x,) is connected and thus consists of precisely one point x;.
The above argument also shows that, B, (x) is isometric to S™\{q} with g antipodal to p.

M is covered by B, (x4) and B, (x;); and their intersection is precisely

B (c)\ {xx} = B (o)\{xs }.
The isometries B, (xx) — S"\{p} and B,(x;) — S"\{q} glue to a global isometry M — S". O

Remark 19.7. A more detailed proof can be found in Berger, Gauduchon, and Mazet [BGM71,
Théoréme d’Obata D.1.6].
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20 Bishop—Gromov volume comparison

Theorem 20.1 (Bishop—-Gromov’s Relative Volume Comparison Theorem [BC64, Section 11.10
Corollary 3; Gro81a, Section 2.1]). Let (M, g) be a complete Riemannian manifold of dimension n
andletx € M. Letk € Rand0 <r < R If

Ricy > (n - 1)xg
on Bg(x), then

vol(Br(x)) _ Vi(R)
vol(B,(x)) ~ Vi)

(20.2)

Moreover, equality holds in (20.2) if and only if all radial sectional curvatures are equal to k on Br(x).

Remark 20.3. The conclusion of Theorem 20.1 is equivalent to the function 6: (0,R] — (0, )

defined by

(20.4) o(r) == —Vogkffr()r))

being non-increasing.

Theorem 20.5 (Bishop’s Absolute Volume Comparison Theorem [Bis63; BC64, Section 11.10 Corol-
lary 4]). Let (M, g) be a complete Riemannian manifold of dimension n and let x € M. Let k € R.

If

Ricy > (n — 1)xg,

then, for allr > 0,
vol(B,(x)) < V().

Proof of Theorem zo.5 assuming Theorem zo.1. This is a consequence of

lim vol(B,(x)) :
=0 Ve

The following proposition prepares the proof of Theorem 20.1.

Definition 20.6. Forn € {2,3,...} and k € R, set

" 0 ifx >0andr > n/+/k and
vi(r) =

sin(r)"™! otherwise.
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Proposition 20.7. Let (M, g) be a Riemannian manifold of dimension n and let x € M. Within of the
cut-locus of x in Ty M, define v by

exp,, voly = vdr A volgn-1.

Letx e R If
Ricy > (n — 1)xg,
then
(20.8) Or (V—Vn) <0.
K

Moreover, equality holds in (20.8) if and only if all radial sectional curvatures are equal to x within of
the cut-locus of x in M.

Proof. For f € C®(M),

Zyrvoly = di(Vf)voly = (div Vf)voly, = —Afvoly.

Therefore,
0,v = —vAr.
Hence, by Theorem 18.3,
0y sing.(r)
<(n—-1)=
v sin,(r)
Since P i’ ()
v sin’.(r
LK —(n-1)—X
Ve sing(r)
it follows that 5 oo
v v v 0y
ar (_n): rn __n rnK <O
VK VK VK VK

Equality holds in (20.8) if and only if equality holds in (18.4). By Theorem 18.3, the latter holds
if and only if all radial sectional curvatures are equal to k within the cut-locus of x in M. O

Proof of Theorem zo.1. By Remark 20.3, it suffices to prove that the function 6: (0,R] — (0, c0)
defined by (20.4) is non-increasing.
Let v: T,M — [0, o0) be such that, within the cut-locus of x in T, M,

expy voly = vdr A volgn;

and v = 0 on and beyond the cut-locus of x in T, M. For r > 0,

vol(8, () = [

vdr Avolgn-i and V(r) = / vedr A volgn-1.
B(0)

Br(0)
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Therefore,

. d (vol(B,(x))
V. (r)za (W)

= Vol(@B,(x)) - VA(r) = vol(B, (x)) - (V2)'(r)

= /r (/ v(rx) - Ve (s) —/ v(sx) - v,’g(r)) ds
0 Snfl Snfl Snfl Sn*l
= Vol(S”_l)/0 /Sn_l (v(rR)vE(s) — v(st)vi(r)) ds.

The integrand is non-positive if and only if, for 0 < s < r,
v(rx) < v(sx)
v(r) V()
which follows from (20.8). This proves that 8 is non-increasing.

Equality holds in (20.2) if and only if equality holds in (20.8) on Bg(x). By Proposition 20.7,
the latter holds if and only if and only if all radial sectional curvatures are equal to k on Br(x). O

A minimal modification of the proof of Theorem 20.1 establishes the following variant.
Definition 20.9. Let I' ¢ S”~! be measurable and 0 < r < R. Set
A£’R ={pxeR":xeTandp € [r,R]}

Let (M, g) a Riemannian manifold, x € M, and 0 < r < R. The annular sector associated with T
centered at x and with radii r and R is

AT p(x) = AL (x) = exp (AL p).
Forne {2,3,...} and x € R, set

VAT, 7, R) = vol(AL 3 (x)).
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Theorem 20.10 (Relative Volume Comparison Theorem for annular sectors [Zhug7, Theorem 3.1]).
Let (M, g) be a complete Riemannian manifold of dimension n and let x € M. Let x € R. Suppose that

Ricy > (n — 1)kg.

If0<r<Rand0<s<Swithr <sandR < S, then

vol(Al ¢(x)) _ViTsS)

(20.11) Vol(Ag,R(x)) S VAT, R)

Moreover, equality holds in (20.11) if and only if all all radial sectional curvatures are equal to x on
Al (x).
r,S

21 Volume growth

Exercise 21.1. Let (M, g) be a complete Riemannian manifold with Ricy > 0. Prove that, for r > 1,
vol(B,(x)) < vol(By(x))r".

Exercise 21.2 (maximal volume growth rigidity). Let (M, g) be a complete Riemannian manifold
with Ric,; > 0. Prove that if

lim

r—oo

vol(B,(x)) nra 2
— > V(1) = Tjz+ 1)

then (M, g) is isometric to R".

Remark 21.3. The preceding exercise shows, in particular, that asymptotically Euclidean manifold
cannot be Ricci flat without being flat. There are, however, Ricci flat manifolds which are asymptotic
to R*/T for I acting freely outside the origin.

Theorem 21.4 (Yau [Yauy6, Theorem 7]). If (M, g) is a connected, complete, non-compact Riemannian
manifold of dimension n and with Ricy > 0, then, forx € M andr > 1,

vol(B,(x)) =, vol(By(x))r.

Definition 21.5. Let (M, g) be a Riemannian manifold. A geodesic ray is a geodesic y : [0, 00) — M
satisfying

(21.6) d(y(s),y(8)) = |t = s
for all s, t € [0, ). A geodesic line is a geodesic y: R — M satisfying (21.6) for all s, t € R.

Exercise 21.7. Let (M, g) be a connected, complete, non-compact Riemannian manifold Prove that
every for every x € M there is a geodesic ray y with y(0) = x.
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Remark 21.8. The following proof is not due Yau’s original proof. If you know how this proof is
due to, let me know.

Proof of Theorem 21.4. There is a geodesic ray y: [0, 00) — M with y(0) = x. By Theorem 20.10,
fort > 2,

VolBrii(y(ON\Be—1(y(1) _ (1 + 1) — (- 1)"
vol(B;-1(y(1))) h (t-1)"

2 n
=|—+1]| -1
t—1

1
.

<n
Therefore, for t > 2,

tvol(By(x)) < tvol(Bs4+1(y(t))\B:-1(y(¢)))

<
<n vol(Bi-1(y(1)))
< vol(Bz:(x)).

This proves the assertion for r > 4. Since the assertion holds trivially for r € [1, 4], the proof is
complete. O

Example 21.9. The flat metric on T"% x R¥ has polynomial volume growth of order k.

Remark 21.10. For more interesting examples of complete, Ricci-flat manifolds with linear volume
growth see Hein [Hei12], Biquard and Minerbe [BM11], and Haskins, Hein, and Nordstréom [HHN15]

22 SY. Cheng’s maximal diameter sphere theorem

Theorem 22.1 (SY. Cheng’s maximal diameter sphere theorem [Che7s]). Let (M, g) be a complete
Riemannian manifold. Let k > 0. If

Ricy > (n—1)kg and diam(M,g) = 7 /Vx,
then (M, g) is isometric to (SZ, gi).

Remark 22.2. The analogous result for sec, is due to Topogonov.

Remark 22.3. The following proof is due to Shiohama [Shi83, Section 2].

Proof of Theorem 22.1. Without loss of generality k = 1. Let x,y € M with

dx,y) = x
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The cut-locus of x lies in the complement of B, (x). The balls B, ,(x) and B, /2(y) do not intersect.
By hypothesis,
vol(B,(x)) = vol(B,(y)) = vol(M).

Therefore and by Theorem 20.1,

2vol(M) = vol(By(x)) + vol(B.(y))
< L(”) (vol(By 2(x)) + vol(B 2(v)))
S ViGe VO ey

< 2 (vol(By j2(x)) + vol(Br2(y))) -

By Theorem 20.1, all radial sectional curvatures are equal to 1 in B, (x). Therefore, for every p € S”,
the composition

sn -1
expy o expy gn-1
Br(x) — B, (p)
is an isometry; see Proposition 11.10. Hence, for every z € B, (x)\{x} there is a point w € M with

d(z,w) = 7. Therefore, x was arbitrary and it follows that
secy = 1.
The assertion thus follows from Theorem 6.5. (Alternatively, one can argue directly that the

isometry B, (x) = BS"" (p) extends to an isometry M = S")) m]

Remark 22.4. Theorem 22.1 can be used to give analyze the equality case in Theorem 19.1; see Xia
[Xia13, Theorem 1.6]. In the proof of Theorem 19.1, assuming k = 1, if f is an eigenfunction with
eigenvalue n, then

IVFI + f?
is constant. Without loss of generality,
VAT _
Let x, be a point where f achieves its maximum and let x; be a point where f achieves its

minimum. By the above, f(x.) = 1 and f(x+) = —1. If y be a minimizing geodesic parametrized
by arc-length, then by the coarea formula,

d(x,y)
aw=A y(0)ldt

_ [ IVl

>/ ! d
=z S
-1 V1 —s2

=1T.

|Vf|2 +f2 =1; thatis: 1.

o y(t)dt

Thus, diam(M, g) > =.
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23 The growth of groups

Definition 23.1. Let G be a group. Suppose G is finitely generated and S is a finite generating set.
The word length with respect to S is the map £s: G — N defined by

ts(g) = min{m :g=¢1- gm Withg, € SU 5_1}.

Forr € N, set
Bs(r):={geG:t(g) <r} and Vs(r):=#B>.

Proposition 23.2. Let G be a finitely generated group and let S, T C G both be finite generating sets.
With
¢ :=max ({{s(g) : g € T} U{lr(g9): g €S})

the inequalities

1
—lr < {€s < clr.
C

hold. O

Definition 23.3. Let G be a finitely generated group. G is said to have polynomial growth of rate
v 2 0 if, for some (hence: every) finite generating set S,

Vs(r) =< r”.
G is said to have exponential growth if, for some (hence: every) finite generating set S,

lim Vs(r)'/" > 1.
r—00

Exercise 23.4. Try to work out the growth rates for a few of your favorite groups. (If you have
no favorite group, try: the free abelian group Z”, the free group F,, surfaces groups 7;(Z), the
lamp-lighter group, ...)

The above can also be phrased in terms of Cayley graph equipped with the counting measure
and the obvious metric.

Definition 23.5. Let G be a group and let S be a generating set. The Cayley graph associated with
S is the colored, directe graph whose vertices are the elements of G with (g, h) an directed edge
colored by s € S if and only if h = gs.

Finally, we have to mention the celebrated theorem of Gromov.
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Figure 1: B;(e) in the Cayley graph of F,.

Figure 2: By(e) in the Cayley graph of Z2.
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Definition 23.6. Let G be a group. The lower central series of G is the sequence of groups (G, )qen,
defined by

GO =G and Ga+1 = [G, Ga]-

The group G is called nilpotent if its lower central series terminates in the trivial group after
finitely many steps. The group G is called virtually nilpotent if it has a finite index subgroup
which is nilpotent.

Example 23.7. Z" is nilpotent.

Example 23.8. The discrete Heisenberg group

1
H3(Z) == 4]0 ta,bce”Z
0

S = Q

is nilpotent.

Theorem 23.9 (Bass [Bas7y2, Theorem 2] and Guivarc’h [Gui73, Théoréme IL.4]). If G is nilpotent,
then it has polynomial volume growth of rate

D" a-1k(Ga/Gas).

az0

Exercise 23.10. Show that H3(Z) has polynomial growth of rate 4; that is: although H3(Z) appears
to be 3—dimensional, it behaves 4-dimensional.

Theorem 23.11 (Gromov’s theorem on groups of polynomial growth [Gro81b]). A finitely generated
group has polynomial growth if and only if it is virtually nilpotent.

Remark 23.12. An elementary, but long, proof can be found on Terry Tao’s blog.

24 Non-negative Ricci curvature and 7;(M)

Theorem 24.1 (Milnor [Mil68, Theorem 1]). If(M, g) is a complete Riemannian manifold of dimension
n with Ricy > 0, then every finitely generated subgroup G < m1(M) has polynomial growth of rate at
most n.

Conjecture 24.2 (Milnor’s finite generation conjecture [Mil68]). If(M, g) is a complete Riemannian
manifold of dimension n with Ricy > 0, then m1(M) is finitely generated.

Remark 24.3. Li [Li86, Theorem 2] and Anderson [Andgob, Corollary 1.5] proved Conjecture 24.2
assuming M has maximal volume growth. Sormani [Soroo, Theorem 1] proved Conjecture 24.2
assuming small linear diameter growth. Liu [Liu13, Corollary 1] proved Conjecture 24.2 in dimen-
sion three using minimal surface techniques; see also, Pan [Pan18, Theorem 1.1] for a proof using
Cheeger—Colding theory.
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Proof of Theorem 24.1. Denote by 7 : M — M the universal cover. Let %, € 77 Y(x0). The funda-
mental group 771(M, x¢) acts on M as the deck transformation group Deck(M). Let S C m1(M, x¢) =
Deck(M) be finite subset and denote by G the group generated by S. Set

D = max{d(Xy, gXo) : g € S}.

For r € N, Bp,(%,) contains at least Vs(r) distinct points of the form g%, with g € Deck(M).
Set
6 = inf{d(Xy, gXo) : g € Deck(M)}.

Since Deck(M) acts discretely, § > 0. The ball Bp,.s5(%o) contains at least Vs(r) disjoint subsets of
the form Bs(gXy). Therefore and by Theorem 20.1,

vol(Bpr+s(Xo))
vol(Bs(%o))
(Dr +6)"
= _77
5n

D n
<5—n+1l". O

Vs(r) <

Theorem 24.4 (Milnor [Mil68, Theorem 2]). If(M, g) is a complete Riemannian manifold of dimension
n with secy < 0, then r;(M) has exponential growth.

Theorem 24.5 (Anderson [Andgoc, Theorem 2.3]). Givenn € N,k € R, D,V > 0, there are only
finitely many isomorphism types of groups which appear as m;(M) for connected, closed Riemannian
manifolds (M, g) of dimension n with

Ricy, > (n—1)x, vol(M,g) >V, and diam(M,g)<D.

The proof relies on the following lemma.

Lemma 24.6 (Gromov [Gro8ic; Groo7, Proposition 3.22]). Let (M, g) be a closed Riemannian mani-
fold. Given xy € M, there are loops y1, . . ., ym based at xo with

{(yq) < 3diam(M, g)

and a presentation
m (M, x0) = ([y1l. - - .. [ym]IR)

with every relation in R of the form

(24.7) [yallys] = [yel.

Remark 24.8. The lemma makes no assertion about the number of generators.
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Proof. Choose a triangulation K of M such that x, is one of the vertices, and every edge e, has
length at most one-half of the injectivity radius of M. For every vertex v, in K, denote by J, the
minimal geodesic from xq to v,. The loop

Yab = 5aeab5;1

has length at most 3 diam M.

Every loop based xj in the 1-skeleton of K is homotopic to a product of the y,;. Since every
loop based at x, is homotopic to a loop in the 1-skeleton of K, the y,; generate (M, x;).

If v,, vy, v, form a 2—-simplex in K, then y,pype = Yac- Every homotopy between two loops
based at x( in the 1-skeleton of K is homotopic to a homotopy lying in the 2—skeleton. Since
homotopies in the 2—skeleton correspond to a collection of 2—simplices, every relation is generated
by relations of the form y,p¥pc = Vac- m]

Proof of Theorem 24.5. It suffices to estimate the number of loops y, in Lemma 24.6, because, if
there are m generators, then there can be at most 2m” relations of the form (24.7).

Let (M, g) be a connected, closed Riemannian manifold of dimension n with Ricy > (n— 1k,
vol(M) > V, and diam(M) < D. Denote by 7: M — M the universal cover of M. Let xy € M and
set xo = 71(%). The [y,] acts as deck transformations: (M, xo) = Deck(M). Set

K = {x €M :d(x, %) < d(y - x,%,) for all y € m(M, xo)}

The sets [y,] - K all have volume equal to vol(M) and are all contained in B¢p(¥y). Furthermore,
they intersect in sets of measure zero. Therefore,

< vol(Bsp(Xo))
vol(K)

¢ V)
\%4

Theorem 24.9 (Anderson [Andgoc, Theorem 2.1]). Letn € N,k € R, D,V > 0. Set

V/(2D)

N =N(n,x,D,V) = -

Suppose (M, g) is a closed Riemannian manifold of dimension n with
Ric, > (n—1)x, vol(M,g) >V, and diam(M,g)<D.

Ify is a loop in M for which [y] has order at least N in ;(M), then

DV
V(2D)

ty) >
Exercise 24.10. Prove Theorem 24.9.
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25 The Maximum Principle

Definition 25.1. Let (M, g) a Riemannian manifold. A function f € C*(M) is called subharmonic
if Af < 0and superharmonicif Af > 0.

Theorem 25.2 (E.Hopf’s Maximum Principle [Hop27]). Let (M, g) a connected Riemannian manifold.
Let f € C*(M) be subharmonic. If f has a local maximum at x € M, then f is constant on a
neighborhood of x. In particular, f has a global maximum if and only if it is constant.

Definition 25.3 (Calabi [Cal58]). Let (M, g) is a Riemannian manifold. Let f € C°(M) and g €
C°(M). A lower barrier (resp. upper barrier) for f at x € M is a smooth function f, defined in a
neighborhood of x satisfying

fe(x) = f(x) and fi <f (resp. fx > f).

We say that
Af <g (resp. Af = g)

in the barrier sense if, for every x € M and every ¢ > 0, there exists a lower barrier (resp. upper
barrier) f . for f at x such that

Afie <g+e (resp. Afx e = g—e).

The function f is called subharmonic in the barrier sense (resp.superharmonic in the barrier
sense) if Af < 0 (resp. Af > 0).

Theorem 25.4 (Calabi’s Laplacian Comparison Theorem [Cal58, Theorem 3]). Let (M, g) be a
complete Riemannian manifold and let x € M. Let k € R. If

Ricy > (n — 1)xg,

then

(25.5) -Ar<(n- l)ziz’cg;

holds in the barrier sense on all of M.

Proof. Let y € M and denote by y: [0,T] — M a minimal geodesic y with y(0) = x and y(T) =y
parametrized by arc-length. For ¢ > 0, define r.: M — [0, o) by

re(z) = e+ d(y(e), 2).
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By the triangle inequality, r, is an upper barrier for r. The point y lies within the cut-locus of y(¢)
for ¢ > 0. (This is an easy exercise.) Thus, by Theorem 18.3,

sing (re(y) — ¢)

sing(r:(y) — €)

sing (r(y) — ¢)

sing(r(y) — )

Since sin,./sin, is decreasing, it follows that (25.5) holds in the barrier sense. |

—Are(y) < (n-1)

=(n-1)

Theorem 25.6 (Calabi’s Maximum Principle [Cal58, Theorem 1]). Let (M, g) a Riemannian manifold.
Let f € C°(M) be subharmonic in the barrier sense. If f has a local maximum at x € M, then f is
constant on a neighborhood of x. In particular, f has a global maximum if and only if it is constant.

Proof. If f is a lower barrier for f at x, then x is also a local maximum for f;. Therefore,
Afi(x) > 0.

Suppose that f achieves a local maximum at x, but f is not constant. Then thereisa 0 < r < 1
such that

f(x) =sup{f(y):y € By(x)} and I :={ye€dB,(x): f(y) = f(x)} # 0B, (x).
As we will see shortly, there is a smooth function g: B,(x) — R satisfying
g(x)=0, g|r<-1/2, and Ag<-1.
For0 < <« 1,
Fx) = f(x) + 89(x)
> sup{f(y) +69(y) : y € IB(x)}.

Therefore, the function f + 8¢ has achieves a local maximum at some y € B,(x). This, however,
contradicts the observation in the first paragraph because A(f + dg) < —§ in the barrier sense.
To construct g, we proceed as follows. Since I' # dB,(x), we can choose a function y satisfying

x(x)=0, xlr<0, and |Vy|>o.

For A > 1, the function
g = eM -1,

has the required properties, because

Ag = Ae™ (Ay — AV x]?). ]
Theorem 25.7. Let (M, g) be a Riemannian manifold. If f € C°(M) is subharmonic and superharmonic
in the barrier sense, then it is smooth and harmonic.

Proof. For x € M and 0 < r < 1, standard elliptic theory constructs a continuous function
h: B,(x) — R which is smooth and harmonic on B,(x) and satisfies the Dirichlet boundary
condition h|sp, (x) = flaB,(x)- By the maximum principle applied to f —hand h— f, f =h. O
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26 Busemann functions

Proposition 26.1. Let (M, g) be a Riemannian manifold. Given a geodesic rayy in M, there exists a
function by, : M — R such that, for all x € M,

(26.2) by (x) = tlim d(x, y(t)) —t.
The function by, is Lipschitz with Lip(b,) < 1.

Definition 26.3. In the situation of Proposition 26.1, by is called the Busemann function associated
with (M, g).

Remark 26.4. Morally, a Busemann function is a renormalized distance function associated to co.

Example 26.5. Consider (R", o). The Busemann function b, associated with geodesic ray y(t) =
X + tv is given by
by (x) = (v, x0 — x).

Exercise 26.6. Compute the Busemann functions on H2. What are the level sets (so called horo-
spheres) of these functions?

Proof of Proposition 26.1. Define b}, : M — R by
iy
bL(x) = d(x, y (1)) — .
By the triangle inequality:
1. b)t, (x) is non-increasing in ¢,
2. |b}t,(x)| < d(x,y(0)), and
3. bL(x) — b )| < d(x. y).

The first two show that the limit in (26.2) exists. The last implies Lip(b,) = 1. |

Proposition 26.7. If (M, g) is a Riemannian manifold with Ricy > 0 and y is a geodesic ray, then
Ab, >0

in the barrier sense.

Proof. Let x € M. For s > 0, denote by s : [0, Ts] — M the geodesic parametrized by arc-length
from x to y(s). There is a sequence (s,),en converging to infinity, such that (s, ),en converges to
a geodesic ray § with §(0) = x. This geodesic ray is called an asymptote from x to y.
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The function by (x) + bg is smooth in a neighborhood of x and agrees with b, (x) at x. By the
triangle inequality, for s > 0 and 0 < t < T,

by (y) — by (x) = d(y, y(s)) — d(y(s), x)
= d(y,y(s)) — d(y(s), 85(t)) — d(0s(t), x)
< d(y, 05(t)) — d(65(t), x)
=d(y, 5s(1)) - t.

Setting s = s, and taking the limit n — oo,
(26.8) by (y) < by(x) + bs(y).

Therefore, b, (x) + bg is an upper barrier for b, at x.
By Theorem 18.3,

n-1
AbL(x) > —————.
R )
Since the right-hand side goes to zero as ¢ tends to infinity, b, is superharmonic. O

27 Cheeger—Gromoll Splitting Theorem

Proposition 27.1. Let (M, g) be a connected, complete, non-compact Riemannian manifold. If M
contains a compact subset K with M\K disconnected, then there is a geodesic line passing through K.

Proof. Since M\K is disconnected, for every n € N, we can choose a minimal geodesic y, : [-n,n] —
M of the form

yn(t) = €XPx, (tvn)

with x, € K and |v,| = 1. A subsequence of (x,),eN converges to a limit xo, € K, and a further
subsequence of (vy,),en converges to ve, € Ty M. The limit geodesic yoo: R — M defined by

Yoo = exp,_(tVc0)
is the desired geodesic line. O

Theorem 27.2 (Cheeger—Gromoll Splitting Theorem [CG71, Theorem 2]). Let (M, g) be a connected,
complete Riemannian manifold with Ric;, > 0. If (M, g) contains a geodesic line, then there is a
complete Riemannian manifold (N, h) and an isometry

(M,g) = (RX N,dt ® dt + h).

The following propositions prepare the proof. This argument is due to Eschenburg and Heintze
[EH84].
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Proposition 27.3. Let (M, g) be a complete Riemannian manifold with Ricy > 0. If (M, g) contains a
geodesic line, then there exists a harmonic function £: M — R with

V| = 1.
Proof. Denote the geodesic line by y. Define y.: [0, 00) — M by

Y=(t) = y(zt).

Denote by b,, the Busemann function associated with y.. Both £ = b,, have the asserted properties.
To prove this we proceed as follows
Set
b:=by, +b,.

By construction,
by (1)) = lim d(y(2), y(s)) + dly(£), y(5)) - 2s
=sli_)rr§os—t+t+s—23
=0.
By the triangle inequality,
bix) = lim (d(y (=), x) +d(x,y (1)) - 2t)
= 0.

By Proposition 26.7,
Ab

\%
o

Therefore and by the maximum principle,
b=0; thatis: b, =-b, .

Therefore, b, is harmonic.
Let x € M. Let 6. be geodesic rays emanating from x, constructed as in the proof of Proposi-
tion 26.1. By (26.8),

b (1) > by, (4) ~ by. (x)
=by (x) = by (y) > _bfsf(y)-

Lemma 27.4. Let M be a manifold and x € M. Let f., f, f-: M — R be functions satisfying

fezf2f and fi(x) = f(x) = f(x).

If fi both are differentiable at x, then so is f and, moreover,

dyfy = dxf = dxf—-
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Proof. Without loss of generality, M is an open subset of R”, x = 0, and f_ = 0. If d f; # 0, then
there is a v € R"™ with d f (v) < 0. Therefore, for 0 < ¢ « 1, fi(¢v) < 0. Thus d, f; = 0. For every

v € R" with |v] <« 1,
@)= £O) | 1f©) = fO _
o] o]
Since f; is differentiable, the limit of the left-hand side as |v| tends to zero vanishes. Thus, the
same holds for the limit of the middle, proving that f is differentiable at 0 with dof = 0. O

It follows from the lemma that
Vb,,(x) = ngi (x).

This completes the proof since
|Vbg | = 1. |

Proposition 27.5. Let (M, g) be a complete Riemannian manifold. Suppose £ € C*(M) satisfies
|[V€| =1 and Hesst =0.

Set
N :=(%0) and h=gln.

The map f: (RX N, dt ® dt) — (M, g) defined by
f(t.%) = exp, (tVL(x))
is an isomeiry.
Remark 27.6. N is a submanifold by the Regular Value Theorem.

Proof of Proposition 27.5. Since VV€ = 0, for every x € N, t — f(t,x) is a gradient flow line for
the function ¢. Therefore and since ¢ is no critical points, f is a diffeomorphism.
It remains to prove that f is an isometry. For v € T, N, let J be the Jacobi field along t — f(¢, x)
with
J(0)=0 and V,J(0)=v

and let V be the parallel vector field along ¢t — f(t, x) with
V(0) = v.
Since VV{ = 0, the Jacobi equation for J(0) becomes
V:V:J=0; hence: J(t)=1tV(t) and
Therefore,
|feol = IJ(D)] = |v].
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Since, also,

|fe0i] = V€ =1 =104,
f is as isometry. O

Proof of Theorem 27.2. Proposition 27.3 provides us with a harmonic function £: M — R with
|V¢€| = 1. By Proposition 18.5,

1
[Hess £| + Ric(V¢, VE) = (VAL VL) — —=A|VE|?
2
=0.

Therefore and since Ric > 0,

VV¢ =o.

The assertion thus follows from Proposition 27.5. m]

Exercise 27.7 (Gallot). Prove that if (M, g) is closed Riemannian manifold with Ric, > 0 and
b1(M) = dim M, then it is isometric to a flat torus.

Exercise 27.8 (Gallot). Prove that if (M, g) is closed Riemannian manifold with Ric, < 0 and
dim isp(M) = dim M, then it is isometric to a flat torus.

Definition 27.9. A subgroup B,, < O(n) =< R" is called a Bieberbach group if it acts freely on R"
and R"/B,, is compact.

Remark 27.10. Z" obviously is a Bieberbach group. The group B; generated by
(X, y) = (X + 1/2’ _y) and (x’ y) = (X, y+ 1)
also is a Bieberbach group. What is R?/B,?

Theorem 27.11 (Bieberbach). Every Bieberbach group By contains Zy. as finite index subgroup.

Theorem 27.12 (Structure Theorem for Nonnegative Ricci Curvature [CG71, Theorem 3]). If (M, g)
is a closed, connected Riemannian manifold with Ric, > 0, then the following hold:

1. The universal cover M is isometric to R x N with N compact.

2. There is a finite subgroup G < Iso(N), a Bieberbach group By, and an exact sequence

0— G — m(M)— B — 0.
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Proof. By Theorem 27.2,
(M,g) = (R* X N, ggr @ h)

with N containing no geodesic lines. Every geodesic line in M must be of the form ¢ — (y(t), x). If
g € Iso(M), then it is an isometry of M and thus maps geodesic lines to geodesic lines. In particular,
if v;, v, € R¥, then the N —component of g(tv; + (1 — t)v,, x) is independent of ¢ € R. Therefore, g
is of the form

g(U, x) = (ng (U, X), gN(x))

Furthermore, for every v € R¥ and x € N, d(v,x)g preserves T,R¥. Since d(v,x)9 is and isometry, it
also preserves T, N; hence: d(,, x\grk |7, N = 0. Therefore, Deck(M) C Iso(M) C Iso(RF) x Iso(N).
Since M is compact, there is a compact subset K ¢ M with

Deck(M)-K =M andthus Deck(M) - g (K) = R¥ and Deck(M) - 7n(K) = N.

To prove (1), observe that if N were not compact, then it would contain a geodesic ray y. By
the above, there is a sequence g, € Deck(M) such that g,(y(n)) € zn(K). Since K and S~ ! are
compact, after passing to a subsequence, g,(y(n)) converges to a limit x € zn(K) and (g,)(y(n))
converges to a limit v € T, M. This shows that the geodesics y,, : [—n, c0) — N defined by

Yn(t) = gn(y(n + 1))

converges to the geodesic yoo: R — N defined by yo(t) := exp,(tv). By construction, y. is a
geodesic line in N: a contradiction.
It remains to prove (2). Set

By := im(Deck(M) — Iso(R¥)) and G := ker(Deck(M) — Iso(R¥)).
By construction, By acts freely. Since By, - K = R¥, By is a Bieberbach group. G acts discretely on
N; hence, is finite because N is compact. m]

28 S.Y. Cheng’s first eigenvalue comparison theorem

Definition 28.1. If (M, g) is a closed, connected Riemannian manifold, then A,(M, g) denotes the
first non-zero eigenvalue of the Laplacian. If (M, g) is a compact, connected Riemannian manifold
with boundary, then AP (M, g) denotes the first eigenvalue of the Laplacian with Dirichlet boundary
conditions.

Definition 28.2. Let n € N and k € R. The function AL : [0, c0) — [0, o) is defined by
AZ(F) = AlD(Br(x)’ gK)

for B,(x) C SZ.
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Theorem 28.3 (SY. Cheng’s first eigenvalue comparison theorem). Letn € N andx € R Let M be
a compact, connected Riemannianian manifold of dimension n and satisfying

Ricy > (n — 1)kg.
The following hold:

1. Letx € M and R > 0. If Br(x) is contained within the cut locus of x, then

AP(Br(x)) < A%(R).

2. IfOM = @, then
MM, g) < A% (% diam(M, g)) .

Proof sketch. To prove (1), let f* be a Dirichlet eigenfunction on Br(x) C Sf with eigenvalue
AX(R). The function f;" has no zeros and thus we can assume f! > 0; moreover, it can be written
as f(y) = F}(rx(y)) for some function F}. By the maximum principle (F})" < 0.

Define f: M > Bgr(x) — [0, ) by

f) = Fe(re(y)).
By Theorem 18.3 and using (F¥)" < 0,

Af = =(FQ) (r)|Vrel® + (F2) (rx)Ary
< (Ass f)rx)
= Ac(R)f.

Denote by r, the distance function
Therefore,

fBR(x)|Vf|2
i f*

To prove (2), let x,y € M with d(x,y) = diam(M, g). Set D := ;diam(M, g). Let f; be a
Dirichlet eigenfunction with eigenvalue /llD (Bp(x)) and let f;, be a Dirichlet eigenfunction with
eigenvalue AP(Bp(y)). Assume both are normalized to have L?-norm equal to 1 and opposite
signs. Define f to be equal to f and Bp(x), equal to f; and Bp(y), and zero elsewhere. A short
computation shows that

AP(Br(x)) < < AXR).

MM, g) < max{AP(Bp(x)), AP (Bp(y))}
< AL(D). |

Exercise 28.4. Fill in the missing details of the above proof.
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Exercise 28.5. Using that, on SZ,

sin; (r)

Ar=—(n- 1)sin (r)’

compute F! and A} explicitly.

29 Poincaré and Sobolev inequalities

Notation 29.1. Given a Riemannian manifold (M, g), f € LIIOC(M), x € M, and r >, set

F=f,f = [, f e Fe=f

Theorem 29.2 (Neumann-Poincaré—Sobolev inequality). Let k < 0 and D > 0. Let (M, g) be a
complete Riemannian manifold of dimension n with

Ricy > (n — 1)kg.

Forall f € Lip(M),x € M, and0 <r < D,
n—1

(29.3) (][ lf - fx,rlnnl) ' < c(n, KDZ) V£l
B, (x) Br(x)

The proof presented below goes back to Hajtasz and Koskela [HK95]. It involves a number of
steps. Before delving into the proof, let us observe the following consequence.

Theorem 29.4 (Sobolev inequality). Let k < 0 and D > 0. Let (M, g) be a complete Riemannian
manifold of dimension n with
Ricy, > (n — 1)xg.

Forall f € Lip(M),x € M,0 <r <D, andp € [1,n),

n-p

#) <t leon(f, el (£ o)
w9 (f, 10%5)" Bt (f vse) e (£ wv)

Proof. Exercise. Hint: p = 1 uses the triangle inequality; p > 1 uses p = 1 applied to f9 for an
appropriate choice of q. O

Remark 29.6. The above shows that uniform lower Ricci bounds do give uniform upper bounds on
Poincaré constants, Sobolev constants, etc. However, there are situation in which uniform lower
Ricci bounds are not available, but Poincaré upper bounds can be established, for example, using
discretization techniques [GSos]. In fact, it is also clear from the proof that Ricci lower bounds are
only used for volume doubling estimates and volume lower bounds.

50



The proof of Theorem 29.2 proceeds by amplifying the following weak L! Neumann-Poincaré
inequality.

Theorem 29.7 (weak L' Neumann-Poincaré inequality). Let x < R and D > 0. Let (M, g) be a
complete Riemannian manifold of dimension n with

Ricy > (n - 1)x.

For every f € Lip(M),x € M,0 <r < D,

/ |f = frrl < c(n, KDZ)F/ V£
B, (x)

B2r(x)

Remark 29.8. This is the weak L' Neumann-Poincaré inequality because the integral on the
right-hand side is over B,,(x) instead of B,(x). It will be evident from the proof that B;,(x) can
be replaced by the convex hull of B,(x). In particular, if B,(x) is geodesically convex, the proof
establishes the L' Neumann-Poincaré inequality.

The proof of Theorem 29.7 will be completely analogous to the classical proof on R"” once we
have the following.

Theorem 29.9 (Cheeger—Colding Segment Inequality). Let k < 0 and D > 0. Let (M, g) be a
complete Riemannian manifold of dimension n with

Ricy, > (n — 1)xg.

Let A,B C C C M be measurable and suppose that diam(C) < D. If, for everyx € A andy € B, let
Yx.y: [0,1] — C be a minimizing geodesic with with y, 4(0) = x and yx (1) = y, then, for every
f € L%(M, [0, ),

1
(29.10) /A/B/O f o ¥x,y(t)dtdydx < c(n, kD?)(vol(A) + Vol(B))/Cf.
Proof. Set
— vie(r)
¢(n,kD?) = max{vg(r/z) :r € (0, D]}.

Let x € Aand y € B. In geodesic polar coordinates centered at x, write
voly = vdr A volgn-1

By Proposition 20.7,



Therefore, for t € [%, 1],
fovyx,y(tv(y)dr A volgn1 < c(n, KDz)f 0 Y,y (O)V(yx,y(t))dr A volgn-,
and, thus,

! 1
/1/2/,4/Bfo Yx,y(t)dydxdt < Ec(n, KDZ)VOI(A)/Cf.

Swapping the roles of x and y shows that

1/2 1
/0 /A/Bfo Yx,y(t)dydxdt < Ec(n, KDz)vol(B)/Cf. O

Proof of Theorem 29.7. For every pair x,y € B.(x), choose a minimizing geodesic yx ,: [0,1] —
Bar(x) with yy 4(0) = x and y, 4(0) = y. By the fundamental theorem of calculus and Theorem 29.9,

/ O Fuldy = / N

1
vol(B,(x)) JB,(x)

1
" NolB ) il

1
S Yol(,(x) /B - /B @)= [ ddy
1 1
S Yol(B,(x) /Br(x) /B " /0 d(y. 2)|V f1(yy.=(1)) dzdy

2r 1
< Sl /B,<x> /B " /0 191 1(yy,2(t)) ddzdy
< ¢(n, KDz)r/ IV£]. -

Bar(x)

fy) - f(2)dz|dy

dy

Theorem 29.11 (weak type Neumann-Poincaré-Sobolev inequality). Let x < 0 and D > 0. Let
(M, g) be a complete Riemannian manifold of dimension n with

Ricy > (n — 1)kg.
For every f € Lip(M),x € M,0 <r <D, andt > 0,

c(n, xD?) .
5o NV s, oy

% 1 - _xr =
e ({lf ferl= t}) S vol(B,(x))»1

The proof requires a basic result about the maximal function.
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Definition 29.12. Let D > 0. Let (M, g) be a Riemannian manifold and let U be a bounded subset.
Given f € Llloc(M), the Hardy-Littlewood maximal function associated with f and D is the
function Mf = Mpf: M — [0, c0) is defined by

W) = o ———
Fo) = up B Jni

|f1-

Theorem 29.13 (weak type estimate for the maximal function). Let x < 0 and D > 0. Let (M, g) be
a complete Riemannian manifold of dimension n with

Ricy > (n — 1)xg.
For every f € Llloc(M),
tvol ({Mf > t}) < c(n, KDZ)/ I
M

Proof. For every x € {Mf > t}, choose 0 < ry < D such that

rol(B,, () < [ Ifl

B (x)

Choose {x, : a € A} such that
U Bsy, (xq) D {Mf >t} and,fora#b, B, (xs)N B, (xp) = @.
acn

Exercise 29.14 (Vitali covering lemma). Prove that this can actually be done.

By Theorem 20.1,

tvol ({Mf > t}) <t ) vol(Bsy,, (xa))

aeA

< ¢(n, kD?) Z tvol(By,, (x4))

aelA

< c(n, kD?) Z /
B

ach Txa

|f1
(x)

<c(n,1<D2)/M|f|. |

Proposition 29.15. Let k < 0 and D > 0. If (M, g) is a complete Riemannian manifold of dimension
n with
Ricy > (n — 1)xg,

then, forx € M,y € B,(x), and0 <s <r < D,

vol(Bs(y)) > c(n, kxD*)vol(B,(x))s".

53



Proof. By Theorem 20.1,

vol(B,(x)) - vol(By,(y))
vol(Bs(y)) ~ vol(Bs(y))
Vx(2r)
<
Vi (s)
c(n, xr?)

< R O

Proof of Theorem 29.11. For a € Z, set
R, =27

For every y € B,(x), set y, := x, and, for a € Ny, inductively define y,,1 to be the mid-point of a
minimal geodesic from y, to y. By construction:

1. for every a € Ny, d(yq,y) < 2R,,
2. for every a € Ny, Bg, ,(ys) C B,(x), and

3. for every a € Ny, there is a point z, € M with Bg,,,(z,) C Br,(Ya) N Br,,,(Ya+1)-

Since f is continuous,
f(y) = all_I;r.}o fya’Ra'
Therefore, by Theorem 29.7,

F@) = fero] < D | fournRans = Fuaka

+ |fya’Ra - fza,Ra+2

a
00
< Z'fyaH,RuH - fza,Ra+2

=0
a=0

< c(n, kD?) Z][ |f - fya,Ra
a=0 7 Bra(

Ya)

<c(n,KD2)iRa][ V£

a=0 Br,_;(Yya)

Given p > 0, for T € N such that %p < 27TRy < p,

Y Rf  Wfl<cns) Y Rf [9F
BRa_l(ya) BRgu_l(y)

a=T+1 a=T+1

< ¢(n, xD?) Z RaM|V f1(y)

a=T+1

c(n, kD*)2"TRM|V f|(y)

<
< ¢(n, kD*)pM|V £ |(y)
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and, by Proposition 29.15,

T
2
ZOR][ IVf|<c(n,r<D)ZZ f,

BRa,I(ya) a=0
T
= c(n,kD*)Ry™" Z gnia-1)-a ][ VS
a=0 By (x)
T
< c(n,kD*)RY™ Z z<"-1><a—1>][ \4d
a=0 B, (x)

T 1-n
< c(n, kD?) (z— Ro) ][ IV
By (x)
< c(n, KDz)pl_"][ [Vf].

By (x)
Therefore,
@) furl < el xD2>(pM|Vf|<y>+p ]ilefI)-
Choosing
Fi oAV
Z(MIVfI(y)) ’
yields

1

@) = furl < cln, KD2>(7[( IVfI) MV Fl()"

By Theorem 29.13,

vol ({|f = fx.r| > t}) < vol

— I VAR,
vol(B B = 3,0
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Theorem 29.16 (Hajlasz and Koskela [HKoo, Theorem 2.1]). Let (M, g) be a complete Riemannian
manifold with finite volume. If there is a constant ¢ > 0 such that, for every f € Lip(M) and t > 0,

(20.17) twivol({If - Fl > t}) < eIV AT,

then, for every f € Lip(M),
(29.18) Il f _f_”Lﬁ < csl| VSl
with ¢cs = 16(c§)n7_1.

Proof of Theorem 29.16. The following shows that it suffices to consider a restricted class of func-
tions f.

Proposition 29.19. If (29.18) holds for every f € Lip(M) with
(29.20) f >0 and vol({f =0}) > vol(M)/2,
then it holds for every f € Lip(M).
Proof. To see this, let s € R such that
vol({f > s}) > vol(M)/2 and vol({f < s}) > vol(M)/2.

Both sides of (29.18) are unaffected by shifting f by a constant. Hence, there is no loss in assuming
that s = 0. Split f into its positive and negative part:

f=f"-f with f':=max{f,0} and f :=max{-f,0}.
By hypothesis, (29.18) hold for f* and f~. Therefore,
If = Al < |7 =77 o+l -7
S CIVfH I + ClIVS I
= ClIVfllL. 0

n
Ln-1

Henceforth, let f € Lip(M) and suppose that (29.20) holds. Given 0 < a < b, set
fab = max{min{f, b},a} — a.

The proof of (29.18) proceeds by applying (29.17) to the shifted truncations f. These satisfy

(29.21) Vfab = X{a<f<p}Vf
and, for every c € R,
(29.22) vol({ £ > t}) < 2vol({|f} = ¢| > t/2}).
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The latter is trivial if ¢ < ¢/2. It holds for ¢ > t/2, because then
{Iff —cl>t/2} > {ff =0} and vol({f} = 0}) > vol(M)/2.
By (29.22), (29.21), and (29.17), for every 0 < a < b, t > 0, and ¢ € R,

t

taivol({ £ > t)) < 25 (5) vol ({ff — (b t/z})

o, .
< 2nicg| X a<r<oy VI

Therefore,
/f,.'; < > 2Fvol({2*! < f < 29))
acZ
< Y 2@ vol({f > 2°71})
acZ
< 2w vol({f27 > 2972
acZ
% na _n(a-2 2n n%
<y Y 2w T 20 || ypacpan VA
ac’Z
an B
<2V
This implies (29.18) with ¢g = 16(0:)'%. O

30 Moser iteration

Definition 30.1. Let (M, g) be a complete Riemannian manifold of finite volume. Let v > 1. The
(v, 2)-Sobolev constant cs = cs(g, v) of (M, g) is the smallest constant ¢ > 0 such that, for every
fec™Mm),

& ; ;
(302 ()" <ol wre) + (f re)
M M M
The function cp: [0, c0) — [0, 0] is defined by
calg, 4) = sup{||f||Loo : f € C¥(M) withf > O,][ fi=1,and Af < )Lf}
M
Theorem 30.3 (Moser [Mos60]). If (M, g) is a complete Riemannian manifold of finite volume and

v > 1, then
cs(g, v)\/ﬁ)

,A) <
calg: 4) eXP( o1
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Proof. For every q € R,

f, 7=, o)

M M
_ _ 2 £2q-2
~ (29 1)]{%|Vf|f" .

f1vsee =gt f ropepe
2

zq—lAf‘

Therefore, for every g > 1/2,

=2q—1

2q

2q -1
By the Sobolev inequality (30.2),

(for) <o lfomre) (7([ 2l

1/2
<
(et
With g = v, this becomes

1
41| 2viHT A 1/2
][ (s < lesvF [——| +1
M 2vk -1
1
. k1 | 2vk+l
Il = lim (][ I )
k—o0 M

(9]

) 1 1/2
Sl_l csv (ka—l) +1

k=0

).
Uy

Therefore,

1

vk 3
2
L)
Since log(1 + x) <

< x, the logarithm of the infinite product is bounded as follows:

[0

1/2
-k k
Zv log 1+05v( ) Z ( . )
o 2vk -1
1
<Csﬁ2k_/2
k=0 ¥
Vi
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31 Betti number bounds

Theorem 31.1 (Gromov [Groo7, Theorem 5.21]; Li [Li8o, Theorem 12], Gallot [Gal83, Théoréme
3.1]). Letk < 0 and D > 0. If (M, g) is a closed Riemannian manifold of dimension n > 3 with

Ricy > (n—1)kg and diamM < D,
then
by(M) < c(n, kD?).
Moreover, there is a constant e(n) > 0, such that if —kD? < &(n), then by(M) < n.

Remark 31.2. This result complements Theorem 15.1. This is an estimating theorem. As far as I
know, the idea for proving such results originates with Li [Li80]. For an survey of such results see
Bérard [Bérss].

The following propositions prepare the proof of Theorem 31.1.

Lemma 31.3 (Li [Li80, Lemma 11]). Let (M, g) be a closed Riemannian manifold and let E be a
Euclidean vector bundle over M. Let V. C T'(E) be a linear subspace. With

(V) = sup{||s||im :s € V with ][ Is|? = 1}
M

the following holds
dimV < tkE - ¢(V).

Remark 31.4. The constant c(V) is the best constant ¢ such that, for every s € V,

2 2
lIsll;e < c][ s]°.
M

Proof of Lemma 31.3. Without loss of generality, V is finite dimensional and vol(M) = 1. Set
m:=dimV and r := rkE. Let sy, . . ., s;, be a L?>~orthonormal basis of V. Set

= Y Isaol

This function only depends on V and not on the choice of sy, . . ., s;,. By construction,
m = ][ f < max f(x).
M xXeEM

Let x, € M be a point at which f achieves its maximum. Without loss of generality, the rank of
the evaluation map ev: V — E,_ is at most r. Thus its kernel has dimension at least m — r, and
we can assume that s,41, ..., s, € ker ev. Therefore,

m < Z:|sa(x,()|2 <r-ce(V). O
a=1
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Theorem 31.5 (Estimating theorem). Let (M, g) be a closed Riemannian manifold. Let E be an
Euclidean vector bundle, let V be an orthogonal connection on E, and let R € End(E). With

A := sup sup spec(—Ry)
xEM

the following holds
dimker(V*'V + R) < 1k E - ca(g, A).

Proof. SetV :=ker(V*V +R). Fors € V,

Als|? = 2(V*Vs, s) — 2|Vs|?
= —2(Rs, s) — 2|Vs|2.

Since
Als|* = 2(Als])ls| - 2[V]s]|?,

by Kato’s inequality,

The assertion thus follows from Lemma 31.3. O

Proof of Theorem 31.1. By Proposition 15.2, Theorem 31.5 applies with A < —(n — 1)k. Estimating
ca(g, A) using Theorem 30.3 and Theorem 29.4,

b1(M) < nexp(c(n, KDZ)\/—_KD).

This proves the first part of Theorem 31.1. To prove the second part, observe that if —xD? <, 1,
then

|_exp(c(n, KDZ)\/—_KD)J =1. |

Exercise 31.6. What is the generalization of Theorem 31.1 to bx? What replaces the Ricci lower
bound?

32 Metric spaces

Definition 32.1. A metric space (X, d) is called separable if it contains a countable, dense subset.

Definition 32.2. A metric space (X, d) is called totally bounded if for every ¢ > 0 there is a finite
collection of balls of radius ¢ covering X.

Theorem 32.3. A metric space (X, d) is compact if and only if it is complete and totally bounded.
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Exercise 32.4. Prove Theorem 32.3.
Theorem 32.5. Every totally bounded metric space is separable.
Exercise 32.6. Prove Theorem 32.5.

Theorem 32.7 (Kuratowski). Let (X, d) be a metric space. For every x, € X, thed: X — L*(X)
defined by
8(x) = d(x,") — d(xx, )

is an isometric embedding.
Proof. This immediately follows from the fact that, for x,y € X,

16Gc) = ()l = sup d(x, z) — d(z, y) = d(x,y). o

zeX

Theorem 32.8. Every separable metric space (X, d) admits an isometric embedding in £*(N).

Proof. By Theorem 32.7, every countable subset of X admits an isometric embedding into £*°(N).
This extends extends to an isometric embedding of X if the subset is dense. O

33 Hausdorff distance

Definition 33.1. Let X be a set. The power set of X is the set of all subsets of X and denoted by
BX).

Definition 33.2. Let (X, d) be a metric space. The Hausdorff distance is the map dy = dﬁ : PX)x
PB(X) — [0, co] defined by

dy(A,B) ;= inf{e¢ > 0: A C B.(B) and B C B,(A)}.

Proposition 33.3. Let (X, d) be a metric space. Denote by €(X) C P(X) the set of all closed subsets
of X. Then (€(X), dy) is a metric space.

Exercise 33.4. Prove Proposition 33.3.
Theorem 33.5. If (X, d) is a complete metric space, then (€(X), dy) is complete.

Proof. Let (A,)nen be a Cauchy sequence in (€(X), dy). Set




Let ¢ > 0. Let N € N such that, for n,m > N, dg(An, Am) < e. By definition, for every x € A,
there is an m > N such that x € B.(A,,). Therefore and since x € A, was arbitrary, for every
n> N, Aw C Bae(An)

Letx € A, withn > N. Choose (n)reny With Ny = nsuch that, forevery k € N, dy(A,,, An,,,) <
¢/2k. Furthermore, choose (xi)ren With x; = x, x; € Ap,, and such that, for every k € N,
d(xx, Xx41) < €/2%. Since X is complete, the Cauchy sequence (xx)xen converges to a limit x.. By
definition, X € Ac. Since

d(x, X0o) < Z e/2F
k=1
<€
and x € A, was arbitrary, for every n > N, A, C By.(Ac). O

Theorem 33.6. If (X, d) is a compact metric space, then (€(X), dy) is compact.

Exercise 33.7. Prove Theorem 33.6.

34 The Gromov-Hausdorff distance

The theory of Gromov—-Hausdorff distance was invented by Edwards [Edw75] and then invented
again by Gromov [Gro81b].

Definition 34.1 ([Gro81b, Section 6; Groo7, Chapter 3.A]). Let (X, dx) and (Y, dy) be two metric
spaces. The Gromov-Hausdorff distance between (X, dx) and (Y, dx) is denoted by

dou(X,Y)
and defined as the infimum of the numbers

dZ(i(X), j(Y))

for all metric spaces (Z, dz) and all isometric embeddingsi: X — Zandj: Y — Z.
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Proposition 34.2. Let (X, dx) and (Y, dy) be metric spaces and let ¢ > 0. If dga(X,Y) < ¢, then
there are maps f: X — Y andg: Y — X such that:

1. Foreveryxi,x; € X, y1,ys € Y:

(34.3) ldx (1, x2) — dy (f (x1), f(x2))] < 2
e |dy (Y1, y2) — dx(9(y1), 9(y2))| < 2

e and

E.

2. Foreverye >0, x € X,y€Y:

e and

dx (x, g(f(x))) < 2
2¢.

(34.4) -
34.4 dy(y, f(9(y))) <

Proof. Let (Z,dz) be a metric space and leti: X — Z and j: Y — Z be isometric embeddings
such that
dg(i(X).j(Y)) < e.

By definition, there are maps f: X — Y and g: Y — X such that, forevery x € X andy € Y,
dz(x, f(x)) <& and dz(y,9(y)) <e.

By the triangle, (34.3) and (34.4) hold. |

Proposition 34.5. If (X, dx) and (Y, dy) are separable, then dgy(X,Y) is equal to the infimum of
the numbers N
dj; M (00, (1))

for all isometric embeddingsi: X — {*(N) and j: Y — £°(N).
Proof. This is a consequence of Theorem 32.8. O

Proposition 34.6. The Gromov—Hausdor{f distance satisfies the triangle inequality: If X, Y, Z are
metric spaces, then
don(X, Z) < dgu(X.Y) + dgu(Y, Z).

Exercise 34.7. Prove Proposition 34.6.

Proposition 34.8. Two compact metric space (X,dx) and (Y,dy) are isometric if and only
dou(X,Y) = 0.

Proof. If (X, dx) and (Y, dy), then trivially dg (X, Y) = 0.

If dgu(X,Y) = 0, then, for every ¢ > 0, there are f,: X —» Yandg.: Y — X as in Proposi-
tion 34.2. LetI' € X and A C Y be countable, dense subsets. Since X and Y are compact and by

63



a diagonal sequence argument, there is a null-sequence (¢,),en such that, for every x € I' and
y € A, the limits

fG):= lim f,,(x) and g(y) = lim g, ()
exist. By (34.3), the maps f: ' = Y and g: A — X are isometric embeddings, and extend to

isometric embeddings f: X — Yandg: Y — X. By (34.4), f and g are mutual inverses. Therefore,
X and Y are isometric. O

Definition 34.9. Denote by i the set of isometry classes of non-empty, compact metric spaces.
The metric space (M, dgy) is called Gromov-Hausdorff space.

Theorem 34.10 (Edwards [Edw75, Theorems IIL.3 and I11.7]). (M, dg) is separable and complete.

Proof. The subset of finite metric spaces (X, d) with d taking only rational values is dense in
(M, dg). Therefore, (MM, dg) is separable.

Let (X, dx, )nen be a Cauchy sequence in (M, dgp). By Proposition 34.5, there are isometric
embeddings i,: X, — ¢®(N) such that A, = i,(X},) is a Cauchy sequence in €({*(N)). By
Theorem 33.5, (A )nen converges to a limit A, in €(£*(N)). A is complete and totally bounded;
hence, compact. By Proposition 34.5, X,, converges to Xe = A in (M, dgy). O

Exercise 34.11. Prove that (M, dgy) is contractible, has infinite diameter, is a length space, and is
not locally compact.

Exercise 34.12. Prove that Gromov-Hausdorff limits of length spaces are length spaces.

Definition 34.13. Let X be a set of isometry classes of metric spaces. X is uniformly bounded if
sup{diam(X, d) : [X,d] € X} < co. X is uniformly totally bounded if, for every ¢ > 0, there is an
n € N such that every [X, d] € X can be covered by at most n balls of radius ¢.

Definition 34.14. Let (X, d) be a metric space and A C X. A is relatively compact if A is compact.

Theorem 34.15 (Gromov’s compactness criterion [Gro8ib, p.64]). A subset X C M is relatively
compact if and only if it is uniformly bounded and uniformly totally bounded.

Proof. By Theorem 34.10, it suffices to show that X is totally bounded. Since X is uniformly
bounded,
D = sup{diam(X, d) : [X,d] € X} < o0

Let ¢ > 0. Since X is uniformly totally bounded, there is an n € N such that every [X,d] € X
contains n points xy, . . ., x, such that

X C Be(x1) U -+ U Bg(xp).
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Therefore, (X, d) and ({xi, ..., xn},d) have Gromov-Hausdorff distance at most ¢. There is a
metric d on {1, ..., n} taking values in {0, ¢, 2¢, . . ., [D/e]e} and such that, fora, b =1,...,n,

|d(xg, x3) — d(a, b)| < e.

By construction, (X, d) and ({1,...,n}, d~) have Gromov—-Hausdorff distance at most 2¢. Since
there are finitely many metrics d on {1, ..., n} as above and [X, d] was arbitrary, it follows that X
is totally bounded. O

Definition 34.16. Let (X, d) be a metric space and r > 0. The r—covering number of (X, d) is the
minimum number of balls of radius r required to cover X and denoted by

cov(X,d;r).

Definition 34.17. Let (X, d) be a metric space and r > 0. The upper Minkowski dimension of
(X,d)is

— ) log cov(X, d;r)
d X,d) =1 = ¢
(X, d) = B sup =

and the lower Minkowski dimension of (X, d) is

log cov(X, d;r)

dim,, (X, d) == liminf =
In case both agree, we say that (X, d) has Minkowski dimension dim(X, d) = dimp (X, d).

Theorem 34.18. A subset X C IN is relatively compact if and only if there exists a function
c: (0,00) — N such that, for every [X,d] € X andr > 0,

cov(X,d;r) < c(r).

Theorem 34.19 ([Groo7, Theorem 5.3]). Let k € R, D > 0, and n € N. There is a constant
¢ = c(kD?, n) > 0 such that if (M, g) is a complete Riemannian manifold of dimension n with

diam(M,g) < D and Ric, > (n— 1)y,

then, for every0 < r < D,
cov(M, g;r) < c(k, D, n)r™".

Proof. Let x1,...,x,m € M such that

O By(xq) =M
a=1

and, for a # b,
Br/Z(xa) N Br/Z(xb) =0.
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Denote by x, the center of the ball B,/,(x,) with smallest volume. By construction and by
Theorem 20.1,

vol(M)
™S Vol(B,(xy))
_ vol(Bn(x,)
S Vol(B,(x5))
VDo)
Vi(r)

Corollary 34.20. Letk € R, D > 0, andn > 0. The subset of isometry classes of complete Riemannian
manifolds (M, g) of dimension n with

diam(M) < D and Ricy > (n - 1)kg
is relatively compact in (M, dgp).

Exercise 34.21. Prove that the Minkowski dimension is lower semi-continuous on the closure of
the above subset.

Proposition 34.22 (Boileau). Let (M, g) be a complete Riemannian manifold of dimension n. For
everyx € M, and 0 < r < inj(M, g),

vol(B(x)) = c(n)r".

Proposition 34.23. Let (M, g) be a closed Riemannian manifold of dimension n and let 5,V > 0. If
inj(M, g) > 8 > 0 and vol(M, g) < V < oo, then, for every0 <r < 6,

cov(M, g;r) < c(n, 8, V)r™".
Proof. Let0 < r < 8. If xy, ..., %y, is a maximal set of points such that, for a # b,

Br/Z(xa) N Br/2(xb) =,

then
me(n)r” <V
and
m
U By (xa) = M.
a=1
Therefore,

cov(M, g;r) < c(n)Vr ™. O
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Corollary 34.24. Let V,5 > 0, and n > 0. The subset of isometry classes of compact Riemannian
manifolds (M, g) of dimension n with

inj(M,g) <8 and vol(M,g) <V
is relatively compact in (M, dgp).

Exercise 34.25. Prove that the Minkowski dimension is lower semi-continuous on the closure of
the above subset.

Exercise 34.26 (). Prove that the Minkowski dimension is continuous on the closure of the above
subset.

35 Pointed Gromov-Hausdorff convergence

Definition 35.1. A pointed metric space is a metric space (X, d) together with a point x € X.

Definition 35.2. Let (X, x, dx) and (Y, y, dy) be two pointed metric spaces. The uniform pointed
Gromov-Hausdorff distance between (X, x, dx) and (Y, y, dx) is denoted by

dpcr(X,Y)
and defined as the infimum of the numbers
d7(i(X), j(Y))

for all pointed metric spaces (Z, z,dz) and all pointed isometric embeddings i: X — Z and
j:r Y —> Z.

For non-compact spaces, it is too restrictive to demand convergence with respect to d,pGH.

Definition 35.3. A metric space is called proper if every closed ball is compact.

Definition 35.4. Denote by 9i, the set of isometry classes of proper, pointed metric spaces. The
pointed Gromov—-Hausdorff topology is the topology on 9i, generated by the subbasis consisting
of the subsets

{[Y, y,dy] € M, : there is an s > 0 with |r — s| < J such that d,g(Bs(x), B,(y)) < e}

for [X,x,dx] € My and r, 5, ¢ > 0.
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Proposition 35.5. Let (X, xn, dx,)nen be a sequence of proper, pointed metric spaces and let
(Xoo, X0, dx.,) be a proper, pointed metric space. In the pointed Gromov—Hausdorff topology,

lim [X,,, x5, dx, ] = [Xoo, Xoo» dx., ]

n—oo

if and only if, for every r > 0, there is a sequence (r,),en converging tor such that
nh—{rc}o dpGH(Brn(xn), Br(xm)) =0.

Remark 35.6. The variation of r is needed to make sure that ((1 + 1/n) - Z, 0) converges to (Z, 0),
etc.

Theorem 35.7 (Gromov’s compactness criterion for the pointed Gromov-Hausdorff topology
[Gro8ib, p.64]). A subset X C M, is relatively sequentially compact if, for every r > 0, the set
{B:(x) : [X,x,dx] € X} is uniformly totally bounded.

36 Topologies on the space of Riemannian manifolds

Definition 36.1. Let k € Ny and a € (0,1). Two pairs (M, g) and (N, h) consisting of a Ck+1:«
manifold and a C** Riemannian metric on this manifold are said to be equivalent if and only if
exists a CK+1:@ diffeomorphism ¢: M — N such that ¢.g = h. Denote by R¥-* the corresponding
set of equivalence classes [M, g].

Definition 36.2. Let k € Ny and a € (0, 1). The CK-*~topology is the coarsest topology on %<«
in which, for every [M, g] € Rk-2 and ¢ > 0, the set

(M. A0 <l = gl < €}

is open.

Proposition 36.3. A sequence ([M,, gy])veN € (‘Rk"")N converges to [M, g] in the C~-% topology if
and only if, for every v > 1, there exists a C**1-* diffeomorphism ¢,,: M, — M such that

1im [1(0):gv = llckqarg) = 0-

Definition 36.4. Let k € Ny and & € (0, 1). Two triples (M, x, g) and (N, y, h) consisting of a CK+1-#
manifold, a point in this manifolds, and a C k.2 Riemannian metric on this manifold are said to
be equivalent if and only if exists a Ck*1-@ diffeomorphism ¢: M — N such that ¢(x) = 0 and
¢.g = h. Denote by ‘Ri’“ the corresponding set of equivalence classes [M, ¢g].
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Definition 36.5. Let k € Ny and « € (0, 1). The pointed C**~topology is the coarsest topology
on ‘Ri’a in which, for every [M, x,g] € ‘Ri’“, R > 0, and ¢ > 0, the set consisting of those
[N, y, h] for which there are an open neighborhood U of y and a pointed C¥*-¢ diffeomorphism
¢v: (U,y) — (Br(x), x) with

lgsh = gllck.a(prxy < €

is open.

Proposition 36.6. A sequence ([M,, xy, gy ])ven € (‘Rk’“)N converges to[M, x, g] in the C*-% topology
if and only if, for every R > 0 and v >g 1, there exists open subset U, of x, € M, and a pointed
Ck*La diffeomorphism ¢, : (U, x,) — (Br(x), x) such that

i |9k, )+gv = gllen(airy = O

There are numerous interesting variations on these; in particular, the (pointed) W*? topology.

37 Controlled atlases

Definition 37.1. Let k € Ny, @ € (0,1), A € Nand r,¢ > 0. Let (M, g) be a Riemannian manifold of
dimension n. An (r, A, ¢)-controlled C**-¢ atlas for (M, g) is a collection charts

{x3: Uy = By&t(0) CR": A€ {1,...,A}}
such that
A
M =[x (B (0));
A=1
for every A € {1,...,A},

1. in the coordinate chart x;, for every x € B,,(0) and v € S"71,

< gabvavb <2

1 n
2 a,b=1

2. in the coordinate chart x,
19ab = Sapllcr.a < 1;

and, for every A, u € {1,...,A},

3. for (7,111 = By, (0) N x(Uy NU,),

-1
llx, o x; ”Cl‘“’“(UM) <ec.
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Lemma 37.2 (Fundamental Lemma of Riemannian Convergence Theory). Letk € Ny, 0 < ff <
a <1,AeN,andr,c > 0. If(M,,g,),_, be a sequence of Riemannian manifolds of dimension n

each of which admits an (r, A, ¢)—controlled C**'- atlas, then, after passing to a subsequence, there
is a C**1F manifold M, a C*F Riemannian metric g on M, and a sequence of C**'-F embeddings
¢v: M, — M such that:

1. Uyen $v(M,) = M; in fact, if the M, are closed, then ¢, are diffeomorphism.

2. limyoll(f)egv = gllck.s(g,(m,),9) = O-

The proof relies on the following almost trivial observation.

Definition 37.3. The graph of amap f: X — Y is the subset I'* C X X Y defined by

Iy = {(x, f(x)) : x € X}.

Proposition 37.4. Letn,m € N, k € Ny, and0 < f < @ < 1. Let g, € Ck’“(B’Z’(O), Sym,_ (R))N,

(fv) € Ck“’“(Bg(O), R™N and f € Ck”’“(Bg(O);R'”). Let U be a tubular neighborhood of Ty and
I1: U — Ty the projection map. Suppose that

specgy €[1/2,2], llgy = 1llcre <1, lm fIfy = flicks.a =0,
and that, for everyv € N, Ty, C U. Define ¢, : B}(0) — Bj(0) by

¢v(x) ‘= Pprga © H(x, fv(x))
The following hold:
1. lim, l[¢y —id|ck+1.a = 0; in particular, forv > 1, ¢, |p () is a Ck*1-% embedding.

2. Thereis a g € C¥P(B1(0); Sym, (R)) satisfying spec g € (3. 2] and such that, after passing to a
subsequence,

Lim [l(¢v)«gv = glick.s (8,0 = 0-
Proof. The assumed C**"* convergence of (f,) to f implies the C**!* convergence of (¢,) to
prgs © I(x, f(x)) = id.

By hypothesis and construction of ¢,,,

supll(qﬁv)*gv||Ck,a(31(0)) < .
vEN

This implies the asserted convergence after passing to a subsequence.
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Proof of Lemma 37.2. Choose a smooth function y € C;°(B4-(0), [0, 1]) with y|g,, o) = 1. For every
v € N, choose an (r, A, c)-controlled C**:* atlas {x; ,: Uy, — B4r(0) Ae{1,...,A}}. For

every v € Nand A € {1,..., A}, define the embedding ¢, : M, — (R””) by

b (%) = (x4 (0)) - x5 (0, x (x50,
By construction,
A
WMy = Vi with Vo = 1 (Bar(0)))
A=1

and
Viw =1Ig,

for fa,,: Byr(0) — Rx (R*1)"™! defined by

fan(y) = [ (x(xy 0 x; W) - %, ° X, (y), x(xu ° Xy (y)))ye{l .......... A

Furthermore,
sup|| f1vll ksra < 0.
Av 4

Let y € (B, @). By the above, there are f): B;(0) —» R X (R”_l)A_1 such that, after passing to a
subsequence,
Tim | fyy = fillokeny = 0.

The union of the graphs of f; forms a Ck*:¥ submanifold

M = U rfa Rn+1

In fact, M is already the union of the graphs of the restrictions f3|g, (o).
Let U be a tubular neighborhood of M ¢ RA™ D and IT: U — M the projection map. For
v > 1,1,(M,) Cc U and we define ¢, : M, — M by

¢y =Ilou,.

Proposition 37.4 constructs a C¥*# Riemannian metric g on M and shows that, after passing to a
subsequence, (¢, ).g, converges to g in CK-#. O
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38 Harmonic coordinates

Definition 38.1 (Einstein [Eini6]). Let (M, g) be a Riemannian manifold of dimension n. A coordi-
nate system x = (x',...,x"): M D U — U C R" is harmonic if, for everya = 1,...,n,

Ax?® = 0.

Proposition 38.2. Let (M, g) be a Riemannian manifold of dimension n. For every x € M, there is an
open neighborhood U and a harmonic coordinate systemx = (x!,...,x"): M> U — U C R",

Proof. Lety!,...,y": M DV — Rbe normal coordinate system with y%(x) = 0. In this coordinate

system,
n

1
Af =-
a,bZ:1 ydetg

aa( detg - g“”abf).

Since dg vanishes at 0,
(Ay“)(x) = 0.
For 0 < ¢ < 1, let x*: B.(x) — R be the unique solution of the Dirichlet problem
Ax® =0on B.(x) and x“ =y on dB.(x).
By Schauder theory (see, e.g., Gilbarg and Trudinger [GTo1, Chapter 6]),

Ix? = y*llcza.x) S NAX = y)llco.a(s,(x)
= |Ay* [lco.(B, (x))
< €%,

Since 0 < ¢ < 1, x1,...,x" is a coordinate system; by construction, it is harmonic. O

Proposition 38.3. Let (M, g) be a Riemannian manifold of dimension n. In a harmonic coordinate
systemx',...,x": M>U — R,

Af =— Z 9% 0,0, f .

a,b=1
Proof. Since x€ is harmonic,

0 = Ax‘
n

1 a c

= - - 8a(detg - g).

a=1 detg
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Therefore,

- . . ab
Af ) a,b=1 detgaa( detg ) abf)
n 1 a ) a
i _a;1 detgaa( detg 9 b)abf B a;lg baaabf
- _ n g“baaabf. D

Proposition 38.4 (Lanczos [Lanzz2]). Let (M, g) be a Riemannian manifold of dimension n. In a
harmonic coordinate system xL, .. .,x": M>U > R,

1 :
5A9ab = Ricap +Q(g, dg).
Proof. By Proposition 18.5 for f = x¢,
1
EAg(Vx“, Vx?) = —[Hess x?|> — Ric(Vx4, Vx?).

Since Vx4 = %.7_, g9%dy,

1
EAg““ = —|Hess x%|* — Ric%“.
Polarizing this identity yields
1
EAg“b = —<Hess x% Hess xb> — Ric?,

From
n
D 9ang" =5
b=1

it follows that .
0= > (Agar)g" = 2(gan. V9" + gas(Ag").
b=1
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Therefore,

n
Adaa = ) (Agab)g" gea
b=1

n
= Z 2<Vgab, ngc>gcd - gabgcd(Agbc)
b,c=1

n
=2 Z <Vgab, ngc>gcd + gabgcd<Hess x?, Hess x°> + gabgcdRich
b,c=1

= 2Ricyq + 2044
with

n
Qad = Z <Vgab, ngc>gcd + gabgcd<Hess xb,Hesst>. mi
b,c=1

Remark 38.5. See DeTurck and Kazdan [DKS81] for a discussion of the use of harmonic coordinates
for question of regularity in Riemannian geometry.

Remark 38.6. The relation between harmonic coordinates and the DeTurck trick is clarified in
Graham and Lee [GLo1].

39 The harmonic radius

Definition 39.1. Letk € Ny, « € (0,1), x e R",r > 0,and U Cc R. For f € Ck’“(U), we define the
Holder norm at scale r by

If ot = > rM10" Fllcow + 10" fleoww).
|I|<k

Exercise 39.2. If f: B,(0) = Rand f, = f(r -): B1(0) — R, then

“f”Cf’a(Br(O)) = Hfr“Ck’“(Bl(O))'

In our upcoming discussion, the following refinements of the injectivity radius will play an
central role.
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Definition 39.3. Let (M, g) be Riemannian manifold. Let k € Ny and a € (0, 1). For x € M, the
C*- harmonic radius of (M, g) at x, denoted by

ru(M, g; k, a; x),

is the supremum of those r > 0 for which there exists a harmonic coordinate system x: U — B,(0)
such that x(x) = 0, with respect to this coordinate system, for every v € $"°1,

n
< Z gabvavb <2 and |[gap _5ab||ck,0! <1
a,b=1

DN | =

The C** harmonic radius of (M, g) is

ru(M, g; k, a) = ;161{4 ra(M, g; k, a; x).

Remark 39.4. The choice of % 1, and 2 is somewhat arbitrary:.

Proposition 39.5. Let k € Ny, a € (0, 1). If (M, g) is a Riemannian manifold and x € M, then
ra(M, g;k, a, x) > 0.

In particular, if M is closed, then
ra(M, g; k, a) > 0.

Proof. Since M is closed, it suffices to prove that, for every x € M, rg(1, a;x) > 0. By Proposi-
tion 38.2, there is some harmonic coordinate system x: U — R" with x € U. After shrinking
U and shifting and scaling x, the coordinate system takes values in B,(0), satisfies x(x) = 0, and
Jap(0) = 84p. For sufficiently small r > 0, the estimates hold. O

Proposition 39.6. Letn € N, k € Ny, and « € (0,1). Let (M, g) be a Riemannian manifold of
dimensionn. Ifx: U — U andy: V — V are harmonic coordinates systems such that:

L3 <30, vl <2,
2. ||9ab = bavllck.a < 1, and
3. By (0) cx(UNV),

then
-1
||y o x ||C§+z,a(32r(0)) < c(n, k, ).

Proof. Denote by g, the Riemannian metric in the coordinate system y. By Proposition 38.3 and
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since x = (x!,...,x") is a harmonic coordinate system, for every a € {1,...,n},

A(xa Oy—l) _ Z gbcabac(xa oy—l)

b,c=1
= 0.

Since |x o y~!| < 8r, by interior Schauder estimates

||x o y_lllcf”z’“(Bzr(O)) <clnmk, a). O.

Proposition 39.7. Letn € N, k € Ny, a € (0, 1), and > 0. If (M, g) is a closed Riemannian manifold
of dimension n with
ru(M, g;k, a) > 6,

then, forr = r(6) > 0, A = cov(M, g;r/2), and ¢ = c(n, k, ), there exists a (r, A, c)—controlled
Ck*+1-2 atlas for (M, g).

Proof. Tt follows directly from the hypothesis, that there is an r = r(§) such that, for every x € M,
there is a harmonic coordinate system x: V — B4, (0) satisfying x(x) = 0,

n
< Z gabvavb <2 and |[gap _5ab||ck,vf <L
a,b=1

DN | =

These conditions imply that, for every t € [0, 64],
B%tr(x) C X 1(Br(0)) C Basr(x).

Choose x1, . ..,xxs € M such that

A
U Brja(xp) = M.
A=1

For every A € {1,..., A}, choose a harmonic coordinate system x,: U, — By,(0) which is the
restriction of a harmonic coordinate system by : V) — Bg4,(0) as above. To see that this is an
(r, A, ¢)-controled CK*! atlas, observe that

A A
=" B(0) > | Bralan) = M
A=1 A=1

and Proposition 39.6 applies because, for every A, p € {1,..., A}, if

X, (B2r(0)) N x,' (B4 (0)) # 2,

76



then
d(x, x,) < 12r;

and, therefore,
Bgr(x3) C Baor(xy);

hence,
Byr(0) C x3(VaN'V,). O

40 Compactness under Ricci and injectivity radius bounds

Theorem 40.1 (Anderson [Andgoa, Theorem 1.1], Hebey and Herzlich [HH97, Main Theorem]). Let
neN,c,D,8 > 0,k € Ny, and @ € (0, 1). The set of isometry classes of closed Riemannian manifold
(M, g) of dimension n satisfying

diam(M, g) < D, inj(M,g) > 6, and |V€Ricg| <c forall €=0,...,k,
is relatively compact in the C**1-% —topology.
This result has the following curious corollary.
Corollary 40.2. There are only countably many diffeomorphism types of closed manifolds.
However, there is also the following.

Theorem 40.3 (Taubes [Tau87, Theorem 1.1]). There exists an uncountable family of diffeomorphism
classes of oriented 4—manifolds which are homeomorphic to R*.

This follows immediately from Lemma 37.2, Proposition 39.7, and the following lower bound
for the harmonic radius.

Theorem 40.4 (Anderson [Andgoa, Main Lemma 2.2], Hebey and Herzlich [HHg7, Theorem 6]).
Letn € N,k € Ny, §,¢ > 0, and o € (0, 1). If (M, g) is a closed Riemannian manifold of dimension n
satisfying

inj(M,g) > 6 and |V€Ricg| <c forall €=0,...,k,

then
ru(M, g;k, ) > e(n, k, a, ¢, 5) > 0.

Remark 40.5. The case k = 0 is due to Anderson [Andgoa]; the general case is due to Hebey
and Herzlich [HH97]. Anderson and Cheeger [AC92] proved that Theorem 40.4 for k = 0 holds
assuming only a Ricci lower bound.
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Proof of Theorem 40.4. If the assertion fails, then there exists a sequence of (M,, g, )y en of Rieman-
nian manifolds satisfying

inj(My,g,) > 8 and |V€Ricgvl <ec,
for£ =0,...,k, and such that
ey =rg(M,,gy;k,a) >0 as v — oo.
For every v € N, choose x,, € M,, such that

ru(My, gvsk, a;x,) = &y.
Construction of a rescaled limit. For every v € N, define s, : B,.1(0) — M, by

sv(y) = exp,, (&)
and set
Gy = €,%5%g,.
By construction, for every R > 0,
L [IRicg, llck(Be(o) = 0,
2. SUP,cpy(0) 1y (Be;1(0), §y) — 0, and
3. infyepg(o) TH(B.-1(0), gvi k, @) = ru(B,-1(0), g3 k, @5 0) = 1.

Therefore, by Proposition 39.7, for R > 0, there exists a A = A(R) € N and, for every v >y 1,
there exists a (k, A, ¢)-controlled atlas C<*2-¢ harmonic atlas for (Bg(0), g,). By Lemma 37.2, after
passing to a subsequence (Bg(0), g,) converges to a Riemannian manifold (Mg, gg) in the C*-# -
topology for every § € (0, @). Since R > 0 is arbitrary, a diagonal sequence argument shows that,
there is a Riemannian manifold (M, g) such that, after passing to a subsequence, for every R > 0
and B € (0, @), the sequence (Bg(0), §,) converges in the C**1-#—topology to an open submanifold
Mg € M; more precisely, there exists a sequence of maps ¢, : B,-1(0) — M such that, for every

p € (0, ),
1. ¢, is a Ck*%F embedding,
2. (¢,),dy converges to g in the C**1-#—topology, and
3. the sequence ¢,,(0) converges to a limit x, € M.

That is: (B,.1(0), 0, gy )ven converges to (M, x«, g) in the pointed Ck+L.F topology.
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Improving convergence. By Proposition 38.4, for every R > 0 and v >y 1, in the a chart of the
harmonic atlas constructed above,

_5 Z gvdacad(gv)ab = (Rlcg'v)ab + Q(gv, dgv)-
c,d=1

Since |Ricg, | tends to zero, elliptic theory shows that, for every p € [1, o),

lgy lyxs2p < c(p).

Therefore, the conclusion of the previous paragraph, actually, hold for every g € (0, 1).

Analysis of the limit. A priori, g is only a C¥*:® metric. However, since |Ricg, | tends to zero,
with respect to the limits of the chart of the harmonic atlas constructed above,

1 n
=5 2 90c04(91)ay = Q9. 49).

c,d=1

Therefore, elliptic regularity implies that g is a smooth Ricci-flat metric. Furthermore, by (2),
inj(M, g) = co. By Theorem 27.12, (M, g) is isometric to (R", go).

The contradiction. Denoteby x = (x!, ..., x") the standard coordinates on R". Define y, : B4(0) —
V, c R" by
Yv =X0d,.
These satisfy
lim |, 7|t = 0.

Therefore, arguing as in the proof of Proposition 38.2, for v > 1, there exists a harmonic coordinate
system x,,: B4(0) — U, C R" with

lim x,(0) =0 and B;(0) CU,.

V—00
Therefore, for v > 1,

ru(B-1(0), gvi k + 1,a;0) > 2;

contradicting (3). |
The proof of Theorem 40.1 has the following consequence.

Theorem 40.6 (Anderson [Andgoa, Proposition 3.4]). Givenn € N, D,§ > 0, and A € R there exists
a constant ¢ = ¢(n, D, §, ) > 0 such that if (M, g) is a closed Riemannian manifold of dimension n
with

diam(M,g) < D, inj(M,g) > 6, and |Ricy — Agllr= <,

then there exists a Ricci flat metric on M.
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41 Compactness under Ricci bounds and volume pinching

Theorem 41.1 (Anderson [Andgoa, Proof of Theorem 1.2]). Givenn € N, k € Ny, r,c > 0, and
a € (0,1), exists an & = §(r,c, @) > 0 such that the following holds. If (M, g) is a closed Riemannian
manifold of dimension n satisfying

vol(B;(x))

- lo:
vol(B™(0)) >1-6 and |V'Ricg|<c forall €=0,...,k,

then
ra(M, g;k, &) > e(n, k,a,c) > 0.

The proof relies on the following result, which replaces the application of the Theorem 27.12
in the proof of Theorem 40.4. The details of the proof are left as an exercise.

Theorem 41.2 (Anderson [Andgoa, Gap Lemma 3.1]). Given n € N, there exists an ¢ = &(n) > 0
such that if (M, g) is complete Riemannian manifold of dimension n which is Ricci-flat and, for some
x € M, satisfies
vol(B,(x))
m ————2>1-—¢,
r—e vol(B7(0))

then (M, g) is isometric to (R", go).
Proof. Suppose not; then there exists a null-sequence (¢,) and a sequence of complete Ricci flat

manifolds (M,, g,) of dimension n none of which are isometric to (R”, go) and, for every v € N,
there exists a x, € M, with

VOlgv (Br(xy))
7o vol(BJ(0))

For every v € N, choose y, € B,(x,) realizing the minimum of the function

= - gV’

(41.3)

injy(Mv, gv)
v—d(x,,y)’
By Theorem 27.12, injyv (My, gv) < oo. Therefore, after rescaling, which does not affect (41.3) and

av(y) =

Ricci-flatness, we can assume that
inj, (My,gv) = 1.

Since o
inj, (M, g,)

v—d(x,,y)
By construction, for every R > 0 and y € Bg(yn), inj,(M,, gy) is bounded below independent of v.

cv(y) =

Therefore, (M, x,, g,) converges in the pointed C** topology to a pointed complete Riemannian
manifold (M, x, g) which is Ricci flat and satisfies

vol(B,(x)) _
r—eo vol(BE(0)
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Therefore, (M, g) is isometric to (R", go). However, the injectivity radius is lower semi-continuous
with respect to the C'*% topology. This implies inj (R, go) = 1, a contradiction. O

Theorem 41.4 (Anderson [Andgoa, Theorem 1.2]). Given n € N and ¢ > 0, there exists an ¢ =
&(n, ¢) > 0 such that if (M, g) is a closed Riemannian manifold of dimension n satisfying

. vol(M, g)
(41.5) (n—1)g < Ricy < cg and m >1-c¢,

then (M, g) is diffeomorphic to S™.

Proof. Suppose not; then there exists a null-sequence (¢,) and a sequence (M,, g,) of closed
Riemannian manifold of dimension n satisfying

vol(M, g,)

(41.6) (n—1)gy < Ricg, <cgy and vol(S™, g1)

=>1-¢,

and all of which are not diffeomorphic to S*. By Theorem 17.1,
diam(M,, g,) < 7.

In fact, by Theorem 20.1,
lim diam(M,,g,) =
V—00
and, for every r > 0,
M,
B (x) _
= B )

By Theorem 41.1, after passing to a subsequence (M,, g,) converges in the C:# topology to a
limit (M, g). A close reading of the proof of Theorem 20.1 reveals that |Ricy, — (n — 1)g,| tends
zero almost everywhere; hence, lim, ,«||Ricy, — (n = 1)g,||» = 0 for every p € [1, ).

Exercise 41.7. Actually prove this.

Therefore, (M, g) is weakly Einstein; hence, Einstein:
Ricy = (n - 1)g.

Hence, by Theorem 41.1, (M, g) is isometric to (S”, g1). This implies that, for v > 1, M, is already
diffeomorphic to S”; a contradiction. O
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42 Harmonic curvature

Proposition 42.1. For every Riemannian manifold (M, g)

n
d*VR = Z (VcRicpg — V4Ricy,) - e’ ®e ®ey.
b,c,d=1

Remark 42.2. Thinking of Ric as a T*M valued 1-form and raising the d-index, the right-hand
side can be identified with dyRic € Q%(M, T*M).

Corollary 42.3. If (M, g) is a Riemannian manifold with
VRicy =0,
then it has harmonic curvature; i.e.:
dyR = 0.

Remark 42.4. See Derdzinski [Der82] for a (outdated) survey of Riemannian manifolds with
harmonic curvature.

Proof of Proposition 42.1. Using the symmetry (5.3) and the differential Bianchi identity (5.5),

d -
Ve, R + Ve R, + Ve R, = 0.

€a"tabc €d"‘aba

Therefore

€a"tabce
a,b,c,d=1
n
- Z (VecRabda - V‘f’dRabca) ’ eb ®e® €4
a,b,c,d=1
n

dyR = - Z V.R, 4. e’ @e®ey

(Ve Ricpqg — Ve, Ricp) - e’ ® e ®ey. O
b,c,d=1
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43 e¢-regularity

Theorem 43.1 (Anderson [And89, Lemma 2.1]). Given n € N and cs > 0, there are constants
& = &(n,cs) > 0 and ¢ = c(n,cs) > 0 such that the following holds. Let (M, g) be a Riemannian
manifold of dimension n with harmonic curvature and (-%;, 2)-Sobolev constant at most cs. If x € M

andr > 0 are such that
£= / IR|"? < &,
By (x)

sup |R|*(y) < cer™™.
yeBr/4(x)

then

Remark 43.2. In the context of Yang—Mills theory, a slight improvement of this result is due to
Uhlenbeck [Uhl82, Theorem 3.5]. She in turn derives it from an extension of Theorem 30.3 due
to Morrey [Moro8, Theorem 5.3.1]. There is an important strengthening of Uhlenbeck’s due to
Nakajima [Nak88, Lemma 3.1], using Price’s monotonicity formula [Pri83] and the Heinz trick
[Heiss]. The proof given below is rather similar to Nakajima’s argument.

Proof of Theorem 43.1. Since the Levi-Civita connection is a Yang—Mills, by the Bochner-Weitzenb6ck
formula,
V*VR =RxR.

Therefore,
AIR|* < c(n)|R]>.

Define f: B%(x) — [0, c0) by

r 4
@)= |5 - dx.y)| R
The assertion follows once we prove that
f <c(n,cs)e.

Since f is non-negative and vanishes on the boundary of B: (x), thereisa y, € B: (x) with

flyx) = max f(y).

yeBr(x)
Set

1rr
Sy = 5[5 —d(x, y*)] and ¢y = [R[(yx)
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Suppose y € Bs, (y4). By the triangle inequality,

r r
3 —d(x,y) > 2 —d(x, Yx) — Sx

= Sx-.

Therefore and since f(y) < f(yx),
IRI(y) < 16¢y.

Hence, on Bg, (x)
A|R)* < c(n)c3.

By [GTo1, Theorem 9.20], for every s € (0, sy ],
Ci = |R|(y*)z
< c(n, cs)(s_"/ IR|? + s%c(n)c3,
Bs(yo)
< c(n,cs)(s™%e +5%¢3).

This can be rewritten as

s*cd <c(n,cs)(e +5°¢3).

Setting
t = t(s) == s%cy
the above inequality reads
t2(1 - ct) < ce.

with ¢ = ¢(n, cs). Since ¢ < & < 1, the corresponding equation t?(1 — ct) = c¢ has two small roots
t. ~ v/ce and one large root. Since £(0) = 0, by continuity t(s) < |t:| < 2+/ce for all s € [0, s ].
Therefore,

flys) = 8s3c% < cln, cs)e. O

44 Compactness under integral curvature bounds

Theorem 44.1 (Anderson [Andgoa, Proposition 2.5]). Givenn € N, R,c,v > 0, and a € (0, 1), exists
an &(n, ca,v) > 0 such that the following holds. If (M, g) is a Riemannian manifold of dimension n
and x € M such that
[Ricy| < ¢, vol(Br(x)) > v, and / |Rg|"/Z < ¢,
Bygr(x)
then

ra(M, g; 1, a;x) > r(n, k,v, ) > 0.
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Proof. Let ¢ be as in Theorem 43.1. If the assertion does not hold with this choice; then is a sequence
of counterexamples whose limit gives rise to a pointed complete Riemannian manifold (M, x, g)
with

Ric, =0, rg(M,g,1,a) <1, vol(B,(x)) > c(v)r” >0, and / |Rg|"/2 <e.
M

But by Theorem 43.1, for every r > 0,

sup |Rg|2(y) < cer™.

yEBr/4(x)

Taking the limit r — oo proves that (M, g) is flat. Since it also has Euclidean volume growth, it
must be R™. But then its harmonic radius is co; a contradiction. O

Theorem 44.2 (Anderson [Andgoa, Theorem 2.6]). Givenn € N, R,c,v > 0, and @ € (0,1), If
(My, gv) is a sequence of Riemannian manifolds of dimension n satisfying

[Ricy,| < ¢, vol(M,,g,) >v, and / |Rg|”/2 Z e
My

then, after passing to a subsequence, (M, g,) converges in the Gromov—Hausdorff topology to a
Riemannian orbifold (M, g) with a finite number of singular points, each of which so modeled on a
cone over S"71/T; g is a continuous Riemannian metric and C*** on the regular part of M.

Proof sketch. For every r > 0, cover M, balls of radius r. On the balls with

/ IR"? < ¢
By (x)

on obtains a harmonic radius bound. As r goes to zero, for fixed v, these balls cover all of M. This
gives the C1* convergence of an exhaustion of M,. The limit of this will be the regular part of the
orbifold. For more details see [And89]. |

Remark 44.3. Anderson [And89] proved that in odd dimension orbifold singularities cannot appear
since RP?" does not bound an orientable manifold and is the only relevant space form. Thus in
odd dimensions an integral curvature bound of the above form gives compactness.

45 Weyl curvature tensor
Definition 45.1. The Kulkarni-Nomizu product is defined as

(h ® k)(u, v, w, z) := h(u, 2)k(v, w) + h(v, w)k(u, z) — h(u, w)k(v, z) — h(v, z)k(u, w).
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Proposition 45.2.
1 Ifeq, ..., ey, is an orthonormal basis, then

Zn:(h O g)(eq, v, w,eq) = (n— 2)h(v, w) + trh - (v, w).

a=1

2. (90 9w, v, w,z) = —2(u Av,w A z).

Proof. If ey, ..., e, is an orthonormal basis, then

D (h® g)eas v, epsea)

a=1

= Z h(eaa ea)g(eba eb) + h(eba eb)Q(eaa ea) - h(eay eb)g(eb, ea) - h(eb, ea)g(eaa eb)

a=1
n
= ) hleq €q) + (n = 2)h(ep, e3).
a=1
This implies the assertion. O

Definition 45.3. The Weyl curvature tensor W € T'(S2A2T*M) of (M, g) is defined by

1 1
W(u, v, w, z) = {R(u,v)w, z) — m(Ric; O g)(u, v, w,z) — %(g D g)(u, v, w, z).

Definition 45.4. In dimension 4, the self-dual Weyl curvature tensor W, € I'(S?A*T*M) and the
anti-self-dual Weyl curvature tensor W_ € T(S2A™T*M) are the corresponding components of
W.

46 Hitchin-Thorpe inequality
Theorem 46.1 (Hitchin-Thorpe inequality). If (M, g) is a closed, oriented 4—manifold, then

1 ) - scalé
(46.2) 2)((M)i30'(M)=E/MZ|W+| —|R1Cg| + Y

In particular, if g is Einstein,

1 S
2y(M) + 30(M) = m/Mz|w+|2 + Tg > 0.

Equality holds in (46.1) if and only if g is flat or the universal cover of (M, g) is a K3 surface equipped
with a Ricci-flat metric.
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This is a direct consequence of the following (tedious to prove) Chern-Weil formulae.

Proposition 46.3.
scal;

1
M)=— [ |[W|? - |Ric2|> + —=.
x(M) an/MH |Ricy | 7

Proposition 46.4.
1

W, |* — W],
ot [ I =

47 The metric uniformization theorem

o(M) =

Definition 47.1. Let (2, g) be a Riemannian 2-manifold. The Gauf} curvature of (3, g) is the
function K = K, € C*(2) characterized by the property that, for every non-zero v A w € A’TM,

(Rg(v, w)w, v)

K, =
< o A w|?

The curvature form of (X, g) is the 2-form Q = Q, € Q*(M) defined by
Q4 = Ky voly.
Remark 47.2. The Gauf§ curvature and the scalar curvature of (%, g) are related by
scaly = 2K,.

Theorem 47.3 (GauB3—Bonnet). For every closed, connected, oriented Riemannian 2—manifold,
/ng voly = 27 x(2).

Theorem 47.4 (Wallach and Warner [WW70]). Let X be a closed, connected, oriented 2—manifold
and let Q € Q*(M). There exists a Riemannian metric g such that

Qy =
if and only if

(47:5) /Z Q=21y().

In fact, if (47.5), then every conformal class contains a Riemannian metric g satisfying Qg = Q.
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Proposition 47.6. Let (M, g) be a Riemannian manifold of dimension n, f € C*(M), and

g=e"g.
The following hold:
(47.7) IVECw = IVCw + df (0)w + df (w)o = (v, w)Vf  and
(47.8) scalg = e_zf(scalg +2(n—1)Ayf +(n—-2)(n— 1)|ng|;).

Proof. A direct computation shows that 9V'C as defined above is both metric with respect to §
and torsion-free. The computation of scal; is an exercise. (It is a bit easier if you specialize to
n=2) O

Proof of Theorem 47.4. By Theorem 47.3, it suffices to construct g provided (47.5) is satisfied. Let g
be an arbitrary Riemannian. By (47.5),
/ Q- / Q,
s b

Therefore, by Hodge theory, there exists an f € C*(2) such that
Q=Qy—d=df.

By Proposition 47.6,

1
Qeorg = Escalezng01ezfg

1

Ee_zf(scalg + Agf)ezfvolg

= Q4+ Ayf - voly

= Qg4 —dx*df. o

Theorem 47.9 (Metric Uniformization Theorem). Let (X, j) be a closed Riemann surface. In the
conformal class determined by j there is a Riemannian metric g satisfying

1 ify(3) =2,
scaly =490  if y(2) =0,

-1 ifyT) < -2
If x(X) # 0, then g is unique up to scaling by a constant; otherwise, g is unique.

The cases y(2) = 2 is best treated separately as follows.
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Theorem 47.10 (Riemann-Roch). IfY is a closed Riemann surface of genus g and D is a divisor on %,
then
dim H(Z, Ox(D)) — dim H'(Z, Os(D)) = 1 — g + deg D.

Proposition 47.11. IfY is a closed Riemann surface of genus g and x € %, then there exists a non-
constant meromorphic function on ¥ which has a pole at x of order at most g + 1 and is holomorphic
away from x.

Proof. Set
D=(g+1)-{x}.

By Theorem 47.10,
dim H°(0s(D)) > 2.

Therefore, there is a non-constant f € H°(0Os(D)) with the desired properties. |

Corollary 47.12. If¥ is a closed Riemann surface of genus g, then there exists a holomorphic map
: ¥ — CP! of degree at most g + 1.

Corollary 47.13. IfY is a closed Riemann surface of genus 0, then it is biholomorphic to CP.

Proof of Theorem 47.9 if x(£) = 2. If y(2) = 2, then £ = $? a unique complex structure up to
automorphism and the standard metric g = g; on S? satisfies K, = 1. O

Proof of Theorem 47.9 if x(£) = 0. Denote by g a representative of the conformal class determined
by j. By Theorem 47.3,
/ K4 voly = 0.
b

Therefore, there exists a function f, unique up to an additive constant, such that
Ko, =€ (Kg + Agf)
=0. O

Proof of Theorem 47.9 if y(3) = 0. Denote by g a representative of the conformal class determined
by j. By Theorem 47.3,

/ K4 vol, < 0.
)
The task at hand is to find a function f, such that
e (Ky+ Ayf) = -1;

or, equivalently,
Af +e¥ = -K,.

Theorem 47.14 completes the proof. O
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Theorem 47.14 (Kazdan and Warner [K\W74]). Letn € N andp > 7. Let (M, g) be a closed, oriented
Riemannian manifold of dimension n. Let a, b € LP(M) with

u =0, /;1>0, and /A>0.
M M

There exists a unique solution f € W»P(M) of the Kazdan—-Warner equation
(47-15) Af +efp=A

Proof. 1learned the following proof from Dietmar Salamon.

Proposition 47.16. Theorem 47.14 holds if and only if its holds with constant A > 0.

A:=][A
M

Afo=A-A and /f0=0.
M

Proof. Set

and denote by f the unique solution of

A function f € W*P(M) solves (47.15) if and only if f — f; solves (47.15) with eo s instead of y and
A instead of A. O

Proposition 47.17. If A > 0 is a constant, then the unique solution of (47.15) withpp = A is f = 0.
Proof. Obviously, f = 0 is a solution. To prove uniqueness, suppose that
Af +efA=A.

Denote by x, a point at which f achieves its maximum and by x; a point at which f achieves its
minimum. Since

0 < Af(xy) = A(l - ef(x*)) and 02 Af(xy) = A(l - ef(xf))

and A > 0,
0 < min f < max f <0.

Therefore, f = 0. O

Henceforth, fix a constant A > 0 and y € L? as in Theorem 47.14. For t € [0, 1], set

u=tp+(1-1A
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and define F,: W%P(M) — LP(M) by
Fi(f) = Af + e py - A.
Consider the parametrized moduli space
M = {(t, f) € [0, 1] x W>P(M) : F,(f) = 0}.
Denote by : 9t — [0, 1] the projection map.

Proposition 47.18. It is a smooth manifold of dimension one with boundary and the map =: I —
[0, 1] is a submersion.

Let me briefly recall the following.

Theorem 47.19 (Implicit Function Theorem). Let X, Y, Z be Banach spaces. Let F: X XY — Z bea
smooth map. If, for every (xx, yx) € F~1(0), the derivative

d(x*’y*)F: X—>Z

is invertible, then there exist open neighborhoods U of x. andV of y, and a smooth mapG: V — U
such that:

1. foreveryy € V, F(G(y),y) = 0 and
2. forevery (x,y) € U XV, if F(x,y) = 0, then x = G(y).
Proof of Proposition 47.18. For every t € [0,1] and f € WP,
deF(f) = A+ e p)f.

The operator
deF;: WAP(M) — LP(M)

is injective. To see that, observe that if dth(f) = 0, then
O:/ f(A+9f#t)f
M
= [ 19 el
M
Since ef j1; is non-negative and positive somewhere, it follows that f = 0. The derivative d¢F; is

an injective Fredholm operator of index zero; therefore, it is invertible. Thus the result follows
from the Implicit Function Theorem. O

Proposition 47.20. The map w: M — [0, 1] is proper; that is, if (tn, fn)nen is a sequence in M with
limt, =t € [0, 1], then a subsequence of (f,,) converges in WP (M) to a limit f with (t, f) € IM.
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The proof relies on the following a priori estimate.

Proposition 47.21. Set

If f satisfies (47.15) with A constant, then

A A
| fllze < ce—llpllee +log —.
f i

Proof. The proof uses a rather clever barrier argument. Denote by v the unique solution of

Av=p—-jg and /VzO.
M
By standard elliptic theory,

cl[vilwzr
cllAviice
cllp = Al
cllpllze.

lIvilze

N NN

In particular,
v—c|lpllr < 0.

For every € > 0, set

_ﬁ:f+AfEW+%wmw—M4Afﬂ-
I H

If fg achieves its maximum at x,, then

0 < Afu(xy)

:A—JWMu»+é§QMm»m>

=¢c+ 'u(x*)(Al; € _ @f(x*))

If ¢ > 0, then p(x,) > 0 and

A-—¢
" 1 .
ﬂx)<04 ﬁ)

Therefore, i
fe(xyx) < 0.
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The above proves that, for every, max fg < 0. Therefore,

fo<o.
This implies that
A A
I flle < c=llpllLe + log —.
H H
O

Proof of Proposition 47.zo. It follows from Proposition 47.21 that there is a constant A > 0 such
that, for every n € N, || f, ||z~ < A. By standard elliptic theory,

| fullwzr < cUlAfullee + 1l fullze)
clle’ iz = Alle + cll fullee

<
< c(A).

Therefore, by the sequential Banach-Alaoglou theorem, after passing to a subsequence, (f;)
converges in the weak W7 topology to a limit f. Since the embedding W?? — L is compact,
(fn) converges to f in the L™ topology.

Again, by standard elliptic theory,

Ufo = Fllweo < A = fillo + 11fy = inleo)
|, *cllfu = fnler

< c‘ ef"ytn - ef’"y,m

< C”fn _fm”L""-

Therefore, (f,,) is a Cauchy sequence in W%? as well and converges. O

Proposition 47.18 and Proposition 47.20 imply that 9t is a compact one-dimensional manifold
with boundary and the map 7: 9t — [0, 1] is a submersion. This implies that 7 is a covering map.
Since 0 € [0, 1] has precisely on preimage under r, it follows that x is a diffeomorphism. O

48 Kihler manifolds

Definition 48.1. A Kihler manifold is a Riemannian manifold (X, g) together with a parallel
complex structure I which satisfies

g 1) =g.
The 2-form w € Q%(X) defined by
o) =gl )
is called the Kahler form.
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Proposition 48.2. If X is a Riemannian manifold and I is an almost complex structure satisfying

gl I) =g,
then
N;=0
VI &
dw = 0.

It is customary, in Kahler geometry to emphasize w over g.

Definition 48.3. If (X, I, w) is a Kéhler manifold with Kéhler metric g = w(-, I-), then its Ricci form
is defined by

(48.4) Ric,, = Ricy (", ).
Example 48.5 (C"). On C” consider the coordinates z, = x, + iy, and metric

go = D (dxq) + (dya)*
a=1

as well as the complex structure defined by
Ip(0x,) = 0y,

This makes C" into a Kdhler manifold. The associated Kihler form is

wo = go(lo+,*) = Z dx, A dy,.

a=1
Define . .
(9zu = E(Bxa - if)yu) and B_Za = E(axa + iaya)
and , ,
9= dza A D, and §:= ) dZg A DL,
a=1 a=1
with
dz, =dx, +idy, and dz, =dx, —idy,.
We have

2
woy = —15(9 (ﬁ)
2
B i idz, A dz,
a=1 2
= Z dxg A dy,.
a=1
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We say that }|z|? is a Kihler potential.
The following provides us with a plethora of easy to write down Kahler manifolds.

Proposition 48.6. If (X, I, g) is a Kahler manifold and Y c X is a complex submanifold, then
(Y, Ily, gly) is a Kdhler manifold.

Corollary 48.7. Every smooth projective variety is canonically equipped with the structure of a Kihler
manifold.

Define I on T°X, by
Ioo =aol.

Definition 48.8. Let (X, I) is a complex manifold. Set

TX .= {v e TX @ C : Iv = iv}
TX%! .= {v e TX® C: v = —iv}
X" = {a e T'X ® C : Iar = it}
X% = {0 e T'X ®R C : ot = —iat}
APATX = AN TX0 @c ALTX*1.

We have
AFT*X @g C = @ APAT*X,
ptq=k
Set

QOP9(X) = T(APITX).

Define 9: QP9(X) — QP*1-4(X) and §: QP-9(X) — QP-9*1(X) to be the composition of d with
the projection onto the corresponding summand.

49 Fubini-Study metric

Example 49.1 (CP"). There is a Kidhler form wrs on CP" called the Fubini-Study form which
when pulled back via o: C"*1\{0} — CP" can be written as

* i 2
0 wps = ——A0dlog|z
FS o glz|
i = z,dZ,
=0 § :
a a=0 |Z|
. n — n — —
i Z dz, A dz, Zpdzp A z,dZ,
= — — - —_—
|\ P AT I
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Here is another way to think about wpgs. Recall, that CP" is equipped with the holomorphic atlas
{pa: CP" DU, > C":a=0,...,n} with

Ug={[zo: " :2,] €CP": 2z, # 0} and
z Za z
¢a([20:"':zn]) = (_09’_a’7_0)
Zq Zq Zq

Fora=0,...,n, define drs € Q*(C") by

i i Y
QFs = —gaa log(l + leb|2)

b=1

i n
= —0adlog|1+ wp |2

- g( Z| bl )

b=1

i & wpdwy,
=—90

2 Z 1+ |wl|?

b=1

B i (i dwy A dwy, i wedwe A Wbdﬁlb)
= — —2 - 2 .

2\ 1+ |w] & (1+ |w|?)

A computation shows that s is a Kdhler form on C". A further computation shows that, for
every a,b=0,...,n,onU; NUp,

PadFs = ¢, 0Fs.
Therefore, the 2-form ¢}, &Fs define a Kéhler form on CP". A moment’s thought shows that under
o this form pulls back to —3-3d log|z|*. Thus it agrees with wrs.

Proposition 49.2. The Fubini study metric is an Einstein metric; more precisely:
Ricy.s = 27(n + 1)gFs.

To prove that grs is Einstein is easy: just note the metric is U(n + 1)-invariant.

Remark 49.3 (Complex polar coordinates). Write the holomorphic coordinate z; on C" as

zZp = rbei¢b
with r, > 0 and ¢, € R. Set
n
= r: and
a=1
no 2
ra
0 = r—zdgba.
a=1



We compute

S

n
zpdzp A 24dz, Z (rpdry + irddy) A (redra — irldg,)
a,b=1 a,b=1
n

-2 Z rydry A r2d¢a

a,b=1
—2ir¥dr A 6.

Therefore,
wy = trictwrs + rdr A 6.

Remark 49.4. Denote by p: §?"*!1 — CP" the restriction of p: C"*1\{0} — CP". This makes
§%7*+1 into a U(1)-principal bundle over CP" with the right U(1)-action given by

z-A:=Az.

This bundle is often called the Hopf bundle and we will denote it by L. The vector field v generating
the U(1)—action can be written as
v(z) = iz.

The radial vector field can be written as
o0, = z/|z|.
Therefore,
0(v) = r 1wy(dy, v)

= |z| % wo(z, iz)

=1.

This proves that i0 € Q!(S?"*!,1(1)) is a connection 1-form on L. By Chern-Weil theory,

ci(L) = —[id8).

i
2r
We compute df as follows,
do = d(r_zi,arwo)

= —2r3dr A ira, wo + r_szrarwo

= —2r 2(rdr A 0) + 2r 2w,

= 2m0 " wFs.
Therefore,

[wrs] = —c1(L)
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In particular, [wrs] defines an integral cohomology class. This explains why we put a 7 in the
definition of wrs. We can also think of CP" as the Kihler reduction C"*! JU(1). With the usual(?)
conventions the resulting Kihler form will not be integral.

Definition 49.5. Let n € N and k € Z. The holomorphic line O¢cpr (k) is defined by
Ocpr (k) = (C™"\{0} x C)/C*

with
A-(zoy ..., 2n,0) = (Azq, . . .,Azn,ikv).

Remark 49.6. If £: C"*! — C is a linear function, then the map
CP"2zg: - :zp]>lz0: 12y :€(20,...,2n] € Ocpn(1)

is a section. In fact, every holomorphic section of Ocpr(1) is of this form. Invariantly, if V is a
complex vector space, then H(Opy(1)) = V*. Moreover, if k > 0, H*(Opy(k)) = Sym* V* is the
space of homogeneous degree k polynomials on V. If k < 0, then H°(Opy(k)) = 0.

Recall that for a general principal G-bundle P and a representation G — GL(V), we define

PxV
G

PxgV =

with the G-action given by
9ip.v)=(p-g.g-0).
Denote by L, the Hopf bundle but with the right U(1)-action given by

z- =21z
Letting U(1) act on C via A - v = A¥v, we have
Ocpn (k) = L xyq) C.
In particular,

c1(Ocpn(k)) = k- cx(L)

= klwrs].
Example 49.7 (Bly C"). The blow-up of C" at the origin is
BlyC" := {({,x) : £ c C" line, x € {}.
The exceptional divisor in Bly C” is

E = {(£,0) € Bly(C")} = CP" 1.
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Define ®: BlyC" — C" by

o(l, x) = x.
Define ¢: BlyC" — CP" ! by
c(t, x):="¢.
On Bl, C™\E,
¢=000.

For every ¢ > 0, there exists a unique Kahler form w, on Bl; C" such that, on Bly C"\E,
_ % 2 2\
We =@ [(E + r*)o wrs + rdr A d@]

and, on E,
We = €2wF5.

Note that as ¢ tends to zero, (Bl C", g.) Gromov-Hausdorff converges to C", but fails to
converge in the C** topology near (and because of) E.

50 Hermitian vector spaces

Definition 50.1. A Hermitian vector space is a real vector space V together with an inner product
g and an endomorphism I € End(V) satisfying

I*=—idy and g¢g(I,I)=g.
The Hermitian form associated with (V, I, g) is the 2—form w € A2V* defined by
() =gl ).
Proposition 50.2. If(V, 1, g) is a Hermitian vector space, then (V*,I*, g*) is a Hermitian vector space.
Definition 50.3. Let (V, I, g) be a Hermitian vector space. Set
Vei=VeRrC VYW ={veV:Iv=iv}), and V%':={veV:Iv=-iv}.

For p, g € Ny, set
APV = AV ®c ALV

Remark 50.4. Set The extension of I to AZ V¢ acts on the summand AP-9V as iP79.
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Definition 50.5. Let (V, I, g) be a Hermitian vector space. The Lefschetz operator L: A*V* —
A**2V* is defined by
L=wA-.

The dual Lefschetz operator A: A®V* — A*72V* is the adjoint of A. A form a € A*V* is called
primitive if Ao = 0. For k € N, set

PFV* = {a € A*V* : Aa = 0}.
Remark 50.6. For every Hermitian vector space (V, I, g),
A=+1Lx and A=sxLx!.

Definition 50.7. Let (V, I, g) be a Hermitian vector space of complex dimension n. The counting
operator H: A*V* — A®*V* is defined by

H|AkV* = (k - n)idAkV*.

Proposition 50.8. Let (V1,11,91) and (Vz, I, g2) be two Hermitian vector spaces. Denote the cor-
responding Lefschetz operators by L, and Ly, the dual Lefschetz operators by A1 and Ay, and the
counting operators by H; and Hy. The Lefschetz operator L, the dual Lefschetz operator A, and the
counting operator associated with (V .=V @ Vo, 1 =1, ® I,, g = g1 ® g») are given by
L=1:® idA'Vz* + idA'Vl* ®L, A=A ® idA'VZ* + idA'Vl* ® Ay, and
H=H® idA'Vz* + idA'Vl* ® H,.

Proposition 50.9. For every Hermitian vector space (V, I, g) of complex dimension n,

[H,L] = 2L, [H,Al=-2A, and [L A]=H.

Proof. By Proposition 50.8, it suffices to prove the result for V' = C. In this case, it follows by a
simple direct computation. m]

Remark 50.10. The above shows that for every A®V is a representation of the Lie algebra s1,(C).
Proposition 50.11. Let (V,1,g) be a Hermitian vector space of complex dimension n. For every
a € AFV*,

[/, Al = j(k —n+j— 1D a.
Exercise 50.12. Proof this.

Theorem 50.13 (Lefschetz decomposition). Let (V, I, g) be a Hermitian vector space of dimension n.

For every k € N,
k2l
AFv = P PFE Y
j=0
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Exercise 50.14. Proof this. Hint: you can use the representation theory of sl,(C).
Theorem 50.15 (Weil [Wei58, Théoreme L.2]). Let (V, I, g) be a Hermitian vector space of complex

dimension n. For j,k € Ny and every primitive form a € A*V*,

+1 j! ;
Da=(-)5)—L _pnkipg
«a =(-1) —k—J) a

Definition 50.16. For a Hermitian vector space (V, I, g), define the operator T: A*V* — A*V* by
Tlyey- = ()T 1L,
Lemma 50.17 (Anthes [Ant, Proposition 1.6]). For every Hermitian vector space (V,1, g),
exp(L) exp(—A)exp(L) = T.
Proof. In the situation of Proposition 50.8,
exp(L) exp(—A) exp(L) = exp(L1) exp(—A1) exp(L1) ® exp(Ly) exp(—Az) exp(Lz).

Let Ty, T5, and T be the operators associated with (V1, I1, ¢1), (Va, I, g2), and (V, I, g) as in Defini-
tion 50.16. For a € Ale* and f§ € AZVZ*,

Naep) = (D)"E"a) e (7 p);
therefore,
T@ep) =02 e@e p) = D0 6T e @ (L) = (i) @ ().
As a consequence of the above, it suffices to verify the assertion for V = C. In this case,
exp(L)exp(—-A)exp(L) = (1+ L) (1 -A)(1+L)=(1+L—-A+L—-LA—-AL-LAL).
Therefore,
exp(L)exp(—-A)exp(L)1 =w =T1 and exp(L)exp(—A)exp(L)w = -1 = Tw;
moreover, for every a € V*, xa = I and thus
exp(L) exp(-A) exp(L)a = a = Ta. o.
Proof of Theorem 50.15. By Remark 50.6 and Lemma 50.17, for every « € Akv*,
xexp(L)a = (—1)(k2ﬂ) exp(L) exp(—A)le.

Therefore, for every primitive a € AFV*,

o L . L
* Z = exp(L)a = (—1)(k21) exp(L)[a = (_1)(kzl) Z Ela‘
= . =0
Comparing degrees finishes the proof. a
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51 The Kahler identities
Definition 51.1. For a Kihler manifold (X, I, g), d°: Q*(X) — Q**(X) is defined by
d°=1"'dI
Remark 51.2. The operator d€ satisfies
d°=-i(d-0) and (d°)" =i(8* - 8.
Theorem 51.3 (Kahler identities). For every Kahler manifold (X, I, »),
i[A,0] = 0* and i[A, 0] =-0".

Remark 51.4. The proof presented here is from Huybrecht’s book. It has the feature of being
essentially coordinate free, while most proofs rely crucially on proving the Kéhler identities for
cm.

These identities are equivalent to
[A,d] = —(d°)".
Therefore, Theorem 51.3 follows from the following.

Proposition 51.5. Let (X,1,g) be a Kihler manifold. For every primitive a € QF(X), there are
primitive forms &, € QK*Y(X) and 8, € Q*1(X) such that

(51.6) da = 8y + L;
(51.7) A dlla = -/ '8 — (k—n+j—1)L'8;, and
(51.8) —(dY'Da =—jL' 6 —(k—n+j—1)L6.

Proof. Decompose da according to Theorem 50.13 as

Lk/2]
da = Z L's,.
=0
Since « is primitive, L" %1 = 0 and thus
Lk/2]
Z Ln—k+1+€5[ - 0.
=0

L is injective on Q*(X) for j < n — k. Therefore, for £ > 2, §; = 0. This proves (51.6).
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By Proposition 50.11,

—dAL o = d[I7, Al
=jlk-—n+j-1)L 'da
=jlk—n+j- D6 +jlk—n+j—-1)L6
and
AdL a = AL'Sy + AL 6,
= —[I7, A6, - [L*, A]6y
=—jlk—n+ )78 -+ 1)k —-n+j—1)L6.

This implies (51.7).
By Theorem 50.15,

—(d)'a=«dI*La

+1 ! .
= (_1)(k2 )ﬁ « I dIL" * g
n—k—j)!
+1 il .
= (_1)(kz )+kﬁ1—1 « L'k dq
n—k—j!
k+1 _]' _ L k+1 J' _ .
RN () £ SR AR So BN 0 S X _1) (5 )+k [l kit
(I e 1y () |
= (P e,
n—k—j! -1)!
k+1 k j! (n—k-j+1) .
_) (G D)HER(5) J /s
A A ! '
=—ij_150—(k—n+j—l)Lj51. O

52 The Chern connection

Proposition 52.1. Let (X, ) be a complex manifold and & = (E, 0) be a holomorphic vector bundle
over X. For every Hermitian metric H on &, there exists a unique connection A y; on E which satisfies

VA[;,HHZO and VOA’;H:(;.

Definition 52.2. The connection Vy is called the Chern connection of &. Set

6H ::V};{O and FH::FA5H~
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Proof of Proposition 52.1. It suffices to prove this statement for an open subset U ¢ C" and the
trivial holomorphic vector bundle. The metric on this bundle is equivalent to a map h: U — iu(r).
If the desired Ag.py exists, then we can write it as

VAS,H = (‘)H + 6_

with
dy: C=(U,C") — QXU,Ch).
For every s,t € C®(U,C"),
0 = 0(hs, t) — (dhs, t) — (hs, 5t>
= d(hs,t) — (h(@s + (h™10h)s), t> - (hs, 8_t>.

This proves that
dns = 0s + (W 10h)s. |

The proof also shows the following.

Proposition 52.3. Let (X, I) be a complex manifold and & = (E, d) be a holomorphic vector bundle
over X. Let Hy be a Hermitian metric on &. Let h is a positive definite Hy—selfadjoint endomorphism
of Hy. Set H := Hyh. The Chern connection associated with Hy and H are related by

(’)H = GHO + h_léHOh.

Moreover,
Fy = FHO + 8_(h_16H0h)

In particular: if E is a line bundle, then
Fy = FHO + 6_81-[0 log h.

Example 52.4. Let n € N and k € Z. Define a Hermitian metric Hy on Ocpn (k) by

n -k
Hillzo: -z i shlz0 - sz 1 1]) o= (Zw) s
a=0

Over U, = {[z0-"* ,zn] : zq # 0}, the section [zg---: zy] > [zo: -+ 1 2p : z’;] trivializes Ocpn (k).
Pushing forward via ¢, : U, — C" we obtain the metric on the trivial bundle over C" induced by
the function

hie(wis . wn) = (1+ [w]?) 7.
This shows that

(¢pa)«Fr, = —kdd log(1 + |w|2)
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Therefore,
2r
= —kuwrs.
i

Fy

k

This implies, in particular, that
c1(Ocpr(k)) = k[wrs].

53 The canonical bundle and Ricci curvature

Definition 53.1. Let (X, I) be a complex manifold of complex dimension n. The canonical bundle
of X is
Kx = AETX".

The anti-canonical bundle of X is
K= AR

Proposition 53.2. Letn € N.

1. Foreverya, b =0, ..., n, the holomorphic vector field z,8,, on C"* is the lift of a holomorphic
vector field on CP".

2. The Euler sequence

20
z Oy v Oy,
0 — Ocpr BN Ocpn(1)®++) ( - ) TCP" - 0
is exact.
Proposition 53.3. For everyn € N,
chn = @Cpn(—n - 1)
Proof. By Proposition 53.2,
Ky' = A"TCP"
= A"TCP" ® Ocpn
~ An+1@CPn(1)eB~(n+1)
= Ocpr(n +1). |

Proposition 53.4 (Adjunction formula). Let (X, ) be a complex manifold, Let E be a holomorphic
vector bundle over X and let f € H°(N) be a holomorphic section of E which is transverse to the zero
section. The canonical bundle of Z = Z(f) is

Ky = KXlZ ® det(E)lz.
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Proof. Since f is transverse to the zero section, df induces an isomorphism

NZ dé E.
Therefore, the short exact sequence
0->TZ>TX|z >NZ—>0
induces the desired isomorphism. O

Example 53.5. Let k > 0. Let f € H(Ocpn(k)) be a generic homogeneous degree k polynomial in
n + 1 variables. By Bertini’s theorem,

X =Z(f)
={lzo:---:2,] € CP": f(z0,--+ ,2n) = 0}

is a smooth hypersurface. By Proposition 53.4,

Kx = Ocpr(—n—1) ® Ocpn(k)
= Ocpn(k —n-1).

Exercise 53.6. Let f € H'(CP", Ocpn(2k)). Set
X =A{([z].v) € Ocpn(k) : v & v = f([z])}.
This is a cover of CP" branched over Z(f). Prove that

Kx = Kcpr ® Ocpr(2k)
= Ocpn(2k —n —1).

Proposition 53.7. Let (X, I, g) be a Kdhler manifold.

1. The formula
h=g-iw
defines a Hermitian metric on TX.

2. The Hermitian metric h induces a Hermitian metric H on Kx.

3. The connection VXX on Kx induced by the Levi-Civita connection is the Chern connection of
H; that is: it is unitary and induces the holomorpic structure.

4. The curvature of VXX satisfies

Fyxx = trc Fyrx

= iRic,,.
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Proof. The only non-trivial statement is the last. To prove it fix x € X and let ey, ...,e, be a
unitary basis of T, M. Set f, := Ie,. Then

Ric(Iv, w) = ZH:(R(ea, w)lv, eq) + (R(fa, W), fa)
=i
= i—(R(ea, W)Y, fa) + (R(fa, w)v, €a)
= Z —(R(v, fa)ea, w) + (R(fa, W0, €4)
_ Z(R(v, fow.ea) + (R(fa w)ore0)

n
== > (R, w)ea, fa).
a=1
Also,
trec Fyr«x (v, w) = —trc R(v, w)
n
=- Z(R(v, w)eg, eq) — i{IR(v, w)eg, e4)
a=1
= i{R(v, w) [y, €q)- |
Proposition 53.8. For every Kdhler manifold (X, I, g, »),
1 .
c1(X) = —[Ricy].
21

Proof. This follows from the above and Chern-Weil theory. O

Proposition 53.9. For every closed Kdhler manifold (X, I, g, ) of complex dimension n, then

/ scalg 0" = 47Tn<cl(X) Ulw]™?, [X])
X

Proof. On C",
.\ n—1 n n-1
_ n-1_ [} _ _
dzg ANdZp Ay = (2) dza/\dzb/\(;dzc/\dzc)
i n—1
= (5) (n—1D104pdzy Adzy A ... Adz, AdZy

2

n

= _‘5abwo .
ni
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Hence, if & € A’T* X, then, for ey, . . ., e, a unitary basis of T, X,

aA"™l 2 O ) :
T a(%(ea —ile,), %(ea +iley))
a=1

1 n
- Z aleq, Iey).
a=1

Since
Ricy(Ieq, Ieq) = Ricy(eq, €q),

it follows that

Ric, A 0™ 1 1

n
= Z Ric,,(eq, Ieq)
a=1

w" n

= —scal,.
2n g

/ scalg " = Zn/ Ric,, A ™!
X X

= 47m<c1(X) Ulw]™, [X]).

Therefore,

Example 53.10. The round metric on S? has constant scalar curvature 2, volume 47, and
(cr(82),[5%1) = (e(52).[5%]) = 2.

Proposition 53.11. If (X, I, w) is a Kdhler—Einstein manifold with

Ric,, = Aw,
then p)
c(X) = g[w]
Therefore, on
- vol(X) ) Sl )

Proof. The Einstein equation implies

c1(X) = —c1(Kx) =

= —[w].

21

Foxa ] _ [Ricg(l-, -)} A

27i 21
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Proof of Proposition 49.2. We need to compare H_,_; and the Hermitian metric induced by the
Fubini-Study metric. We work in the trivialization employed in Example 52.4. The Fubini-Study
metric induces the Hermitian metric H

1 - -
H(s,t) == 2—[(1 + [wl?) s — (1+ |w|?) 2t*ww*s].
/s
The metric on A"TCP" induced by this is
AEH = detc H.

This is a nuisance to compute directly; fortunately, we don’t need to. By U(n + 1)-invariance, H
and H_,_; agree up to a constant. Another way to figure out what det H is to observe that minus
its imaginary part must be

An

WFs»

which, on U,, is

[ i (Z”: dwy Adiy Z chwc/\wbdwb)] o8N A d A A A dy

oz 2
2e\fd 1wl A 1+ ) (1+ |w])™!
Therefore,
lRngFS(I’ ) == FVKX
= Fanfl
= 2ri(n + 1wrs.
This completes the proof. O

Example 53.12. The following generalized the Poincaré metric on the unit disk in C. Denote by
D" the unit disc in C". Define a Kahler form on D by

2
~.1z1°—1
w=ido =1
2
iy dz® Adz?
S 2 1-|z|?
Up to a constant this induces the metric
(1+1z1%)°

on Kp» and thus

Ric,, = i00(1 + |z|2)_2

==2i(1+]2[) 7 ) z%dz".

a=1

109



54 The existence of Kihler-Einstein metrics

Definition 54.1. Let (X,I) be a complex manifold. A cohomology class a € H(?iR(X) is called
positive (negative) if is represented by (minus) a Kahler form on X.

It follows from our earlier discussion that if (X, I) admits a K&dhler-Einstein metric, then one
of the following holds: ¢;(X) is negative, ¢1(X) = 0, or ¢;(X) is positive. It is a reasonable question
to ask whether the converse holds. These results answer the question if ¢;(X) < 0. If ¢;(X) > 0,
then it depends on a subtle stability condition.

Theorem 54.2 (Aubin [Aub76, Théoréme 2]). If (X, I) is a closed, connected complex manifold with
negative first Chern class c¢1(X), then it admits a Kihler—Einstein metric; moreover, this metric is
unique up to a constant.

Theorem 54.3 (Yau [Yau78]). If(X,I) is a closed, connected complex manifold with vanishing first
Chern class ¢1(X), then every Kdhler class [w] contains a unique Ricci flat Kdhler metric.

Proposition 54.4. Let (X, I) be a complex manifold. Let wy and w be Kdhler forms and let f € C*(X).
If

o =ef . @y
then
Ric,, = Ric,,, + i(?('}f.
Proof. By hypothesis the Hermitian metrics on Kx are related by
H= e_ng.
Therefore,
Rij = —iFy
= —i(Fy, + d0loge™)
= Ric,, + idf. m

Corollary 54.5. Let (X, I, wo) be a Kihler manifold of complex dimension n. Let f € C*(X) be such
that

= wy+i00f

is a Kdhler class. Then _
(wo + i@(’if)”}

0

Ric,, = Ric,, + idd log
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Lemma 54.6 (00 lemma). Let(X, I, w) be a closed Kéhler manifold. Leta € QP-4(X, C). The following
are equivalent:

1. Thereis a f € QPT97Y(X, C) such that a = dp.
2. Thereisay € QP~197Y(X, C) such that a = d0y.
Proof. Suppose that & = df. Decomposing f = fP~19 + pP-971,
a = aﬂp—l,q + 5ﬁp,q—1’ 5[317—1#1 =0, and aﬂp,q—l =0.
By Hodge theory,
PP = gyP2a 4 GyP a7l 4 ,Bop_l’q and g9t = gyP Tl 4 Gypat 4 ,Bg’q_l.

Therefore,
a = ddyP~H971 4§y = 56(yf_1’q_1 - y{’_l’q_l). o

Let A € R. Suppose [Ric,,] = A[wo]. Then for some p € C*(X,R)
Ric,, = Awy — iddp.

We call p a Ricci potential. Since p is only unique up to a constant, we impose the normalization

p n _ n
/8&)0—/0)0.
X X

Thus the condition for w = wy + idd f to satisfy

Ric, = Aw

becomes
0 = Ric,, + iddlog %] — Mawo + i00f)
0
= iéﬁ[log M] —Af—p}.

0

This equation is equivalent to
log M} — Af — p = constant.
0

Let us write this as _

(wo + 100 )"
n
o

= eMePeC,
)
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The constant ¢ is determined by
[V efwf
Jxop

If A = 0, then, by our normalization of p, ¢ = 0. If 1 # 0, then f solves the above equation if and
only if f — £ satisfies

c=—log

(54.7) (o + 10071 lfaf) =eMer
Wg

and both define the same 2—-form w = wy + i3 f. Therefore, in all cases, we are lead to (54.7)—a
complex Monge-Ampere equation. The solution theory for these equation heavily depends on
the sign of A: the difficulty increases drastically as A goes from negative to zero to positive. The
theory for A < 0 is due to Aubin [Aub76, Théoréme 1]. The theory for A = 0 is due to Yau [Yau78]
and also proves the following.

Theorem 54.8 (Yau [Yau78]; Calabi’s conjecture). Let (X,I) be a closed complex manifold. If
p € QV1(M,R) represents c;(X), then in every Kéhler class [w] there exists a unique Kdihler form w

satisfying
Ric, = p.

A clear exposition of the proofs of Theorem 54.2, Theorem 54.3, and Theorem 54.8 can be
found in Blocki [Bto12].

The case A > 0 is extremely delicate and tied up with an algebro-geometric stability condition;
but it has now been solved by Chen, Donaldson, and Sun [CDS15a; CDS15b; CDS15¢].

55 Bisectional curvature and complex space forms

Definition 55.1 (Goldberg and Kobayashi [GK67, Equation (2)]). Let (X, I, g) be a Kéhler manifold.
The bisectional curvature sec: TX X TX — R is defined by

(R(v, Iv)Iw, w)

c
sec (v, w) = BT

Remark 55.2. It is easy to see that sec®(v, w) does only depend on the 2-planes (v, [v) and {(w, Iw).

Proposition 55.3. Ifv, w are unit-vectors, then
sec®(v, w) = sec(v A w) + sec(v A Jo).

Theorem 55.4. If (X, I, g) is a simply-connected Kdhler manifold with constant bisectional curvature,
then its (up to a constant scalar factor) it is isometric to CP", C", or D".

Proof. The proof is similar to that of Theorem 6.5. See [Tiaoo, Theorem 1.12] for details. O
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56 The Miyaoka-Yau inequality

Theorem 56.1 (Guggenheimer [Gugs2] and Chen and Ogiue [CO75, Theorem 2]). If (X, I, w) is a
closed Kdhler-Einstein manifold of complex dimension n, then

<(@c2()() - Cl(X)2) Ulw]™2, [X]> > 0.

Moreover, equality holds if only if X has constant bisectional curvature.

Theorem 56.2 (Yau [Yau77, Remark (iii)]). If (X, I, w) is a closed Kdhler manifold with ¢1(X) < 0,
then
(22000 - (%) U " 1XT) > 0.
Moreover, equality holds if and only if the universal cover X is biholomorphic to CP", C", or D".
This relies on a computation similar to the one that proves Proposition 57.4.
Theorem 56.3 (Miyaoka-Yau inequality [Miy77, Theorem 4; Yau77, Theorem 4]). If (X, I, w) is a
closed Kdhler surface with ¢1(X) < 0, then
Cl(X)z < SCZ(X).

Moreover, equality holds if and only if the universal cover X is biholomorphic to CP?, C?, or D?.

Remark 56.4. Miyaoka [Miy77, Theorem 4] proved this inequality for complex surfaces of general
type. Miyaoka [Miy77, Section 6.A] gives a construction by A. Borel and Hirzebruch of infinitely
many ball quotients realizing infinitely many values of ¢ = 3c,.

Remark 56.5. The rigidity statement is due to Yau [Yau77, Theorem 4].

As a consequence of Theorem 56.3 and a number of results in algebraic geometry, Yau also
proved the following result conjectured by Severi [Sevs4].

Theorem 56.6 (Yau [Yau77, Theorem 5]). Every complex surface that is homotopy equivalent to CP?
is biholomorphic to CP?.

The key point is that it was already known by algebro-geometric methods that such surfaces
saturate the Miyaoka-Yau inequality.

57 Hermitian—Einstein metrics

Proposition 57.1. Let (X, I, w) be a Kahler manifold. For every f € C*(X),

Af =20"0f,
A =233f, and
Af = 2iA0Of
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Proof. By Theorem 51.3,
0" 0f = iNOOf = —iNOOf = 3*Of. O

Definition 57.2. Let (X, I, ) be Kahler manifold and let & be a holomorphic vector bundle of rank
r over X. A Hermitian metric H on & is projectively Hermitian Yang-Mills if

1
iAFg — = tr(iAFy) - idg = 0.
r

A Hermitian metric H on & is Hermitian Einstein if it is projectively Yang—-Mills and tr(iAFg) is
locally constant.

Proposition 57.3. Let (X, I, w) be closed Kahler manifold and let & be a holomorphic vector bundle
of rank r over X. If H is a projectively Hermitian Yang—Mills metric on &, then there exists a function
f € C®(X,R) such that Hef is Hermitian Einstein; moreover, f is unique up to an additive constant.

Proof. For every f € C*(X,R),
= 1
iAFHef = lAFH + 1A68f . ldE = iAFy + EAf . ldE

Therefore, H is projectively Hermitian Yang—Mills if and only if He/ is. Moreover, He/ is Hermitian
Einstein if and only if

%A £ = tr(iAFy) — ][ tr(iAFy). O
b's
Proposition 57.4. Let & be a holomorphic bundle of rank r and let H be a Hermitian metric on &.

/|FH—%tI’(FH)-idE|2Z/ll.AFH—%l'AtI’(FH)-idENZ
X X

n-2

+ 4n<(202(E) - e Ep) U el [X]>.

Here we use the inner product — tr on u(E, H).
The proof relies on the following.
Proposition 57.5. Let (X, I, ») be a Kihler manifold. For every a € QV1(X),
anaAo"?=(n-2)(lAal’ - |a|?) vol,

Proof. For a = w, the left-hand side of the desired identity is n!vol; and the right-hand side is
(n—2)!(n?- n)voly. Thus it remains to prove the assertion for a € A(l)’lT*X = ker A. Since A(l)’lT*xX

114



irreducible representation of U(TyX) and the identity is invariant under this group, it suffices to
verify the identity in one case. To this end we compute.

. .\ n—1
%dza/\dza/\wg 2_(%) (n=2)1) dzy Adzi A Adzy AdZy A ... dzy A dZ,

b#a
i
= 5(n=2) Z «(dzp, A dzp).
b#a
This implies
wn—Z
(dz1 A dz; — dzz A dZp) A ﬁ = Z #(dzg A dZg) — Z «(dzp A dzp)
a#l b#2
= — % (d21 A d21 - de A d?:'z). O
Proof of Proposition 57.4. By Chern-Weil theory
cX)=1+c(X)+e(X)+--- = [det(l + ZLFH)}
/s

In particular,
1
c(X) = [tr(FH)] and  2¢5(X) — e1(X)* = 22 r(Fr A Fr)l.
Therefore,
1
2re;(E) = (r = Des(E)* = [tr(FH A Fr)] - —[tr(FH)]

A short computation shows that

r 1 1 A2

P tr((F tI‘(FH)IdE) A(Fg — = tr(FH)ldE)) — tr(FH A Fg)— — tr(FH)
Y/

Therefore and by Proposition 57.5,

((2res() (= Der(E) ULl [X]) = T2 / \Fy — 1 te(Fry) - d

M/IAFH— Hintr(Fy) -idp)l®. O
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Definition 57.6. Let (X, I, g) be a closed Kéhler manifold of complex dimension n with Kéhler form
®. Let & be a coherent sheaf on X. The degree of & is

deg,,(&) = (1(&) U [0]", [X])
and its slope is
w&) = (bfk#?.
& is called p-stable if, for every proper torsion-free subsheaf # c &,
WF) < ().

& is called u—polystable if

SN

14
fare

N

with & p-stable and p(&x) = p(&).

Theorem 57.7 (Donaldson [Don8s5; Don87] and Uhlenbeck and Yau [UY86]). Let (X, I, g) be a closed,
connected Kdhler manifold. Let & be a holomorphic vector bundle over X. & admits a Hermitian—
Einstein metric if and only if it is u—polystable. Furthermore, the Hermitian—Einstein metric is unique
up to multiplication with a positive constant.

Remark 57.8. If X is a Riemann surface, then a torsion-free subsheaf is nothing but a subbundle.
Furthermore, in this case, H induces a projectively flat connection on E. This is essentially
Narasimhan-Seshadri’s theorem [NS65], which they initially proved using algebraic geometry.
Donaldson [Don83] reproved this result using analytical techniques.

58 Hyperkihler manifolds

Definition 58.1. A hyperkihler manifold is a Riemannian manifold (X, g) together with a triple
of complex structures I, J, K with respect to which g is a Kéhler metric and which satisfy the
relations

(58.2) IJ=K=-IJ.
Proposition 58.3. If(X, g,1, ], K) is a hyperkdhler manifold, then g is Ricci flat.
Proof. Set n := dim X /2 and define

(58.4) 0 = (wy + iwg)"/?.

A computation shows that ; € Q™°(X) and is nowhere vanishing. Moreover, it is parallel. This
shows that the Levi-Civita connection induces a flat connection on Kx. Therefore, Ric, =0. O
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Proposition 58.5 (Hitchin [Hitg2, Theorem 2]). Let (X, g) be a Riemannian manifold together with
a triple of almost complex structures I, J, K which are compatible with g and which satisfy (58.2). If
the 2—forms

(58.6) o= g @ =gUs) and wx = 9(K-")
are closed, then (X, g,1, ], K) is a hyperkdhler manifold.

Proof. We need to prove that I, J, and K are integrable. Again, set n := dim X /2 and define

(58.7) 0 = (a)] + in)"/z.
We have
(58.8) ™' = ker(i(-)@;: TM®C — Ag‘lTM}"’).

Therefore, for v, w € F(TIO’IM),

(58.9) i([u, 0])0r = i(w)i(v)dor = 0.
This shows that [v, w] € F(TIO "' M). By the Newlander-Nirenberg Theorem, I is integrable. The
same argument proves that J and K are integrable as well. O

59 The Gibbons-Hawking ansatz

Let U be an open subset of R, Denote by ggs the restriction of the standard metric on R* to U. Let
m: X — U be a principal U(1)-bundle. Denote by 9, € Vect(X) the generator of the U(1)-action.
Let if € Q!(X, iR) be a U(1)-connection 1-form and let f € C*(U, (0, »)) be a positive smooth
function such that

(59.1) do = — %3 df.
Set
" 1
(59-2) g = fr'ggs + ?0 ®0

and define complex structures Iy, I, I3 by

3

(59.3) I;i0y = f_laxi and Iiaxj = Z €ijkaxk-
k=1

The corresponding Hermitian forms are

3

1
(59.4) o= d0 Adx + - Z eiji fdx; A dx.
jk=1
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Writing (59.1) as
3

1
d6 =~ Z £0jkO, fdx; A dx,
l,j, k=1
we see that
3
1
(59.5) do; = d6 A dx; + 5 Z eijkdf Adxj A dxg = 0.

J.k=1

Therefore, we have proved the following.
Proposition 59.6. (X, g, 1, I, I3) is hyperkdhler manifold.

This construction is called the Gibbons-Hawking ansatz.

Remark 59.7. By construction, the length of the U(1)-orbit over x € U is f(x)”1/2.

Remark 59.8. The fact that

(59.9) i(0q)w; = —dx;

means that the map 7: X — U C R® is a hyperkihler moment map for the action of U(1) on X
(with R® and (1(1) ® Im H)* identified suitably.

Remark 59.10. By (59.1),
(59.11) Af =0.

Conversely, suppose that f: U — R is harmonic and the cohomology class of #s3df lies in
im(H%(U, 2nZ) — H?(U,R)), then there is a U(1)-bundle X over U together a connection i
satisfying

(59.12) do = — %3 df.

Example 59.13 (R*). Let U = R*\{0} and define f: U — R by

1
1 xX) = —.
(59.14) fx) 2]
This function is harmonic and satisfies
1
(59.15) —#sdf = Zvolsz.

Since vol(S?) = 4, there is a U(1)-bundle X over U together with a connection i6 such that (59.1).
Therefore, the Gibbins—Hawking ansatz yields a hyperkéhler metric on X.
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By Chern-Weil theory the first Chern number of the restriction of X to S? is

(59.16) / iLvolsz =-1.

S2 Y 4
Up to is isomorphism, there is only one principal U(1)-bundle over S?: the Hopfbundle 7: S* — S?
and the U(1)-action given by e* - (zg, z;) = (€%z, €!%z;). If g3 denotes the standard metric on
S3, then

(59.17) 0 = g5:(0a, *)
satisfies
(59.18) df = r*volse.

It follows that
(59-19) X = 5% % (0,00) = R"\{0}
and the Gibbons-Hawking ansatz gives the metric
(59.20) g=2ro®0+ %(dr ® dr + rgs2).
The change of coordinates p = V2r rewrites this metric as
g=dpedp+p*(B®0+ ;1952) =dp®dp + p’gss.

This means that the Gibbons-Hawking ansatz yield the standard metric on R*,

Example 59.21 (Taub-NUT). Let U = R3\{0}, let ¢ > 0, and define f.: U — Rby

(59-22) filx) = ﬁ +e

This function is harmonic and we have

(59-23) dfe =df.

By the preceding discussion, X = S® X (0, o) and the Gibbons-Hawking ansatz gives the metric

-1
1 1
(59.24) g= (2— +c) 0®0+ (— +c) (dr ® dr + r?gs2).
r 2r
As r tends to zero this metric is asymptotic to

(59.25) clO® 0+ ggs.
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Although, the metric appears singular at r = 0, the coordinate change p = V2r rewrites it as

1
(59.26) (1 +cp®)dp ® dp + p? ((1 +cp?) 100+ (1 + CPZ)ZQSZ

which is smooth.

This metric is called the Taub-NUT metric. It is non-flat hyperkéhler metric on R*. It was
first discovered by Taub [Taus1] and Newman, Tamburino, and Unti [NTU63]. The Taub—-NUT
space is the archetype of an ALF space.

Remark 59.27. It was observed by LeBrun [LeBog1] that the Taub-NUT metric is in fact Kéhler for
the standard complex structure on C2. Thus it yields a non-flat Ricci-flat Kéhler metric on C?.

Example 59.28 ((R*\{0})/Z). Let k € {1,2,3,...} Let U = R*\{0} and define f: U — Rby

k
(59.29) flx) = m
This function is harmonic and it satisfies
(59.30) — #3df = kvolgz.

Thus, the Gibbons-Hawking ansatz applies. Denote by (Xk, gx) the Riemannian manifold obtained
in this way. If k = 1, then this R* with its standard metric. Let us understand the cases k > 2.
The restriction of X to S? has Chern number —k. This U(1)-bundle is S*/Z; — S%. Conse-
quently,
X =8%/Z; x(0,00) = R*/Zy.

We can choose the connection 1-form 6y on X} such that its pullback to Xj is ik6;. It follows that
the pullback of gi to X; can be written as

k 2
(59.31) 2krf® 0+ 2—(dr Qdr + r°gsz).

r
Up to a coordinate change r + kr this is the standard metric on R%. It follows that gy is the metric
induced by the standard metric on R%.

Example 59.32 (Eguchi-Hanson and multi-center Gibbons-Hawking). Let xy, ..., xx be k distinct
points in R®. Set U := R*\{xy, ..., xx} and define f: U — R by

1
2|x — x;|”

M=

(59-33) flx) =

i=1

From the in discussion Example 59.13 it is clear that the Gibbons-Hawking ansatz for f produces
a Riemannian manifold whose apparent singularities over xi, . . ., x; can be removed. Denote the
resulting manifold by (X, g).
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Since .
flx)= 2% +0(|x|%) as |x| — oo,
(X, g) is asymptotic at infinity to R*/Z;. These spaces are called ALE spaces of type Aj_;. For
k = 2, this metric was discovered by Eguchi and Hanson [EH79]. The metrics for k > 3 were
discovered by Gibbons and Hawking [GH78].
Let us understand the geometry and topology of these spaces somewhat more. Suppose y is an
arc in R® from x; to x; avoiding all the other points xx. The pre-image in X of any interior point

of y is an S! while the pre-images of the end points are points. Therefore,

(59.34) my)cX

is diffeomorphic to S2. Suppose y is straight line segment in R® with unit tangent vector

3
(59.35) v = Z ;05
i=1
with a? + a3 + a2 = 1. The tangent spaces to 7~ !(y) are spanned by d, and v. In particular, they
are invariant with respect to the complex structure
(59.36) I, = a1l; + axlp + asls.

Its volume is given by

(59.37) / a101 + Az + az@s.
77(y)
Therefore,
(59:38) [77'(¥)] # 0 € Hy(X, Z).
If necessary we can reorder the points x; so that fori = 1, ..., k—1, there is a straight-line segment

¥i joining x; and x;4;. Set

(59.39) 3= ().

It is not difficult to see that [X;],. .., [Zx_1] generate Hy(M;Z). It is an exercise to show that

2 i
(59.40) [Zi]~[zj]={12 ifﬁ;&j

Remark 59.41. Kronheimer [Kro89b] gave an alternative construction of the ALE spaces of type
Ag—1 (in fact, all ALE spaces) as hyperkéhler quotients. He also classified these spaces completely
[Kro89a].
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Example 59.42. Let xi, ..., xi be k distinct points in R* and let ¢ > 0. Set U := R¥\{xy, ..., xx}
and define f: U — Rby

k

(59.43) f = 1

— +ec.
— 2|x - xi
The Gibbons-Hawking ansatz for f gives rise to the so-called multi-center Taub-NUT metric.

Example 59.44. The following is due to Anderson, Kronheimer, and LeBrun [AKL&9]. Let x1, x2, . . .
be an infinite sequence of distinct points in R*> and denote by U the complement of these points. If

S
(59-45) > —— <,
j=2 X1~ Xj
then
(59.46) JLST g
594 = 2

defines a harmonic function on U. The Gibbons-Hawking ansatz gives rise to a hyperkahler
manifold X whose second homology Hz(X, Z) is infinitely generated. Anderson, Kronheimer, and
LeBrun prove that the metric g is complete.

This is not a complete list of interesting examples of hyperkéhler manifold which can be
produced using the Gibbons-Hawking ansatz. The most egregious omission is that of the Ooguri-
Vafa metric.

60 The Euclidean Schwarzschild metric

Example 60.1. Denote polar coordinates on R?\{(0,0)} by « and r define the Riemannian metric
gm by

+1
T dr ®dr + (r + 1)%gse.
’

4
(60.2) gis = ——da ® da +
r+1

The apparent singularity at r = 0 is resolved by the change of variables r = p?. This metric is
called the Euclidean Schwarzschild metric. It is Ricci-flat. The expression (60.2) shows that gy is
asymptotic to the flat metric on S' x R3. Therefore, ggs has volume growth r.

61 Unique continuation and the frequency function

Definition 61.1. Let M be a connected manifold, let E, F be vector bundle over M and let D: T'(E) —
I'(F) be a differential operator. We say that D has the unique continuation property if the following
holds: if s € ker D and s vanishes on an open subset, then s vanishes on all of M.

122



Theorem 61.2. Let (M, g) be a connected Riemannian manifold, let E be a Euclidean vector bundle,
and let A be a connection on E, and let R € I'(End(E)). The differential operator

ViVa+R
has the unique continuation property.

Corollary 61.3. Let (M, g) be a connected Riemannian manifold, If « is a harmonic form which
vanishes on an open subset, then a vanishes on all of M.

Throughout the remainder of this section assume the hypotheses of Theorem 61.2 and fix
s € ker D. Furthermore, denote by ry > 0 a small constant. Since s € ker D,

(61.4) Als|? + 2|V as]? = —(Rs, s).

611 The frequency function

The proof relies on Almgren’s frequency function.

Definition 61.5. For every x € M, define my, Dy : (0,ry] — [0, o) by

1
my(r) = n—l/ Is|* and
r 9B (x)

1
Dutr)= iy [ (Vs

and, furthermore, set r_; » = sup{r € (0, 0) : my(r) = 0} and define the frequency function
Ny (r—1,x,70] = [0, %) by

The key property of the frequency function is the following.
Proposition 61.6. For everyr € (r_1,x,7ol,
(61.7) N (r) = —cr(1 + Ng(r)).

Before embarking on the proof of Proposition 61.6, let us record the following consequence.
Proposition 61.8. Foreveryr_; x <s<r <,

Nx(s) < (1+ crz)Nx(r) +crl.
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Proof. By Proposition 61.6,

d
— 2 (Ny(r) + 1) > 0.
dr

This implies
Ny(s) < €20 N (r) + e2<0" ) g, o

The proof of of Proposition 61.6 relies on the following propositions.

Proposition 61.9. For everyx € M andr € (0, ry],

/ Is|? < cr/ Is|2.
By (x) OBr(x)

Proof. Denote by Hy , the mean curvature of dB,(x). We have

d
o N PO T
dr JaB,(x) 8B,(x) 8B, (x)
:/ fum%/" Als]?
OBy(x) OB, (x)

= / Hx,r|s|2 + / [Vas|? + (Rs, s).
9B (x) B (x)

Since Hy,, = 1/r + O(r) and ry < 1, this term is non-negative. Therefore, || P B,(x)|5|2 is non-
decreasing and this proves the statement. O

Proposition 61.10. For everyr € (0, o],

2
mm=w4/ V5,51 + 11y
0B, (x)

with
[tpr| < er(Dx(r) + my(r)).

Proof. Define the tensor field T € T(S*T*M) by
1
T(Ua W) = <VA,‘USa VA,WS> - 5(09 W>|VAS|2.

By a straight-forward computation,

(61.11) trT = (1 - §)|VA5|2.
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Let y € M be an arbitrary point of M and let ey, . . ., e, be a local orthonormal frame such that
(Ve,ej)(y) = 0. All of the following computations take place at the point y. By direct computation

n

(V'T)(ei) = - Z(VA,ejVA,ejS, Vaes) +(Vae,Vaes Vaes) = (Vae Vaes Vaes)

j=1

3
= <V;VAs, VA,e,~3> + Z(FA(ei, ej)s, VA,ejs>
7=

3
= —<‘Rs, VA,ei3> + <FA(e,-,ej)s, VA,ejs>.
i=1

J

Therefore,
(61.12) [V*T| < c(IR| + |[FaD)ls||V as|.

By (61.11), the identity

/ <V*T, dri) = —Zr/ T(0,,9;) +/ <T, Hess(ri)>
By (x) 9B, (x) By (x)

can be rewritten as

/ 2r,VT(0,) = —Zr/ |VA,5rs|2 + r/ |V 4s]?
Br(x) 9B, (x) OB, (x)

v-2) [ |VasP+ / (T, 1)
B, (x) B, (x)

with
1y = Hess(r) — 2g.
Since
ren_ 1 V.sl24 P T 2 L -2 2
Di(r) = ——= [Vasl® + — |Vas|® + 26| pu(®)|°,
r Br(x) r aBr(x)
the inequality (61.12) implies the assertion. O

Proposition 61.13. For everyr € (0, rq],

1
Dy(r) = = / <VA,(9rS,S> +1Ip
9B, (x)

with
lrp| < crzmx(r).
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Proof. By (61.4),

[oavask=- [ s [ ase
B (r) By (r) B (r)
= —/ (Rs, s) +/ dr|s|%.
B (r) OB (r)

Proposition 61.14. For everyr € (0, ry],

This implies the assertion.

2D
=2

with
[t | < crmy(r).
Proof. Denote by H, , the mean curvature of dB,(x). Be the above computation

2 1
mr) = 55 /63 ( )(Hx’r ~ )it r-t /6B ( )6,|s|2
rix r{x

2D.(r) 2 2tp
e AT H/ (He,r = 1)Is]? = =2,
r r OB, (x) r

The assertion follows since |Hx,r - H <ecr.
Proof of Proposition 61.6. By the above

Di(r)  Dy(r)mi(r)

N D) T T )
2 2D, (r)? 1p -~
= Vao,s)°—— - Ny (r
e Jas,o T T ) me
2
> —cr(1+Nx(r) + ———— / |s|2/ IVa.a,s° - (/ <VA,ars,s>) :
my(r)r OB,(x) OB, (x) OB, (x)

By Cauchy-Schwarz, the term in square brackets vanishes.

61.2 Proof of Theorem 61.2

Proposition 61.15. Foreveryx € M and0 <s <r < ro,

r (2—cr®)Ny(r)—cr?
( ) My (s).

r (2+cr®)Ny(r)+cr?
my(s) < my(r) < (—)
S S
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Proof. By Proposition 61.8 and Proposition 61.14, for t € [s, r],

d 2N (1)
—1 t) < +ct
dt Og mx( ) t c
2(1 + cr? 2
JArer) i+
t t
as well as ( 2 )
d 2(1 —cr cr
I logmy(t) 2 ———N,(r) — -
These integrate to the asserted inequalities. O

Proposition 61.16. If's # 0, then, for every x € M and r € (0, ro],

my(r) > 0;

in particular, r_; x = 0.

Proof. If my(r) = 0, for some r € (0, ry], then it follows from Proposition 61.15 that m, = 0.
Therefore, ® vanishes on B, (x). This in turn implies that m,(ry/2) vanishes for all y € B, 5(x).

Hence, ® vanishes on B o (x). Repeating this argument shows that s vanishes. O
This proves Theorem 61.2. O
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