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1 Ordinary Differential Equations

We begin this PDE class with reviewing ODE. The purpose if this is two-fold. First of all, in the
next lecture we will see a class of PDE that can be reduced to ODE. Second, some of the ideas used
to prove Picard—Lindel6f’s theorem on the existence and uniqueness for ODEs can be applied to
certain PDE as well.

Definition 1.1. A (system of) ordinary differential equations (ODEs) of first order is an equation of
the form

(1.2) x(t) = F(1, x(1))

with F: U —- R" and U ¢ R X R" open.
We also call (1.2) a dynamical system and call a time-dependent vector field.

Remark 1.3. Any system of ODEs of any order can be converted to a system of ODEs of first order
by introducing auxiliary variables.

Exercise 1.4. If you unfamiliar with the idea of Remark 1.3, please, read up on this.
Let us introduce some language to talk about solutions of (1.2).

Definition 1.5. A solution of (1.2) is a differentiable map ¢: I — R" defined on an interval / ¢ R
such that for each ¢ € I we have

(t,¢) €U and @) = F(t, (1))

We also say that ¢: I — R is an integral curve of the time-dependent vector field F.
Definition 1.6. A system of ODE of first order (1.2) together with an equation of the form
(1.7) x(t0) = xo
with (29, xg) € U is called an initial value problem (IVP).

A solution ¢: I — R to (1.2) is called a solution to the IVP (1.2) and (1.7) if ty € I and

é(to) = xo.

It is often useful to rewrite an ODE as an equivalent integral equation.

Proposition 1.8. Suppose F is continuous. A function ¢: I — R" is a solution to the IVP (1.2) and
(1.7) if and only if for all t € I we have

t
(1.9) (1) = $(to) + / F(s, ¢(s)) ds.
fo
Proof. If F is continuous, then any solution ¢ to (1.2) is C' and, in particular, continuous.
Consequently s — F (s, ¢(s)) is continuous and thus integrable. The assertion now follows from the
fundamental theorem of calculus. |



1.1 Uniqueness of solutions

Example 1.10 (Failure of Uniqueness). Imagine an infinitely high! cylindrical container filled with
water and a drain at the bottom. Denote by x the water level (in some suitable units). If the container
is empty, then it stays empty and nothing changes; if the water is at level x > 0, then it drains at rate
2+/x. That is, x is governed by the IVP

x(t) =F(x(#)) and x(0)=0

with

Fx) := {_2‘/} x=0
0 x<0

For each 0 < T < oo, the function ¢7: R — R defined by

o = t+T) t<-T
()= 0 t>-T

is a solution of this IVP; it describes the situation where the container has been draining from ¢t = —co
until it is empty at ¢t = —T.

The above describes a physical situation in which uniqueness cannot possibly hold. It turns out,
however, that solutions to ODE are unique under very mild assumptions on F.

Definition 1.11. A function F: U — R is called Lipschitz continuous if there exist a constant
L > O such that forall x,y € U
F&) —FOl _

lx =yl
We call . P
Lip(F) := sup{l(ﬁ—:ﬂ(y)' . x,y € U} € [0, 0]

the Lipschitz constant of F. Clearly, F is Lipschitz continuous if and only if Lip(F) < oo.

Remark 1.12. Lipschitz continuity is a rather strong form of continuity. It is closely related with
differentiably: Rademacher’s Theorem asserts that Lipschitz functions are almost everywhere
differentiable. To know what “almost everywhere” means and understand the proof you would have
to know a bit of measure theory (which I don’t expect you to know for this course).

Hypothesis 1.13. Suppose that F: U — R", (t, x) — F(t, x) is continuous and for each (t, x) € U
there exists a neighbourhood K oft € Rand 'V of x € R" such that K XV C U and there exists a
constant L > 0 such that forall s € K and y,z € V
F(s,y) — F(s,
(1.14) P = Pl
ly -zl

I'This is ridiculous of course, but the model becomes easier to describe assuming this.




Remark 1.15. This is might appear like a very technical hypothesis, but it is exactly what is needed
to make the proof work. If you don’t like this hypothesis, assume instead that F is C'.

Theorem 1.16 (Uniqueness Theorem). Assume Hypothesis 1.13. If ¢1, ¢»: I — R" are solutions
to (1.2) and for some ty € I we have

$1(20) = ¢2(10),
then

¢1 = 2.
Remark 1.17. Note that F' in Example 1.10 is not Lipschitz in any neighbourhood of 0.

For the proof we need the following very simple but tremendously useful lemma.

Lemma 1.18 (Gronwall’s Lemma). Let g: I — R be a continuous function with g > O and t € 1.
If A, B > 0 are constants such that for all t € 1

/ g(s)ds
4]

g(r) < BeAli=tol,

gt) <A

+ B,

then forallt € 1

Proof. We prove this for ¢ > #¢ only. The case ¢ < tg is similar. Please, make sure you understand
how the following argument needs to be adapted in this case.
The function defined by

G() := A/ g(s)ds+ B

Iy
satisfies
G(1) < Ag(t) < AG(t).

Here the last inequality is where the hypotheses on g are used. It follows that
G(t) < G(tg)e™) = BeAl—10),
This completes the proof because g(¢) < G(¢). m]

Proof of Theorem 1.16. Define

Ji={tel:$1(t) = $2(1)}.

We will show that J is a non-empty, closed and open subset of /; hence, it must be the whole interval.
(Do you know why this is true? This is a very simple topological fact, but it is very useful.)

Step 1. By assumption ty € J; hence, J is non-empty.

Step 2. J is closed.



Since both ¢ and ¢, are differentiable, they are continuous and so is
6 :=¢1— ¢o.
Thus J is closed because it can be written as
J=6710).
Step 3. J is open.

Suppose we are given a point in J. We may as well denote this point by 7y. We will prove that
a small neighbourhood of #¢ in I is also contained in J. Choose neighbourhoods K of t € R and
V c R" of xg = ¢1(t9) = ¢2(tg) € R" such that K X V c U and (1.14) holds for all r € K and
v, z € U. Using the integral form of the ODE (1.9), for t € K N I, we can write

t t
[6(H)] < / [F (s, ¢1(s)) — F(s, ¢2(s))|ds SL/ lo(r)| ds|.
1o 4]
By Lemma 1.18 with B=0,6 =0in K N [; hence, / D KN 1. O

1.2 Local existence theorems

Exercise 1.19. Find a function F: R — R such that there is no solution to the IVP
x(t)=F@) and x(0)=0.

Theorem 1.20 (Picard—Lindelof). Assume Hypothesis 1.13. For every (tg, xo) € U there is an
interval I containing ty on which the IVP

(1.21) xX=F(t,x) and x(ty) = xo
has a solution.

Note how the proof is constructive and may (in principle) be used to compute solutions. The
relevant iteration is sometimes called Picard—Lindelof iteration.

Proof. The actual proof may appear a bit technical, but the idea is very simple: Note that the integral
form

t
o) = xo + / F(s,¢(s))ds
0]
has the shape of a fixed point equation
¢=T¢
where T: X — X is defined by

t
(1.22) T(p)(t) :==x0 +/ F(s, ¢(s))ds

4}



and X is a suitable space of functions. If we arrange things carefully 7" will be a contraction and we
can deduce the existence of a fixed point from Theorem B.17.
Now, let’s roll our sleeves up and prove this make this rigorous.

Step 1. Because of Hypothesis 1.13, we can fix §,&, L > 0 such that (1.14) holds for all s €
[to — 6,t0 + 6l and y, z € Bys(x0). We can also assume, by making & and 5 smaller, that

v :=0L

and
o(Le+ M) <e¢

where M = sup{|F (s, xo)| : s € [to — 0, tp + O]}
Step 2. Set I :=[tg — 6,19 + 8] and

X = CO(I;Bg(xo)) ={¢: I = B.(xq) continuous)

The formula (1.22) definesamap T: X — X.

(1.22) certainly defines a map X — C°(I; R"). To see that it maps into X, note that

IT(t) - xol <

/tt |F (s, ¢(s)) = F(s,x0)| + |[F (s, x0)| ds
< 5(28 + M) <e.
Step 3. CO%I; Bo(x0)) is a complete metric space.
This is a question on problem set #1.
Step4. T: X — X is a contraction.
It follows from (1.14) that

/ F(s,¢1(5)) = F(s, ¢2(s)) ds

4]

d(T¢1,Ter) = SI;P

< sup
I

/ IF (5, 61(5)) — F(s, $2(s))| ds
to

< sep/ L|g1(s) — ¢2(s)|ds

< OLd(¢1, ¢2) = yd(1, ¢2).

This completes the proof. |

Remark 1.23. The conclusion of Theorem 1.20 holds under weaker assumptions: Peano’s theorem
asserts that it suffices for F to be continuous.



1.3 Dependence of solutions on initial conditions

Theorem 1.24. Suppose F is C'. If ¢ > 0 and V c R" is a bounded open subset, such that
[—&,e]lxV c U, then thereis a 6 € (0,¢) and a C! map ®: (=6,8) XV — U such that

(1.25) (D(O, X()) = X0

and for each xo € V, t — ©(t, x¢) is an integral curve of (1.2).

Although we are going to use this theorem later, we will not give a proof here. You might want
to try to prove this yourself. If you struggle, it will help to consult [Duistermaat2000]*Lemma B.4.
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2 First-order PDE

In this lecture I will explain one approach to first order quasi-linear PDE, called the method of
characteristics. This approach can be extended to fully-nonlinear first order PDE. A beautiful
exposition can be found in Arnold’s book [1]*Lectures 1 and 2.

Definition 2.1. A first order quasi-linear PDE is a PDE of the form
(2.2) b(x,u(x)) - Vu(x) + c(x,u(x)u(x) =0
for a functionu: U — RwithU c R" anopenset, b: UXR" - R"and c: U XR" — R smooth.

Remark 2.3. Note that if b, ¢ do not depend on the second variable, then (2.2) is a first order linear
PDE.

Remark 2.4. We think of x as a “space variable”. Sometimes, however, we work on space-time. In
these cases we replace R above by R"*! and x by (7, x).

2.1 Change of coordinates

The method of characteristics is based on the observation that the notion of first order quasi-linear
PDE is stable under coordinate change and the hope that one can find find a good coordinate system
in which (2.2) becomes very simple.

Proposition 2.5. Let V: V — U be a C'—diffeomorphism and u: U — R. Defineii: V — R by
i(x) :=u(¥x)).
The function u satisfies (2.2) if and only if the function i satisfies the first order quasi-linear PDE
b(x,ii(x)) - Vii(x) + &(x, d(x)) - ii(x) = 0.
with
b(x,y) := (d¥(x) "' b(¥(x), y)
é(x,y) = c(¥(x), y).

Proof. By the chain rule
Vii(x) = d¥(x) Vu(¥(x)),

or, equivalently,
Vu(¥(x) = (¥ ™)' Vaco:;

hence, 3
b(¥(x),u(¥(x))) - Vu(¥(x)) = b(x,4((x))) - Vii(x).

Trivially, we also have
c(W(x), u(¥(x)) = é(x, y)i(x).
This completes the proof. |

11



2.2 Warm-up: the transport equation
Let us now consider a simple example which will, however, play an important r6le in the theory.

Example 2.6. A transport equation is a PDE of the form
2.7) v(x)-Vu(x) =0
for a functionu: U — Rwith U c R" openand v: U — R" a vector field on U.

The transport equation (2.7) is dual to ODE corresponding to v in the sense of the following
proposition, and this is what makes transport equations easy—at least, theoretically.

Proposition 2.8. Suppose ¢: I — U is a solution of the ODE
(2.9) 0sx(s) = v(x(s)).
Ifu: U — Ris a solution of (2.7), then it is constant along ¢, i.e.,

Isu(¢p(s)) = 0.

Remark 2.10. The reason we parametrise ¢ by s and not ¢ is that often in (2.2) one of the components
of x is time and we want to reserve ¢ for that purpose.

Proof. The proof is a simple computation using the chain-rule:

Osu(@(s)) = 05¢(s) - Vu(gp(s)) = v((s)) - Vu(g(s)) = 0. O
Example 2.11. Suppose we want to solve transport equation on R"*! with

V_ﬁ‘FW
- ot

for some non-zero constant w € R”. (Recall, that we use coordinates (7, X, . . ., x,,) on R**1)
The solutions of (2.9) are the straight lines

x(s) = (s0, x0) + s(L,w);
hence, the solutions to (2.7) must be functions of the form
u(t,x) = f(x —tw)

with f: R" — R some function.

If we specify u on the hypersurface {r = 0}, that is, we fix u(0, -) = f, then there is a unique
solution. Even if f is not differentiable, the function u(s, x) := f(x — sw) still satisfies (2.7), since
u still has a derivatives in the direction of the vector v and this is all that is needed to make sense of
2.7).

12



In the light of the previous example we introduce the following notion which will come up over
and over again in this class (it is a generalisation of the notion of boundary or initial condition).

Definition 2.12. Let U c R" be an open subset and consider a PDE (??) for a functionu: U — R.
Let I' be a smooth oriented hypersurface with outward-pointing unit normal vector v, let k € Ny
and (fo,..., fx): I — RF be a k—tuple of functions. We say that u: U — R solves the Cauchy
problem for (??) with Cauchy hypersurface I' and Cauchy data (fy, . . ., fr) if

e the function u solves the PDE (??), and

¢ we have
ulr = fo. @Gwlr=f1, -+ Ofwir = fx.

Exercise 2.13. In the situation of Example 2.11, find the general form of a solution of the
inhomogeneous transport equation

v-Vu(t,x) = g(t, x).

Here we take g: R"*! — R to be some continuous function. (Hint: What is the analogue of
Proposition 2.87?)

2.3 The method of characteristics

Suppose that u: U — R is a solution of (2.2). Let I — U,s — x(s) be a path in U. Set

y(s) = u(x(s)).
By the chain rule
Osy(s) = Vu(x(s)) - dsx(s).

If x where such that
dsx(s) = b(x, y(5))),
then y solves the ODE
Isy(s) = —c(x(s), y(5))y(s).

Definition 2.14. The characteristic equation for (2.2) is the ODE

Osx(s) = b(x(s), y(s)))
Osy(s) = —c(x(s), y(8))y(s).

If s > (x(s), y(s)) is a solution of (2.15), then we say x is the projected characteristic of (2.2).

(2.15)

Remark 2.16. If the coeflicient b(x, u(x)) in (2.2) does not actually depend on u(x) (this is the
case, e.g., for first order linear PDE), then (2.15) partially decouples and the ODE for x no longer
involves y. One consequence of this is that the projected characteristics for a such first-order PDE
never intersect. This simplifies the problem of solving (2.2) quite a bit. In particular, some of the
phenomena we are going to encounter for the inviscid Burgers’ equation cannot occur.

13



We will now consider the Cauchy problem with Cauchy hypersurface I' and Cauchy data
f: I' = R. The strategy now is to solve (2.15) with initial conditions of the form (xg, f(x¢)) for
x € I' and piece these together to get a solution of (2.2). We cannot always do this for two basic
reasons:

» The projected characteristics may not fill out all of U.
* The projected characteristics may intersect.

One way the projected characteristics could fail fill out all of U is if the projection of the
characteristic through (xo, f(xg)) is tangent to I" at x¢. If there are no such “bad” points on I', then
we can at least solve near I

Definition 2.17. A point xq € I' is called non-characteristic for (2.2) if

v(x) - b(xo, f(x0)) # 0.

Theorem 2.18 (Local solvability). Suppose xo € I is non-characteristic. Then there exists a
neighbourhood V of xo € I and a unique solutionu: V — R of (2.2) with Cauchy data f onT N'V.

Proof. We can choose coordinates (s, xy, . .., X,—1) near xg such that I locally is cut out by s = 0
and xo has coordinates (0, .. .,0). By abuse of notation we still denote the coefficients of (2.2) by b
and c. The normal vector-field v is now nothing but 95 and we still have v - b(xo, f(xg)) # 0.
For a sufficiently small neighbourhood Uy of 0 € I"'and I = (-9, §), we can find (O, ¥): IxXUy —
U X R such that
®0,x)=x and Y(0,x) = f(x)

and

0sD(s, x) = b(D(s,x),T(s,x)) and
05 Y (s, x) = —c(D(s, x), T(s,x))Y(s, x).

0
ide r

with the top-left entry being v - b((0, x), (0, x)). Since xg is non-characteristic, we can assume
that v - b((0, x), f(0,x)) # 0 for all x € Uy. Hence, ®: I X Uy — U is a diffeomorphism near x.
Denote its image by V.

A function u: V — R solves (2.2) with Cauchy data f on Vy = V N T if and only the function
ii: I xUy— R defined by

For x € Uy,

d®(0, x) = (b(x, J(x)

i(s, x) = u(d(s, x))

solves the equation
Osti(s, x) = —c(Q(s, x), i (s, x))i(s, x)

14



and i1 (0, x) = f(x). For this PDE the asserted statement is clear.
Equivalently, the computation preceding this theorem asserts that if a solution u exists then it
must be of the form
u(s, x) = 1@ (s,x));

moreover, this formula also does define a solution as a consequence of the computation in the proof
of Proposition 2.5. |

Although, the previous theorem guarantees the existence of unique local solutions, the question
of global solvability quite involved. Many issues can already arise in the linear case.

Example 2.19. Suppose v = rd, = 3" | x;0; and I = 9 B1 (0). Then the Cauchy problem of (2.7)
with Cauchy data f: T — R has a solution on all of B (0) if and only if f is constant.

Example 2.20. Suppose v = ¢ and I' = {0} X R MU {1} xR" . Then the Cauchy problem of (2.7)
with Cauchy data f: I" — R has a solution on all of [0, 1] X R" ! if and only if f(0,-) = f(1,").

15



3 The inviscid Burgers’ equation

We will now see another example where serious issues arise due to non-linearities.

Definition 3.1. The inviscid Burgers’ equation is the following PDE for a functionu: [0, 0)XxR — R
(3.2) Ot + udu = 0.

Remark 3.3. You might want to think of this is a transport equation where the speed depends on u
itself.

Remark 3.4 (Burgers’ equation and Navier—Stokes). The incompressible Navier—Stokes equation is
the PDE?

ou+ (u-Vu+vAu=-Vp

3.5
(3-5) divu = 0.

for a pair of maps u: [0, c0) X R” — R", the flow velocity, and p: [0, 0) X R" — R, the pressure.?
Here v is a constant. This is a model for the motion of an incompressible viscous fluid.

The second equation in (3.5) is the continuity equation and asserts that no material is created by
the flow. If we want to force Vp = 0, then we can no longer expect this second equation to hold. In
dimension one, the equation we arrive at by setting Vp = 0 and dropping the second equation is
Burger’s equation

O U + udyu — v&iu =0.

Setting v = 0 we obtain (3.2).
Roughly speaking, in (3.5), (u - V)u is a bad term, while the viscosity term vAu is good.

Remark 3.6. The inviscid Burgers’ equation can be written as
2
u
O + Oy (?) =0;
hence, it is a special case of a conservation law, i.e., a PDE of the form

oru(t, x) + 0, F(u(t,x)) =0

for some function F.4

2Hereu -V = Z?:l u;0;. The whole expression 0; + (u - V) is sometimes called the material derivative. It is the time
derivative from the perspective of a particle moving along the flow.
3The role of the pressure is somewhat secondary since it can be recovered from the flow velocity using the equation

Ap = —div ((u - Vu + Au)

and the boundary conditions.
4The name conservation law comes from the fact that solutions have the property o, fR u(t, x) dx = 0 (subject to some
technical hypotheses of course).

16



We will be concerned with the Cauchy problem for (3.2) with Cauchy data f: R — R prescribed
along the Cauchy hypersurface {0} x R, that is, we prescribe

u(0,x) = f(x).

Exercise 3.7 (Conservation of the spatial L>~norm). Suppose «: [0,7) X R — R is a solution of
(3.2) and

/|u(0,x)|2dx = / |f(x)]?dx < oo.
R R

Prove that the spatial L?—norm is conserved, that is, for all for all ¢ € [0, T) we have

/|u(t,x)|2dx:/|u(0,x)|2dx.
R R

Let us now apply the method of characteristics to the inviscid Burgers’ equation. The characteristic
equation takes the particularly simple form

Ost(s) =1,
Osx(s) = y(s),
dsy(s) =0.

Moreover, note that
8%x(s) = d5y(s) = 0.

Thus for the projected characteristic (#(s), x(s)) emanating from (0, xg) we have
d5x(s) = f(xo0).
We conclude that the projected characteristics are of the form
t(s) =s and x(s) =x0+ f(x0)s.
From this we can easily compute the solution to (3.2) in concrete examples.
Example 3.8. Suppose f(x) = x. Then the characteristic curves are
t(s)=s and x(s) = xo(1l +s).

The projected characteristics never intersect (in positive time); hence, we can construct a global
solution to (3.2): u: [0,0) x R — R defined by

X
u(t,x) := m

17



Example 3.9. Let’s slightly change the previous example. Suppose f(x) = —x. Then the
characteristic curves are
t(s)=s and x(s) = xo(1 —1¥).

All the projected characteristics intersect at s = 1. Thus (unless f is constant) we can only solve

(32)uptos=1byu: [0,1) x R — R defined by

u(t,x) = Ll

Exercise 3.10. Find an example of Cauchy data for which no solution #: [0, &) X R — R exists for
any value of £ > 0.

Example 3.11. Suppose

1 x<0
f(x)=<51-x xe€]0,1]
0 x> 1.

(If the fact that f is not smooth, just piece-wise linear, bothers you can smooth out the kinks. This
doesn’t drastically change what is going to happen, but makes the analysis more cumbersome.)
The projected characteristics are

(8, x +5) x<0
s (s, x+(1-x)s) xel0,1]

(s, x) x>1.

For ¢ > 1, these start to intersect.
So initially we only get the “solution” u: [0, 1) X R — R defined by

1 x <t
(3.12) ut,x) =52 xe(sl1]
0 x>1

I wrote “solution” because u(t, x) is not C'.

Exercise 3.13. Suppose ¢ € C7((0, 1) xR) is a smooth function on (0, 1) X R with compact support.
We call such a ¢ a test function. If u is a C'—solution of (3.2), then integration by parts shows that

2
(3.14) / (B, 0)u + (Or ) — dr dx = 0.
(0,1)xR 2

Show that this is also true for (3.12).
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Remark 3.15. We say that u is a weak solution of the inviscid Burgers’ equation if (3.14) holds for
all test functions. Weak solutions play a very important role in PDE. One is often told to first find a
weak solution (this is surprisingly often possible using functional analysis methods) and then prove
using regularity theory that the solution is smooth.

Sometimes one can only prove a certain amount of regularity for solutions, like in the above
example.

Another perspective on weak solutions is that in general asking for a smooth solution is too much
because the actual values of u(#, x) are not physically accessible (= measurable with experiments),

while quantities like
/¢u, /(8x¢)u2, .

are—at least in principle. From this standpoint, (3.14) appears quite natural.

Remark 3.16. The solution u# can be extended to ¢ > 1 by

1+¢

(3.17) u(t,x) = -2
0 X > -

as a weak solution.

Whenever singularities in a PDE can occur, it is interesting and important to understand when
they will occur. For the inviscid Burger’s equation the answer is rather simple.

Theorem 3.18 (Criterion for singularity formation). Let f € C'(R). There is a C' solution
u: [0,00) X R — R to the Cauchy problem for (3.2) with Cauchy data f if and only if f’(x) > 0.

Proof. Suppose f’(x) < 0 for some x € R. Then we can find points xg, x; € R with

xo <xp and  f(xo) > f(x1).

The characteristic curves emanating from these points are

&o(s) = (s,x0+ f(x0)s) and  &1(s) = (s, x1 + f(x1)s).
Since
X0+ f(x0)s = x1 + f(x1)s &= x0 —x1 = (f(x1) = f(x0))s

has a solution for some s = so > 0, &1 and &, intersect which prohibits a C! solution from existing
up until time s.

Conversely, let us show that a global solution exists if f’(x) > 0. We can define a map
®: [0,00) X R — [0,00) X R by

O(s, x) := (s, x + f(x)s)
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This is a C'-map and its derivative is
1 0
do = , .
J) 1+f (X)S)

Since
detd® =1+ f'(x)t >0

forall s > 0, @ is a diffeomorphism (initially locally, but one can see that it is a global diffeomorphism).
Thus the method of characteristics provides the desired solution. |
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4 Introduction to the Heat Equation
The next three or four lectures will be concerned with the study of the heat equation.
Definition 4.1. The heat equation is the PDE
4.2) Oru(t,x) + Au(t,x) =0
for a functionu: [0,7) XU - RwithU c R"and T > 0.
Often one also has to deal with the following inhomogeneous version of (4.2).

Definition 4.3. Let U c R",T > 0and o: [0,T) X U — R. The heat equation with source term o
is the PDE

4.4) ou(t, x) + Au(t, x) = o (¢, x).
for a function u: [0,T) x U — R.

Remark 4.5. Of course, A denotes the Laplace operator (or the Laplacian, for short). It acts on the
spacial variables only:

n
Au(t,x) = = ) 0% u(t, x).
i=1
I prefer to put the minus sign in A, because it makes the operator A positive. Also, various
natural Laplace type operators in geometry come with a minus sign. A as defined here is often

called the geometer’s Laplacian. (The other sign convention is popular among analysts; hence, the
so defined Laplacian is often called the analysts’ Laplacian.)

Remark 4.6. The heat equation models the time-evolution of temperature distributions. Since this
is not a physics class, I will refrain from discussing how exactly one arrives at the heat equation,
but here is a sketch: Consider a small space region U and denote by Ey, (¢) the amount of thermal
energy contained in U. If u(¢, x) is the temperature distribution, then in suitable units

EU(t)z/u(t,x).
U

On the one hand we have, some what trivially,

0:Ey :/ Oru(t, x);
U

on the other hand if ¢ is the heat flux vector, then by the divergence theorem

0 Ey = — (q,v) = —/ divg.
ouU U
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Now by Fourier’s law of heat conduction:

q(t,x) = —Vu(t, x);

/ ou(t,x) = 0, Ey = —/ Au.
U U

Since this is supposed to hold for every space region U, u better be a solution of (4.2).

Observe that there are two key assumptions here: (1) there is such a thing as the heat flux vector
and (2) the heat flux vector is given by Fourier’s law. One can summarise this colloquially as: u
diffuses.

hence,

The heat equation is a constant coefficient linear equation and consequently it is invariant under
spacetime-translations. It has a further interesting symmetry.

Proposition 4.7 (Parabolic rescaling). If u solves (4.2), then for each A > 0 so does
uy(t, x) := u(/lzt, Ax).

Exercise 4.8. Prove Proposition 4.7!

4.1 Boundary conditions

We will usually be interested in solving the heat equation (4.2) subject to an initial condition
4.9) u(0,x) = f(x) forallx e U.

If U is a bounded domain in R” with boundary dU, one typically imposes one of the following
boundary conditions.

Definition 4.10. Given g: U — R, we consider the following type of boundary conditions:

* Dirichlet boundary conditions

“4.11) u(t,x) = g(x) forall (z,x) € (0,T] x 9U,

* Neumann boundary conditions

“4.12) oyu(t,x) = g(x) forall (¢,x) € (0,T] x dU,

* and, given also a > 0, Robin boundary conditions

4.13) oyu(t,x) + au(t,x) = g(x) forall (t,x) € (0,T] x dU.

If OU is disconnected, we can impose mixed boundary conditions, that is, we impose one of the
above boundary conditions on each component of U .
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I\ Remark 4.14. Mostly we will consider homogeneous boundary conditions, that is, f = 0. (The
general case can easily be reduced to this case.) If I write some thing like “we impose Dirichlet
boundary conditions” and make no mention of f at all, then f = 0.

The Dirichlet, Neumann, Robin, or mixed initial-boundary value problem for the heat equation
is the is the condition for u to solve (4.2), (4.9) and either (4.11), (4.12), (4.13) or a mixed boundary
condition. It turns out that each of these problems is a “good” (that is well-posed) problem; in
particular, they have (essentially) unique solutions.

Remark 4.15 (Duhamel’s principle). The problem of solving (4.4) can be reduced to the homogeneous
equation via Duhamel’s principle.
Suppose we want to solve
ou+Au=o

with Dirichlet boundary data g and initial data f. At the expense of changing o, we can assume that
g = 0. Moreover, by subtracting the solution to the Dirichlet initial-boundary value problem with
initial data f, we can also assume that f = 0.

Let u; denote the solution to (4.2) with Dirichlet boundary conditions and initial condition
o (7,-), and define

u(t,x) = /t u:(t — 7, x)dr.
0

This function clearly satisfies the initial and boundary conditions; moreover,
t
0 + MNu(t,x) = (0; + A) / u-(t —s,x)ds
0

=u;(0,x) + / (0 + Nu-(t — 7,x)dr
0

=o(t, x).

4.2 A toy model

Initially very formally, although a lot of this can be made rigorous, we can think of u as a map
U: [0,T] = C%(U), i.e., as a path in the infinite dimensional vector space C>(U, R) and think of
(4.2) as an ODE. As a toy model replace C?(U) by a finite dimensional vector space R and A by a
matrix A € R, The ODE

Orx(t) + Ax(1) =0

can be solved very easily. One extremely concise version of writing the solution is as
(4.16) x(t) = e x(0).
If we knew more about A, then we could also say more about the trajectories defined by (4.16).

Proposition 4.17. If f, g € C>(U) satisfy
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e flou = glou =0,
® 0, flou = dyglou = 0 or

® i, flou +aflou = 0vglou + aglou = 0 with a > 0,

/U(Af )8 = /Uf (Ag) and /U (AN = 0.

Proof. The first assertion is a consequence of Theorem A.4 provided that

then

/ F@yg) - (@, f)g = 0.
ouU

Given either of the first two boundary conditions this clearly holds. For the last boundary condition
the integrand is equal to a(fg — fg) = 0.
The second assertion too is a consequence of Theorem A.4 provided that

/ _@)f = 0.
oUu

Again, given either of the first two boundary conditions this clearly holds. For the last boundary
condition the integrand is equal to @ f? > 0. This is where @ > 0 comes in. m|

This justifies specialising to the case where A (our model for A) is a symmetric matrix with
non-negative spectrum. In this case we can understand (4.16) more concretely. From linear algebra
we know that there is a orthonormal basis (e;) of R” consisting of eigenvectors. Denote the
corresponding eigenvalues by A; > 0. We can this write (4.16) as

n

(4.18) x(f) = Z e~ (e;, x(0)) - e;.

i=1

In particular, every solution decays (fast) as t — oo, except for the potential zero eigenvalues which
stay put. For the heat equation this corresponds to everything decaying to zero temperature (for
Dirichlet and Robin boundary conditions) or a finite temperature (for Neumann boundary conditions).

To make at least some of the preceding discussion rigorous one needs the spectral theory of
unbounded operators on Banach spaces, which is a somewhat advanced topic in functional analysis.
On the interval [0, 1], the spectral theory of the Laplace operator is very simple and is completely
captured by the theory of Fourier series. In the next section we will give a very satisfactory answer
the heat equation on [0, 1] under Dirichlet boundary conditions.
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4.3 Solution of the heat equation with Dirichlet boundary conditions in dimension
one

Theorem 4.19. Letr f € L*([0,1]). There is a unique function u: (0,00) x [0,1] — R which is
smooth, solves (4.2), satisfies the Dirichlet boundary conditions

u(t,0) =u(t,1) =0 forallt > 0,
and the initial condition f in the sense that
}%m@qeme%muy
Proof. We proceed in four steps.
Step 1. Suppose there is such a function u. Define a continuous map U : [0, 00) — L>([0, 1]) by

UO%:{MLJ t>0,
f t=0.

Then, for each t € [0, c0),

(9]

U@ = Y e fuf) fin L2,

n=1

For n € N, define continuous functions a, : [0, ) — R by

an(t) =U @), fu).

Since u solves (4.2), fort > 0
o:a, + (n7r)2an =0.

Hence, fort > 0

a,(t) = cne_(””)zz

for some constant ¢,,. Since a,, is continuous, ¢, = a,(0) = (fy, f). This proves the asserted
identity.

Step 2. There is at most one function u with the asserted properties.
The assignment u — U is injective and by the previous step U is uniquely determined by f.

Step 3. For each k € Ng and Ty > 0, the series

(o8]

(4.20) u(t, x) = 3T (fo f) falx)

n=1

converges in Ck ([T, ) %[0, 1]). In particular, (4.20) defines a smooth function u: (0, c0)x[0,1] —
R.
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This follows from the same kind of argument as Proposition C.10 and the observation that for
£>0andt >Ty >0

1/2 / 1/2
Z(nn)f S fo )] S (Z(nm” 2 TO) (Zufn, 2 |2) < .
n=1

Step 4. The function u has the asserted properties.

Each of the functions (#, x) +— et {fns ) fn(x) solves (4.2) and satisfies the Dirichlet boundary
conditions. The assertion of about the initial value is obvious. O

Remark 4.21. The formula for u can be written more verbosely as
© 1
u(t,x) =2 Z e‘"zt (/ sin(nzx) f(x) dx | sin(nmx).
n=1 0

Exercise 4.22. Prove that if the sequence { f;;, f) is sumable, i.e.,

S S < oo,

n=1
then u extends to a continuous function u: [0, 00) X [0, 1] — R satisfying the initial value
u(t,") = f.

Exercise 4.23. Prove the analogue of Theorem 4.19 for Neumann boundary conditions. (Hint: The
key is to find a suitable analogue of Theorem C.8.)

Exercise 4.24. Suppose o € C*([0, 00) X [0, 1]). Give a formula for the solution of (4.4) with
homogeneous Dirichlet boundary conditions and initial condition f = 0. Hint: Use Duhamel’s
principle.

Exercise 4.25. Define f € L*([0, 1]) by
x<1/2
fx) =
1/2 -x x>1/2.

Find a smooth function u: (0, c0) X [0, 1] — R which solves (4.2), satisfies the Dirichlet boundary
conditions
u(t,0) =u(t,1) =0 forallt > 0,

and with initial condition f in the sense that

limu(r, ) = £ in L2([0,17).

Exercise 4.26. Is there a f € LZ([O, 1]) such that if u: (0, 00) X [0, 1] is as in Theorem 4.19, then
the Fourier series of u(1, x) is
u(l,x) = Z f—2
n=1
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5 Uniqueness for the Heat Equation

In this lecture we will address the uniqueness question for the heat equation in two separate ways:
via the energy method and via the weak maximum principle.

To properly state the main theorems, we need to make some definitions. Let U be a bounded
open subset of R” and T > 0. Set

Ur:=(0,TIxU, Ur:=[0,TIxU, and 0,Ur:=Ur\Ur.

Moreover, we write C%¢(Uz) for the space continuous functions f: Ur — R which are k—
times continuously differentiable in the r—direction and {—times continuously differentiable in the
x—direction.

Theorem 5.1 (Uniqueness). Given functions o: Ur — R, ug: U — R and a choice of either
Dirichlet, Neumann, Robin or mixed boundary conditions, there exists at most one u € C 1’Z(UT)
such that

Oiu+ Au= o in Ur

with
u(0,-) = up

and satisfying the chosen boundary conditions.

Theorem 5.2 (Backwards uniqueness). Given functions o: Up — R, ur: U — R and a choice of
either Dirichlet, Neumann, Robin or mixed boundary conditions, there exists at most oneu € C* (Ur)
such that

Oru+Au=o0inUr

with
u(T,-) = ur

and satisfying the chosen boundary conditions.

In both of these cases, if there were two solutions u; and u, we could subtract them to obtain a
solution v := u; — up of
ov+Av=0inUr

satisfying either Dirichlet, Neumann, Robin or mixed boundary conditions. What we need to prove
is that if either v(0,-) = 0 or v(7,-) = 0, then v = 0.

5.1 Energy method

Proof of Theorem 5.1. Suppose v is as above with v(0, -) = 0. Define an energy function by
E(t) := / lv(t, x)|* dx.
U
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We know that E(0) = 0.

We compute
E@) = a,/ lv(z, x)|? dx

U

= 2/ (Opv(t, x), v(t, x)) dx
U

= —2/ (Av(t,x),v(t,x)) dx <0

U
by Proposition 4.17. Since E(t) > 0, it follows that E(¢) = O for all z. Thus v = 0. m]

Proof of Theorem 5.2. Suppose v is as above with v(7, -) = 0. We define the energy as before. We
now know that E(T) = 0. Since E < 0, we know that E(t) > 0 for t € [0,T). There is no loss in
assuming that, in fact, E(¢) > Ofor ¢t € [0,T).

We compute, using Proposition 4.17,

E@t) =-4 / (Av(t, x), 0;v(t, x)) dx
U
= 4/ |Av(t, x)|>dx > 0.
U

So we know that E is a decreasing convex function, but this is not good enough. However, we can
do better: by using Cauchy—Schwarz

(5.3) E* < EE.
The function log E: [0,7) — R satisfies
lim log E(t) = —co.
t—>T

But (5.3) means that

Thus log E is a convex function which tends to —co as t — T'. This is impossible. |

Exercise 5.4. If f: [0,T) — Ris a C*>—function with f”* > 0, then

f@) = f(0) + f'(0).
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5.2 Weak maximum principle

Theorem 5.5. Letu € C 1’z(le) be a subsolution of the heat equation, i.e.,
(%u + Au < 0
Then u attains its maximum in Ur on 0pUr, i.e.,

max ¥ = max u.
Ur apUT

Note that this gives another proof of Theorem 5.1. The function v satisfies the hypothesis of
Theorem 5.5 and Vlap ur = 0thus v <0, and the same holds for —v; hence, v = 0.
Proof of Theorem 5.5.

Step 1. The assertion holds if 0;u + Au < 0.
If the maximum is attained at a point (¢, xo) in Ur, then d,u(tg, xo) = 0—in fact, the case > 0
is possible only if 7y = T'. It follows that

Au(tg, x9) < 0.
However, xo € U is also a local maximum for u(t, -); hence, the Hessian Hess(u) = (9;0;u) is
negative semi-definite; thus, Au = —tr Hess(u) > 0. This is a contradiction.
Step 2. We prove the theorem.

For each & > 0, define a new function u, € C2(Ur) by
ug(t,x) := u(t,x) — &t.

Since
(0 + Mug <0,

the previous step shows that

max u, = max .
Ur 6pUT

Because
Us <u < ug+éeT,

we also have

max u — el < maxu — el < maxu, < max ug < max u.
6pUT Ur Ur 6p Ur apUT

Since this is true for all & > 0, we have

maxu = max u. O
UT 6]1 UT
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Proposition 5.6 (Comparison). Ifu,v € C2(Ur) satisfy

ou+ Au=o0 and

ov+Av=r1,
and
u<vondUr and o <,
then
u<vinUr.
Proof. This follows from a direct application of Theorem 5.5 to u — v. |

Proposition 5.7 (Stability estimate). Ifu,v € C L2(Or) satisfy

ou+Au=0 and
ov+Av =1,

then

max |u —v| < max |u —v|+ T max |o — 7|.
Ur opUr Ur

Proof. Setw :=u—vand M := maxg, |0 —7|. Bothw — 1M and —w — M are subsolutions of the
heat equation. Apply Theorem 5.5 to both to obtain

maxw —tM < max w —tM < max w

Ur 617 UT (91? UT
and
max —w —tM < max —w —tM < max —w.
Ur 6p Ur 0p Ur
These two inequalities are equivalent to the assertion. O
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6 The Heat Kernel on R”

In today’s lecture we study the heat kernel on R”, which is in some sense the universal solution of
the heat equation and thus also often called the fundamental solution.

Definition 6.1. The heat kernel on R”" is the function ®: (0, c0) X R" — [0, c0) defined by
(6.2) DO, x) = ————e 4
T

The importance of the heat kernel stems from the following fact.

Theorem 6.3. Suppose f € CO(R") is bounded. Define u: (0,00) x R* — R by

0= [ 0= f)dy.
Rn
Then the function u is smooth, satisfies
Oru+Au=0,

and, for each x € R",
limu(t, x) = f(x).
t10

Before we can proof this, we need to verify the following two propositions.
Proposition 6.4. ® solves the heat equation, i.e.,
0,0 + AD = 0.
Exercise 6.5. Prove Proposition 6.4.

Proposition 6.6. For eacht > 0,

/ O(t,x)dx = 1.

Proof. In the coordinates & = x/2v/t the integral becomes

1 2 L | 2
=&l de = _ =& dé:.
ﬂ-n/2 /Rne f !:ll \/;/Re ‘fl

To compute the integral in the product note that

2 2 2 2 o0 2 o 2
(/ e’ ds) =/ e 177 dz :/ / re”” dr =27r/ re’" dr =m.
R R2 0 0 0

The last step uses

d(e_rz) = 2re, |
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Proof of Theorem 6.3. It is clear that u is smooth and solves the heat equation (by differentiating
under the integral, which is justified because, for each Ty > 0, ® is bounded in C* ([Tp, o0) x R™) for
each k € Np).

So we only need to prove the last assertion. For xo € R", by the previous proposition,

/ B x- 3 f) dy - fxo)

/ (1= ()~ FO0) dy‘

< / 00, x - IS - fOol dy

< / O(1,x - YIf () - f(x0)] dy
B (xp)

" / O, x — IO - f(xo)ldy
R\ B (xp)
= IS,[ + IIS,I

for any € > 0.
We have

Ier < sup [f(y) = f(x0)| = Oase 0.
B (x0)

Since f is bounded, for s = r/2t

1 2
., <C ——¢ 4 dx
o= /MZS (4nt)n/2

(o) r2
= Czt_”/z/ r"leTw dr
&£

= C3/ sl ds 50 as e/Nt — oo.
/24t

It follows that

hm llm I(‘;‘,t + IIg’t = O,
e—01-0

which establishes the assertion. O

By Duhamel’s principle we also get a formula for the solution of the inhomogeneous heat
equation.

Theorem 6.7. Suppose o € C*([0,00) X R"). Then u: (0,00) X R" — R defined by

! 1 |x,y‘2
L= GrG =) T o (y, s) dyd
) /0 (4r(t — 5))/2 /Rne o(y,s)dyds
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is smooth, solves
O +MNu=0

and, for all x € R",
limu(t, x) = 0.
10

The proof of this theorem is similar to (but more involved than) the proof of Theorem 6.3.
Definition 6.8. The heat ball of radius a r > 0 at (7, x) € R**! is the set
BY(t,x) :={(y,s) e R : s <1, ®(x -y, —5) > r "},
Note that this ball is compatible with parabolic rescaling based at (¢, x):
(s,y) € B (0,0) = (r’s,ry) € BY(0,0).

Theorem 6.9 (Mean-value property). Suppose U C R" is open and T > 0. Ifu € C*(Ur) is a
solution of (4.2) and BY (t, x) C Ur, then

_ 1 x = yP?
u(t,x) = e /Bf(t’x)u(s,y) P dyds.

Proof sketch. For the detailed proof, see [Evans2010]*pp. 53—-54. The argument presented there
proceeds by proving the following:

e The map
lx — y|?
re — u(s, dyds
4r™ ) BP (1,x) () |t —s]? Y
is constant.
e Forall r >0,
1 lx - yI?
(6.10) — dyds = 1;
4rn J g x It = sl?
hence,

.1 lx - yI?
u(t, x) = lim — u(s, y)———— dyds
( ) rlo 4r" /Bf(t,x) ( y) |[ - S|2

Using the mean-value property we can prove:
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Theorem 6.11 (Strong maximum principle). Suppose U is a bounded open and connected subset of
R", T > 0 and u € C*(Uy) satisfies (4.2). If there exists a (ty, xo) € Ur such that

u(to, xo) = maxu,
Ur

then u is constant on Uy,.

Proof. Suppose u achieves its maximum at (¢g, xo) € Ur. If r > 0 is small enough so that
B (to, xo) € U;, then by (6.10)

1 lx -y
- — (10, x0) — (s, y)) 2
4" JBP (1,x0) |t = sl

But for all (s, y) € Ur, we have u(to, xo) — u(s, y) > 0. Therefore u must be constant on B (¢, x¢).
Suppose y: [0, 1] — Uy is a piece-wise linear path with

')/(0) = (tO, X())

and with decreasing f—component. Its not hard to see that y can be covered finitely many heat balls
“centered” along the path. Thus u is constant along vy.
Since y was arbitrary (and by continuity of u), u is constant on Uy,. |
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7 Introduction to the Wave Equation

Definition 7.1. The wave equation is the PDE
(7.2) Pu+Au=0
for a functionu: I X U — R with U C R" open and / C R an interval.

A solution u of (7.2) is a model for a dislocation of a membrane (or string) over a domain U.
When studying the wave equation one typically imposes initial data/Cauchy data on the Cauchy
hypersurface I' = {0} X U (cf. Definition 2.12), that is for fixed f, g: U — R we require that

u(0,x) = f(x) and Ju(0,x) = g(x).

If U is bounded, one typically further imposes boundary conditions as in Section 4.1.

7.1 A toy model
A toy model for the heat equation is the ODE
A7x(t) + Ax(t)

for a function x: [0,7] — R and symmetric non-negative definite matrix A. In a orthonormal basis
(e;) consisting of eigenvectors with eigenvalues /lf > 0 we can write the solution of the ODE as

n n

x(1) = ) cos(Ait) (er, x(0)) - e + )|

i=1 i=1

sin(A;t)
A

(ei, x'(0)) - e;.

This looks somewhat similar, to what we saw in (4.2). However there are key differences: We
need to specify x(0) and x’(0) to determine x(¢) uniquely. Moreover and most importantly, the
time-dependent coeflicients of the e; do not decay as t — co and they do not blow up as ¢t — —oo.
This foreshadows two key properties of the wave equation: solutions do not become smoother as ¢
increases (or “roughness of the initial conditions propagates in time”) and the wave equation behaves
well backwards in time.

7.2 The wave equation on [0, 1]

The preceding discussion suggests that for f, g € L?([0, 1]) with

f= anfn and g=) bufy
n=1 n=1
the formal expression
N bn .
(7.3) u(t, x) = Z a, cos(nmt) + — sin(nt) | £
o nm
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defines a solution of (7.2) with Cauchy data (f, g) and Dirichlet boundary conditions.

The crucial difficulty in making sense of this is that the coefficients of f,, do not decay fast
in 7; hence, u(z, x) need not be in C2(I x [0, 1]) for any interval O € I. Nevertheless, we have the
following.

Theorem 7.4. If f,g € C*([0, 1]) are compactly supported in (0, 1), then (7.3) defines a smooth
function u: R x [0,1] — R solving (7.2) with initial condition (f,g) and satisfying Dirichlet
boundary conditions.

Exercise 7.5. Prove that if f is C*([0, 1]) is compactly supported in (0, 1), then for each £ > 0 there
is a constant ¢ > 0 (depending on ¢ and || f||-x) such that the Fourier coeflicients ai of f satisfy

la| < c/k".
Exercise 7.6. Use the previous exercise to prove Theorem 7.4.

Remark 7.7. 1If you're stuck on these exercises, please, consult [1]*Lecture 5.

7.3 d’Alembert’s formula

Let us now consider the case of an infinitely long vibrating string, i.e., U = R. There is a beautiful
solution formula for the Cauchy problem in this case, called d’Alembert’s formula. To find this first
notice that on R,

O+ A=0%—02= (8 + 0,)(; — Oy).

One consequence of this is that any(!) function of the form
vr(t,x) :=h(t—x) or vp(t,x):=h(t+x)
i.e., the solutions of the transport equations
(O +0x)v=0 and (0;—0x)v=0

also solve the wave equation (provided / is smooth enough). These are called right- and left-travelling
waves respectively.

Proposition 7.8. Every solution u of the wave equation on R can be written uniquely as the sum of
a right- and a left-travelling wave

u(t,x) =ur(t —x) +ur(t + x)
with ur (0) = uyz,(0).

Remark 7.9 (Finite propagation speed). Let us first note that Proposition 7.8 implies that waves
propagate at finite speed (in fact, speed one): Suppose u is a solution of the wave equation, then
u(t, x) depends only on the initial data on [x — 7, x + ].
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Remark7.10. Also note that the amplitude of the waves does not decrease in space. A one-dimensional
world would be very noisy!

Proof of Proposition 7.8. It is convenient to define new coordinates
g:=t—x and s:=f+x.

These are called characteristic (or null) coordinates for reasons that will soon become apparent.
The derivatives in the old and new coordinates are related by

1 1
0y = (0 —0x) and 0O = z(0; + 0y).
2 2
With respect to these coordinates the wave equation is equivalent to
0405v = 0.
for u(t,x) = v(t — x,t + x). Hence,

0sv(g, s) = 0sv(q,0)
which integrates to

v(g, ) = v(g,0) + / 0,v(a,0) da.
0

This translates back to the asserted statement about u. ]
The general solution to the wave equation on R is given by

Theorem 7.11. Suppose f € C>(R) and g € C'(R). Then there is a unique solution u € C*(R x R)
to the wave equation with Cauchy data (f, g). This solution can be written as

X+t

(7.12) u(t,x) := %(f(x+t)+f(x—t))+ %/ g(y)dy.

x—t

Proof. First note that u defined by (7.12) does solve the Cauchy problem.
For uniqueness, suppose u is such a solution. We can write u(¢, x) = ug(t — x) + ur (¢ + x) with
ur(0) = ur (0) = % f(0). The initial conditions amount to the equations

fxX) =ur(—=x) +ur(x) and g(x) = ugp(—x) +up(x).

Differentiating the first equation yields
I (x) = —up(=x) +ug (x).

This leads to
1 1
up (x) = E(f'(x) +g(x)) and ug(x) = 5(—f’(—X) + g(=x)),
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which integrates to

1 1 [
ur(x) = Ef(X) + 5/0 g(y)dy and

1 I
ugr(x) = Ef(_x) + 5/ g(y)dy.

This gives the asserted formula for u. |

Remark 7.13. Note that if f € CK(R) and g € C¥~!(R), then u € C¥(R). However, it typically
won’t be any smoother.

Exercise 7.14. There is a variant of d’Alembert’s formula for the case U = [0, c0) and with Dirichlet
boundary conditions at x = 0: In this case

u(t’x):{%(f(x+t)+f(x—t))+% )gg(y)dy 0<t<ux,
s(fG+n—f-x)+35 [0 ,80dy 0<x<t.

State and prove corresponding analogue of Theorem 7.11. (Hint: Use the reflection principle!)
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8 The Wave Equation in dimension three and energy methods

There are explicit solution formulae for the wave equation in each dimension n. One way to derive
them is by the method of spherical means. The general case is quite tedious, so we restrict to n = 3
which yields Kirchhoft’s formula. While the derivation is a bit hairy, the final formula is quite
beautiful, so please bear with me.

8.1 Spherical means

Recall that

1
]{J = Vol(U) /U

Proposition 8.1. Suppose u: [0,00) X R" — R is a C? solution of (7.2) with initial conditions f
and g. Define U, : [0,00) X (0,00) = Rand Fy,Gy: (0,00) —> R by

Ux(t,r) = ][ u(t,y)dy,
9B, (x)
F(r) := ][ f)dy, and
dB, (x)
Gy(r) == ][ g(y)dy.
9B, (x)

Then Uy : [0, 00) X (0, ) solves the PDE

n—

1
U, — 0°U, — Uy =0

r

with initial conditions
Ux(0,) = Fx and 0,Ux(0,-) = Gy.

Moreover,

liII(l) Ui(t,r) =u(t,x) and lirr(l) 0:Ux(t,r) = Ou(t, x).
r— r—

Proof. First, note that

Ut 1) = ][ Ofu(t,y)dy
0B, (x)

by differentiating under the integral.
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Denote by w,, the volume of the n—dimensional unit-sphere. We compute

1
0, Ux(t,r) = 0, (—_1/ u(t,y) dy)
Wn-1""" J 9B, (x)
1

=0, / u(t,x +rz)dz
Wn-1 J8B,(0)

1
= / (Vu(t,x +rz),z) dz
Wn-1 JHB,(0)
1
- [ .- o) dz
Wp-1r OB, (x)
1
= ﬁ / VVM(I, y) dZ
Wp-1r OB, (x)

1
— / —Au(t, y) dz.
Wn-1r""" JB, (x)

Here we use Theorem A.4 in the last step.
From this we obtain

n

1—
/ —Au(t,y) dz.
Wn-1T" J B, (x)
1

+— / —Au(t, ) dz
Wp-1r" OB, (x)

-1
=1 huan +][ —Au(t,y) dz.
r OB, (x)

UL (t,r) =

These formula show that U, (¢, r) satisfies the stated PDE. The rest of the proposition is clear. O

8.2 Kirchhoff’s formula
Now suppose n = 3. Define Uy, Fy, Gx: [0, o0) X [0, 0) — R by

U.=rU,, F,=rF, and G,=rG,.

Remark 8.2. The transformation of Uy, F, G you have to do in dimension n > 3 is more involved.
The transformation for n odd can be found in [Evans2010]*Section 2.4.d. From the resulting
solution formulae for # even can be obtain by dimensional reduction.

From Proposition 8.1 we derive that

(07 - 01U, =0 on [0, 00) X (0, 00)
U, =F, and 8,0, =G, on {0} x (0, )
U=0 on [0, ) X {0}.
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Exercise 8.3. Check this!

This is a heat equation on [0, co) with Dirichlet boundary conditions at x = 0 and we know that

forO<r<t
t+r

- 1 i 1 -
mmﬂziﬁumwaMr¢»+§/ G (y)dy.

t—r

From this we can recover u(z, x) as follows:

U, (t,
u(t, x) = lim 22"
rlo r

= 0,U,(1,0)
= 8, F (1) + G, (1).

Finally, we compute

O Fe(t) = 0, (t][ F dy)
OBy (x)

=f FO)+1V, f(t)dy and
0B (x)
me:f tg(») dy.

0B (x)

Theorem 8.4. Suppose f € C* and g € C%. The Cauchy problem for the wave equation on R> has
a unique solution given by Kirchhoff’s formula

(8.5) u(t, x) := ][ FO) +1V, f(y) +18(y)dy.
0B (x)

Proof. The previous computations show that if there is a solution it must satisfy (8.5). A computation
shows that u defined by (8.5) solves the wave equation. m|

Remark 8.6 (Huygens’ principle and finite propagation speed). Note that u(z, x) depends only on the
initial data on the sphere dB;(x). This is true in all odd dimensions n > 3 and is called Huygens’
principle. The weaker statement that u(¢, x) only depends on the initial data on ball B, (x) holds true
in all dimensions. It corresponds to the fact that waves propagate at finite speed.

Remark 8.7. Note that we lose differentiabilty compared to the initial data! (This phenomenon gets
worse and worse as 1 grows.)

Exercise 8.8 (Dimensional reduction). Note that if u(z, x1, x2) solves the 2—dimensional wave
equation then the function v(¢, xy, x2, x3) := u(t, x1, x) solves the 3—dimensional wave equation.
Use this to derive Poisson’s formula for the solution to the Cauchy problem in dimension two:

1 tf() +t V), y — x)+12g(y)
8.9) (t.x) = —][ a
e B; (x) V2 —|x —y|? Y

2
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8.3 Uniqueness of solutions to the Cauchy problem

Suppose U is a bounded open subset of R" and 7" > 0
Theorem 8.10. Given f,g: U — R, there exists at most one u € C*([0,T] x U) such that
Pu+Au=0

with
u@©,)=f and 06u(,-) =g

and satisfying a fixed choice of boundary conditions.

Proof. If there are more than one, then the difference of two such solution givesusaw: [0,T]xU —
R satisfying

Pw+Aw=0
w(t,x) =0 forx e dU
w(0,-) = d,w(0,-) =0.

We introduce the following (somewhat ad-hoc) energy quantity

1
E(t) := —/ 10, w|* + |Vw|?
2 Ju

Since

O E(t) = / (97w, Ow) + (Vw, Va,w)
U

= /U (97w + Aw, d,w) = 0,

this energy is unchanging in ¢. It must therefore vanish since E(0) = 0. E(¢) = 0, however, implies
oyw(t) = 0 and thus w(¢) = 0 since w(0, -) = 0. ]

8.4 Finite propagation speed

The following is a demonstration of the finite propagation speed of waves and also shows uniqueness
of the Cauchy problem on R”.

Theorem 8.11. Let u € C2([0, ) x R" be a solution of (7.2). Fix (tg, xo) € (0,00) X R™. Set
C :={(t,x):t €[0,10], x € By—1(x0)}.

Ifu(0,x) = 6;u(0, x) = 0 for all x € By,(xo), then u(t,x) = 0 for all (t,x) € C.
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Proof. Again, we introduce an ad-hoc energy quantity

1
E(t) := E/ 10,w]? + |[Vw|>.
Bto—r(x)

We know that £(0) = 0. Now we compute how E changes in ¢:

1
GEW) =0, 5 / Ol + |Vl

Bto—t(x)
= / <6z21/l, 6[M> + <VM, Vat”)
Bto—t(x)

1
——/ |0u* + |Vul?
2 JoByyi(x)

= /Bto_t(x) <8z2u + Au, 8,u>

1
+ / (O, Oty = = (10,ul” + |Vul?)
aBto—t(x) 2

1
= / (Oyu, Opuy — = (|8tu|2 + |Vu|2) <0.
OBy (x) 2

Here, the last inequality uses ab < % (a2 + bz).
Thus E is non-increasing in 7. Since £(0) = 0 and E > 0, we must have £ = 0. Thus d;,u =0
(and Vu = 0) within C; hence, u = 0 in C because u(0, x) = 0 for all x € By, (xo). ]

Exercise 8.12 (Equipartition of energy). Suppose u € C(R x [0, o)) solves the Cauchy problem
for the have equation with compactly supported Cauchy data (f, g). Define the kinetic energy T and
the potential energy U by

1 1
T(t) = = / |0ul> and U(r) := = / [Vul?.
2 Jr 2 Jr
Prove that there is a T > 0 such that for all # > T the kinetic energy equals the potential energy, i.e.,
T()=U(@) fort>T!

How does T depend on f and g? (Hint: Use d’Alembert’s formula!
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9 The Fourier Transform

The next two lectures will give a introduction to the Fourier Transform. Throughout these lectures
all our function under consideration are a priori complex valued.

Formally, the Fourier Transform of a function f: R" — C is the function f: R" — C defined
by the formula.

9.1) F(HQ) = f(y) = /Rn f(x)e—Zni<x,y> dx.

I write “formally”, because actually making sense of (9.1) for suitable large class of functions and
making sure that all the theorems one would like to be true really hold is a bit requires some work.
9.1 The Fourier Transform on L'

Proposition 9.2. If f € L' (R"), then f € CO(R") and

1Al < NNl
In particular, the Fourier Transform defines a bounded linear map ¥ : L'(R") — CO(R*)NL®(R™).

Proof. To prove the estimate, note that for every y € R” we have

£ () < /R n|f<x>e-2""<x’y>|dx < /R Af@)ldx =1f1ps;

hence, || fllL= < [Ifllzt-
To prove that f is continuous, note that for all » > 0 we have

|f()’) - f(Z)l < / |f(x)||e—27ri<x,y) _ i)
B, (0)

+ / |f(x)||e—27ri(x,y) _ e—Zm'(x,z>|
R"\B,(0)

< Je2mitey) _ e—2ni<x,z>|Lm(3r(o))||f||L1 + 2/ [f (O]
R™\B,(0)

For fixed r > 0, we have

—27i{x,y)

llmle - e—Zﬂi(x,Z>|Loo(Br(o)) =0.

z=y

Thus for all » > 0, we have

tim| () - f(2)l <2 / @l

R™\B,-(0)
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Since

lim |f ()] =0,
7% JR™\B, (0)

it follows that f is continuous. |
Proposition 9.2 has a slight improvement called the Riemann-Lebesgue Lemma.

Lemma 9.3 (Riemann-Lebesgue Lemma). If f € L'(R"), then f decays at infinity, that is,
lim I £llL®m\8, ) = 0.

Exercise 9.4. Prove the Riemann-Lebesgue Lemma. Hint: Use that smooth compactly supported
function are dense in L'.

Possibly the most important property of the Fourier Transform is that it “diagonalises” differenti-
ation.

Proposition 9.5. If f, dx, f € L'(R"), then

Oy S () = 27ivi f (7).

Conversely, if f,-2nixif € L'(R™), then f is differentiable in the direction of yy and
By f () = F (22mixe ().
Proof. To verify the first assertion we compute
G0 = [ 0y s e
=2miyg /f(x)e‘zm(x’”dx.
To prove the second assertion observe that, by the hypothesis,
F(xX)8y, &2 = iy f(x)e Y

is absolutely integrable, that is, in L'. By Proposition D.2, it follows that f is differentiable in the
direction of y; and

Ay, fo) = /f(x)ayk e~ 2mixy)

= /—27rixkf(x)e‘zm.(x’y> = F (2nixi (). o
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Another important property of the Fourier Transform is the way in which it interacts with
convolutions. Recall that

(f+&)y) = /f(y — x)g(x) dx;
and if f, g € L'(R™), then f * g € L'(R™); in fact,
Lfglipe < W flleligllze
Proposition 9.6. If f,g € L' (R"), then
fre=f-&

Proof. We compute
frglx) = / ( / fy-28(@) dz) e dy
Rn Rn

— / f(y _ Z)e—Zm'(x,y—z) X g(z)e—Zm'(x,z) dde
n RVI.

= f(x) - 8(x). .

9.2 Fourier inversion on Schwartz functions
Formally, inverse Fourier Transform of a function g: R" — C is the function g: R"” — C defined
by
©.7) F OO =8() = / g(x)e ) dx.
Rn

There are various heuristic reasons why % ~! should be the inverse of #. However, ¥ : L' — L®
and, a priori, (9.7) does not make any sense if we just know that g € L*(R"). This can be addressed
by working with a suitable function space with respect to which the Fourier Transform behaves in a
“more symmetric way”’.

Definition 9.8. A function f € C*(R") is called a Schwartz function if for all k, £ € Ny

sup |x[¥|V¢ f] < 0.

xeR”

The set of all Schwartz functions on R” is denote by S(R").
Proposition 9.9. The Fourier transform defines a linear map ¥ : S(R™) —» S(R").

Proof. This is a consequence of Proposition 9.5. O
Theorem 9.10 (Fourier inversion). If f € S(R"), then
FloF(f)=f and FoF '(f)=f.
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Let me first tell you how a non-rigorous proof would go. Just by writing out the definitions we
have

FloF(f)(x) = / / f(z) - e FFiExX 7 dy.

Interchanging the integral we get

= / 1) ( / e‘2”i<z-x’y>dy) dz.

The integral in parenthesis can be computed to be the distribution 6 (y — z). Thus the entire expression
is fx0=f.

There are two (related) difficulties with this argument: first one cannot exchange the order of
integration because | f(z) - e 27 %Y=*)| is not integrable on R" x R", second saying that integral in
parenthesis is 6(y — x) does not make sense. In fact, the latter is really just a restatement of what
needs to be proved.

We will be able to salvage this argument. The key idea is to “regularise” e~>*(=¥=X)_ Before we
can get started with this we need to compute the Fourier Transform of a Gaussian.

Proposition 9.11 (Fourier Transform of a Gaussian). For all a > 0, we have

n 7r||2

e_aﬂ'l'lz =a 2@ al”
Proof. For 2 > 0and f € L'(R"), we have
fQ)=7"f(/2).

Thus it suffices verify the assertion for a = 1. Moreover, by Fubini, it suffices to consider n = 1.
We compute

e_ﬂ.(,)z (y) — / e—nx2+27rixy dx
R

— v _ v)2
=Y /6 m(x+iy) dx
R

A simple way to evaluate the last integral is to note that ¢ has no pole on any strip of the form
{z € C:Im(z) € [a, b]} thus
/ e dz
R+iy

does not depend on y, and for y = 0 we know the integral to be one. m|

Proof of Theorem 9.10. Given f € S(R™), we need to show that
Florn = [ [ @ day = .
n Rn
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The function
f(Z) . e—27ri(z—x,y)—47rzt|y|2

is absolutely integrable over R" x R", thus by Fubini’s theorem

/ f(Z) . e—27u'(z—x,y)—47r2t|y|2 dz dy
n Rn

R” R”

By Proposition 9.11, the integral in parenthesis is K;(z — x) with

1 2
N o
K.(): (47rt)"/2e .

(Recall that this is the heat kernel on R".) Thus the above integral is

(f * Ki)(2).

In the lecture on the heat kernel we saw that
}i_lj(l)(f * K1) (2) = f(2).
We also have
/ f(2)- o~ 2mi(z-x.y)-4n’tly 2 dzdy = f(y)62ﬂi<x,y>—47r2t|yIzdy‘
n JRrn R"
Since f is integrable, by Theorem D.1, we have

lim | f)eX e Ty = 7o (£ (x).
— R”
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10 The Fourier Transform (continued)
10.1 Plancherel’s theorem
Theorem 10.1 (Plancherel’s theorem). If f, g € S(R"), then
fo8r2 = <ﬁ§>Lz
Proof. By Theorem 9.10, we can assume that g = /. The assertion is then equivalent to

<f’ E)LZ - <f’ h>L2 '

Using the fact that | f (x)||A(y)]| is integrable, we compute

(£.h),, = / F)h(x) dx

= / f(x) ( / h(y)e 27 dy) dx

= [ [ reoe e i) dvas

- / ( / Fx)e2mioe dx) Ry dy
= / FOOh(y) dy = (f.h),, - o

Proposition 10.2. There is a unique bounded linear map F : L*(R"™) — L*(R™) which agrees with
the Fourier Transform on S(R™). This map is an isometry.

Proof. The set S(R™) is dense in L>(R"). Thus for any f € L?>(R™) we can pick a sequence (f;) in
S(R™) which converges to f in L2. By Theorem 10.1,

WF (fi) = F Ul = I1fi — fille-
Therefore ¥ (f;) is a Cauchy sequence and has a limit
lim F(f;) € L*.
If (f;) were another sequence in S(R") converging to f, then
Tim [IF(f;) = F (f)llzz < Him |If; = fllgz + 1fi = fllz2 = 0.
Thus the limit only depends on f. We define
F(f) = lim F(f;) € L.

The linearity of 7 on S(R") immediately implies the linearity of the extension to L?(R™).
It follows from Theorem 10.1 that ¥ is an isometry. |
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10.2 Tempered distributions

Any continuous function f: R" — Cis completely determined by the linear map 7 : S(R") — C

Ty () i=/ fo.
Rn

In the proof of Theorem 10.1 we saw that if f, g € S(R"), then

| se=[ fe

T(¢) = Tr($).
Note that the right-hand side of this equation makes sense, even if f is not in S(R"). These
observations leads us to the definition of tempered distributions and vast extension of the applicability
of the Fourier Transform.
Roughly speaking a tempered distribution is an element in “the dual space” of S(R"). However,
since S(R") is an infinite dimensional vector space one has to be a bit careful with what one means
by “the dual space”.

Thus if f € S(R"), then

Definition 10.3. A tempered distribution T is a linear map T: S(R") — C with the following
continuity property: If (¢;) is a sequence in S(R™) such that for all k, £ € Ny

lim sup |x[*|V/¢;] =0,

L0 yeRn
then
lim T'(¢;) = 0.
1—00
We write S*(R") for the space of all tempered distributions on R".

Example 10.4. Suppose f: R" — C is slowly growing, that is, there is some k € Ny and ¢ > 0
such that

£ (0] < e(1 +xD*.
Then
Tr () 1=/ /o
Rn

defines a tempered distribution.
If no confusion can arise, we will often just write f for the distribution 7 defined by f.

Example 10.5. The “6—function”
6(¢) := ¢(0)

is a tempered distribution.
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Definition 10.6. If T is a tempered distribution, we define its Fourier Transform and inverse Fourier
Transform by
F(T)=T:=ToF and F'T)=T:=ToF "

Thus we extend the Fourier Transform and its inverse to linear maps
F: SR> SR and F7': S*R") - S*R.
By Theorem 9.10 we have
FoF ' =ids:rny and F'oF =idg gn).

Note that “trick” allows us to make sense of the Fourier Transform even for functions which are
slowly growing and for which (9.1) wouldn’t make any sense at all.
Two key identities for the Fourier Transform are

FO)=1 and F()=206.

The first is trivial. The second is not at all trivial, however; the bulk of the proof of Theorem 9.10
was proving this identity.
Most things one can do with functions one can also do with tempered distributions:

Definition 10.7 (Differentiation). Suppose 7 is a tempered distribution on R". We define its
derivative by x; as

(0%, T) (@) := T(=0x, $).

Definition 10.8 (Multiplication by a function). Suppose 7T is a tempered distribution on R". If f is
smooth and f all of its derivatives (of arbitrary order) are slowly growing, then we define

(fT)(¢) :=T(f¢).

Definition 10.9 (Convolution). Suppose T is a tempered distribution on R” and f € S(R"). We
define T * f € C(R") by
(T (@) =T(f(=)*¢)

With these definitions in place one can readily see that all the identities we derived in the previous
lecture for the Fourier Transform on S(R") carry over to S*(R").

10.3 A derivation of the Heat Kernel
Suppose u: [0,7] x R" — R.
Ou+Au=0
u(0,-) = f.
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Denote by i the Fourier Transform of u in the spacial directions. Then we know that

80 +4r%x|P4 =0

4(0,) = f.

Thus
it,) = e A
By Proposition 9.11,

1
T_l(e_4”2|x|2t) B (4rr)ni2 A K; (x).

Thus by Proposition 9.6 and Theorem 9.10
ut,) =F 1 (Ke - f)=Kix f.
Exercise 10.10. Find the fundamental solution of Schrédinger’s equation

(10.11) — 0 + Ay = 0.
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11 Introduction Curve-Shortening Flow

There are no notes for this lecture, and the content of this lectures is not examinable.
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12 Laplace’s and Poisson’s equations

Fix an open subset U C R".

Definition 12.1. Laplace’s equation is the PDE
(12.2) Au=0
for a function u: U — R. A function u: U — R is called harmonic if it satisfies (12.2).

Definition 12.3. Given f: U — R, Poisson’s equation is the PDE
(12.4) Au=g
for a functionu: U — R.

Remark 12.5. We can think of any solution to (12.2) and (12.4) as a steady state solution of an
(inhomogeneous) heat or wave equation.

Note that since (12.2) and (12.4) do not depend on time, do not have to/cannot specify initial
conditions. You might think that it is boring to study equations without time-dependence. However,
many situations are inherently time-independent and (versions of) (12.2) and (12.4) can be used to
great profit. Even if you really only care about time-dependent PDE, studying the Laplace operator
A in depth will be important: note, for example, how the solution to the heat equation is basically
equivalent to understanding all possible solutions (u, 1) of the eigenvalue problem

Au = 2*u.

12.1 Dirichlet’s principle

Suppose U is a bounded domain in R" with smooth boundary and f: dU — R smooth. Consider
the space

CP(0) = {u: ulgu = f).

We can think of u € C]‘Z°(U ) as describing the dislocation of a membrane over U which is supported
by a boundary frame with dislocation given by f. A model for the energy of such a membrane is

E(u) := %/Uqulz.

Physics tells us that the physically realised membrane « should minimise E(«). Suppose « minimises
E(u). Then for each variation ¢ € C?° (U) we have

0= QEu+10)lo = / (Viu, V) = / (A, 9).
U U
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Thus we must have Au = 0, for otherwise we could find a ¢ for which the right-hand side of the
above does not vanish.
This shows that if there is a smooth minimiser u € C;°(L7 ) of E, then it must be harmonic. More
generally, solutions of
Au=g

are characterized by minimizing the functional

1
E(u) ::/ 5|vu|2—u.g.
U

We say that harmonic functions can be characterised by a variational principle. Finding such a
variational principle for a PDE is extremely useful because finding minima of a functional is often
easier than solving a PDE. We will pick up this thread later in this lecture.

12.2 Connection with holomorphic functions

Definition 12.6. Let U Cc C be a domain in the complex plane. A complex-valued function
f: U — Cis called holomorphic at zy € U if the limit

I f(2) — f(zo0)
m —-

2720 Z— 20
exists. It is called holomorphic if it is holomorphic at points in U.

Exercise 12.7. A complex-valued function f: U — C is holomorphic if and only if it satisfies the
Cauchy—Riemann equation

af
12. A
(12.8) 0z 0
with
of . . .
P = Oxf +i0y, f = (Oxu — 0yv) +i(Oyu + Oxv).

Here u :=Re f and v :=Im f, and x := Rez and y = Re z.

Remark 12.9. The Cauchy—Riemann equation is a system of first order PDE on the vector-valued
function (u, v).

I hope you recall from your class on complex analysis that the theory of holomorphic functions
is incredibly rich. In particular, there are a great number of holomorphic functions and they enjoy
spectacular regularity properties.

Proposition 12.10. If f: U — R is holomorphic, then both u := Re f and v := Im f are harmonic.
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Proof. Holomorphic functions are C>—in fact, analytic. By (12.8),
Oxu =0yv and Jyu = —0xv.

Thus
Au = -8%u— 8ju = =08,y + dydxv = 0.

(In the last step we used Schwarz’s theorem that for a C? function partial derivatives commute.) 0O

Remark 12.11. The converse of this is also true: every harmonic function u: U — R on a domain
U c Cis the real part of a holomorphic function provided U is simply-connected. A nice explanation
of this fact that uses only complex analysis can be found in this answer of Christian Blatter’s to a
question on MSE.

12.3 Uniqueness via the energy method

Theorem 12.12. Suppose U is bounded with C' boundary. There is at most one functionu: C>(U)N
C'(U) — R satisfying Poisson’s equation (12.4) satisfying Dirichlet, Robin or mixed boundary
conditions (cf. Section 4.1). For Neumann boundary conditions any two solutions differ by a locally
constant function.

Proof. The difference w satisfies Laplace’s equation with homogeneous boundary conditions and

integration by parts shows that
0= / (Aw, w) > / Vw2,
U U

It follows that Vw = 0. m]

12.4 The weak maximum principle

Theorem 12.13. Suppose U is bounded and f € C?>(U) satisfies
Au <0,

then

maxu = maxu.
U ou

Exercise 12.14. Prove Theorem 12.13.

Exercise 12.15. Suppose f € C>(R") is harmonic and “decays at infinity” in the sense that

lim sup |[f]=0.
" RM\B,(0)

Show that f = 0.
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12.5 W22_estimates

Theorem 12.16. For f € C°(R"), we have
IV2£ll 2 = IAf 2.

Proof. This is a simple computation

VA= Y [ @i

i,j=1

-3 | @an@arn

ij=1

-3 | conanan

ij=1

-3 | codana

i,j=1

= /R (=00, 1)(~0:0:)

ij=1
= [[Af 2. o

Remark 12.17. Although this result has a very simple proof, it is surprising that the size of the
Hessian of f can be controlled just in terms of the Laplacian (at least when the size is measured in
L?).

12.6 Dirichlet’s principle (cont.)

Can we construct such a minima for E? Let us try the direct method E is bounded below. Thus
Ey:=inflE(u) :u € CJ‘?(U )} > 0 (in particular, it is finite) and we can find a sequence (;) such
that

E(ul) g Eo.

If there where a u., such that (some subsequence) of (u#;) converges to U in C*, then E(us) = Ejp.
The problem is that a priori such a u., does not need to exist, and even if it existed the minimising
sequence will typically not converge in C*.

Nevertheless, one can make this idea rigorous. First of all note that it suffices to consider the
case of homogeneous boundary conditions, that is, f = 0. We introduce the following space of
functions with zero boundary values.

”I/l” = / |Vu| |u|'
“71 2
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Denote by WbL2(U) and Wé’Z(U) the completion of C*(U) and C°(U) with respect to |||[y1.2
respectively.

Remark 12.19. In the next lecture we will proof the Dirichlet—Poincaré inequality, which says that if

U is bounded and u € C°(U), then
/|u|2 < c/ |Vul|?
U U

with a constant ¢ > 0 depending only on U. As a consequence of this we might equally well use the

norm
. 2
[Juell .=/|Vu|

U

on W, (U).
Now, consider the functional

1
E(u) ::/ §|Vu|2—ug.
U

Proposition 12.20. A function u € Wé’z(U ) satisfies
E(u) = inf{lE(v) : v € W2 (U)}

if and only if
Au=g

in the weak sense, that is, for all ¢ € Wé’z(U)

/(AM)¢=/8¢-
U U

Proof. E: WS’Z(U ) — Ris a smooth map and its derivative at u is
dE,[i] = / (Au — g)i.
U

If u minimizes E,, this vanishes for all fue WS’Z(U ); hence u satisfies Au = g in the weak sense.
Conversely, if u satisfies Au = g in the weak sense and v € WOI’Z(U ), then

/|Vu|2—ug:/(Au)u—ug
U U
=/(Au)v—vg
U

:/(Vu,Vv)—vg

U

</1|V |2+1|V 2
—|vu —|VV|T —Vvg.

= o2 2 &

Thus E(u) < E(v). O

58



Let u; be a minimising sequence, i.e.,
inf{E(v) : v € W2 (U)} = lim E(u;).
11—

By the Dirichlet—Poincaré inequality, for some ¢ > 0 and all £ > 0, we have

2 2 -1
luilly > < cEQui) + C/ lullgl < cE(u;) + cellully, +ce lIgll-
U

Taking € = 1/2¢, we get
luilly o < 2¢E(u;) +4c?|lgll.
In particular, ||u;||y/ 1.2 is bounded independent of i.
Then f; converges weakly in Hé to a limit f. Thatis for all g € Hé.

(fi-8) = {f. &)

Proposition 12.21 (sequential weak-* compactness). Let H be a separable Hilbert space. Let
(x;) € HN be a sequence with liminf|x;|y < co. Then after passing to a subsequence, (x;) has a
weak—limit, i.e., there exists a x € H such that forall y € H

(x,y) = lilm (xi, y).

Proof. This is (a consequence of) the sequential Banach—Alaoglu Theorem which states that the
closed unit ball of the dual space of a separable normed vector space is sequentially compact in the
weak-* topology and the fact that Hilbert spaces are isomorphic to their dual spaces. (See Theorem
3.2.1 in Biihler—Salamon’s Lecture Notes on Functional Analysis for a proof.) |

Remark 12.22. There is also a non-sequential Banach—Alaoglu Theorem which states that the unit
ball of a dual space of a separable normed vector space is compact in the weak-* topology. This
follows easily from Tychonoft’s theorem stating that arbitrary(!) products of compact spaces are
compact. However, the proof of Tychonoff’s theorem uses the Axiom of Choice whose use one
might want to avoid to construct something as concrete as a solution to a PDE.

This allows us to take some limit u € Wg’z(U ) of the minimizing sequence u;. The following
guarantees that u actually minimizes E.

Proposition 12.23 (weak-* lower semi-continuity of E). Suppose u; € (Wol’z(U NN weakly converges

tou € W(}’Z(U). Then
E(u) < liminf E(u;).
11—

Proof. By weak convergence
/ [Vul> — gu = 1im/<vu,~, Vu) — gu;
U 1
o lon. Lo o
< liminf [ —|Vul” + = |Vu;|* - gu;.
i 2 2
This implies the assertion. |

59


https://people.math.ethz.ch/~salamon/PREPRINTS/funcana.pdf

It follows that u really does minimize E and thus satisfies
Au=g

in the weak sense. In one of the following lectures we when u satisfies the Poisson equation in the
strong sense.

Remark 12.24. Note that the above argument works with very little regularity on g. In fact, it suffices
that g define an element of the dual space of WS’Z(U ).
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13 The Poincaré inequalities

Let U be a bounded open subset of R".

13.1 Dirichlet-Poincaré inequality

Theorem 13.1 (Dirichlet—Poincaré inequality). There is a constant ¢ > O such that for all u €
W(}’Z(U) we have

(13.2) /|u|2 < c/ |Vul?.
U U

Proof. By density it suffices to prove this for u € C;°(U). Moreover, it suffices to prove this for
U = Q :=(0,1)", since after rescaling we can assume that U c Q and C;°(U) c C(Q).
Since

x|
u(xy, X2, ...%n) :/ oru(s, xo,...,x,)ds,
0
we have

1
UGty X, - ) s/ 1114(s, X, - - 0] ds.
0

By Cauchy—Schwarz,

1 1 172
/ [Ohu(s, x2,...,x)|ds < (/ [O1u(s, x2, . . .,xn)l2 ds) .
0 0

Thus |
|u<x1,...,xn>|zs/ 101u(s, X2, . . ., x)|* ds
0

Integrating over x; yields
: 2 ! 2
[ mPan < [t an,
0 0

and a further integration over x», . . ., x, yields the Dirichlet—Poincaré inequality. |

Exercise 13.3. Show that there is a constant ¢ > 0 (depending only on n) such that for all » > 0 and

all u € W,”*(B,(0)) we have
/ lu> < cr2/ |Vul?.
B, (0) B, (0)

Exercise 13.4. Prove the L? Dirichlet-Poincaré inequality: For each p € [1, 00) there exists a
constant ¢ > 0 such that for all u € C5°(U) we have

/lulp Sc/qulp.
U U
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Hint: Adapt the proof of Theorem 13.1 by using Holder’s inequality
1/p 1/q
Lres([ue) ([ rer]
U U U

Remark 13.5. The best constant for the Dirichlet-Poincaré inequality on U is the number

fU|”|2
cp(U) ;= sup 5
ueCy W) [y |Vul

/IVu|2=/<Au,u),
U U

1 Au,u
——=2W) = inf Ju (A ) )
ep(U) ueCy W) [ ful?

. . _1 1
for satisfying 1 = R

Since for u € C3°(U) we have

It turns out that /l? is the smallest eigenvalue of A with Dirichlet boundary condition. This is why
Theorem 13.1 is called the Dirichlet—Poincaré inequality.

Exercise 13.6. Find an upper bound for c¢(U) in terms of the geometry of U.

If one does not impose that u vanishes on the boundary of U, then (13.2) cannot hold. Because
locally constant functions violate this bound. However this is the only problem.

13.2 Neumann-Poincaré inequality

Theorem 13.7 (Neumann—Poincaré inequality). Suppose U is connected. There is a constant ¢ > 0
such that for all u € W2(U) we have

/|u—ﬁ|2§6/|Vu|2.
U U
ﬁ::][u.
U

Proof for U = B, (0). It suffices to consider By := B;(0). We compute

|u—a|2=/ f u(x) - u(y) dy
B, B |/ B,

= vol(B;)~2 /
B

< vol(Bl)_1 / lu(x) — u(y)l2 dydx.
By J By

Here

2
dx

2
dx

/ u(x) —u(y)dy
B
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Since the straight-line connection x, y € By is contained in B, we have
1
) = u)l < [ 1+ 10y - ol
0
1
<lx -yl / [(Vu)(x +1(y — x))| dt
0

1 1/2
sz(/ |(Vu)(x+t(y—x))|2dt) .
0

Combining both observations using the symmetry between x and y, and substituting z :=
ty + (1 —t)x we have

) 4 ! 2
Bllu—ul < VOl(Bl)/Bl /BI/O [(Vu)(x +t(y — x))|"dtdy dx

8 1/2 )
) vol(Bl)/Bl /B/O (V) (x + 1y = )| de dy dx

8 /1/2/ 1 / )
— — |(Vu)(z)|” dzdydt
vol(B1) Jo B 1—1 B (ty) g

<8 [ 1(Vu)(2)I* o
B

Proof sketch for general U. The typical proof of this result for general U is more involved and
proceeds by a contradiction argument. I don’t expect you to know this proof, but for completeness
let me give a outline of the argument.

Suppose there is no such constant. Then there exists a sequence u; € W2(U) such that

(13.8) /mk — > > k/ Vg |2
U U

There is no loss in assuming that iz = 0 and fulukl2 = 1. Then |Vug|;2 — 0. Thus one the one
hand |ug |y 1.2 is uniformly bounded and thus a subsequence has a weak-* W12 limit «, which one
can show satisfies Vu = 0 and thus is constant. On the other hand Rellich’s Theorem asserts that a
further subsequence has a L? limit, which must also be u, and thus

=0 and |lull2=1.
But this contradicts u being constant. m|

Remark 13.9. The best constant for the Neumann—Poincaré inequality on U is the number

o lu—al*
cy(U) == sup U >
wec>W) [ |Vul
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By Theorem A.4, for u € C*(U) we have

/|Vu|2:/<Au,u>+/ (Oyu)u
U U oU

Thus if d,u = 0 and Au = Au, then
/IVu|2= /l/lulz.
U U

Constants satisfy this identity with 4 = 0. That is the smallest eigenvalue of the Laplacian
with Neumann boundary conditions is zero. To find the next smallest eigenvalue /lf’ (U) we work
L?—orthogonal to the constants, i.e., we make the assumption that i = 0:

Juy|Vul?
fu|”|2

/lllv(U) ::inf{ :uECm(U),avu:O,g:()}_
Then we have

N
oy S

13.3 The Li-Schoen proof of the Dirichlet—Poincaré inequality

The above proof of Theorem 13.1 is the “standard proof™. Another proof of the L' Dirichlet—Poincaré
inequality was discovered by Peter Li and Richard Schoen [4].3
It suffices to consider the case U = B;.

Proposition 13.10. Fix y € 0By, and consider the function p: By — (0, o) defined by

p(x) = |x = yl.

Then
ne™ < —Ae™ and |Ve | < ne .

Proof. By a direct computation we have
Ap=—(n-1)p!
and for ¢ > 0
Ae™P = ce™P(=Ap — c|Vp|?)
=ce P(-Ap-c¢)

=ce™P((n-Dp -0

<ceP((n-1)-c).

51 do not expect you to be able to reconstruct this proof.
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Thus
Ae"P < —ne™P < —pe ",

It is clear that [Ve ™| < ne™"". O

Using Theorem A.4 it follows that
ne—3"/ |ul s/ —AePlul < | Ve ™||Vul <n [ |Vul.
B B B B

This proves the L' Dirichlet—Poincaré inequality.

Remark 13.11. Note that the L' Dirichlet—Poincaré inequality implies all L” Dirichlet—Poincaré

inequalities:
l/p
( / |Vu|p) .
U

p-1

r
/Ws«:/ |V|u|f’|$cp/ |u|P‘1|Vu|Scp(/ |u|P)
U U U U

(Note that L + 22 = 1)
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14 Mean-value properties of harmonic functions

Let U be a bounded open subset of R".

Theorem 14.1 (Mean-value property). Let u: U — R be a harmonic function. If B, (x) C U, then

u(x) =][ u and u(x) =][ u.
63,«()’) Br(x)

Proof. Note that the second identity follows from the first by integration.
To prove the first identity, we define f: (0,7] — R by

f(s) := ][ u.
dBs(x)

131%1 f(s) = u(x).

By continuity of u, we have

The following computation shows that f(s) is independent of s, thus proving the identity:

Fo=1f au=-2f =0
9B (x) " JBy(x)
Here we use Theorem A.4 and that vol(dB,-) = nvol(B,). m|

Remark 14.2. Compare this with Theorem 6.9.
Remark 14.3. In the next lecture we will see that the converse is also true, see Theorem 15.12.

As we will see in the rest of this lecture, this simple observation has remarkable consequences.

14.1 Strong maximum principle

Theorem 14.4 (Strong maximum principle). Suppose U is connected. Suppose u € C*(U) is
harmonic. If there is a x € U such that

u(x) = maxu,
U

then u is constant.

Proof. Suppose
u(x) =M := max u.
U

Then for each y € B,.(x) ¢ U, we must have u(y) = M because otherwise u(y) < M and thus
fBr(x) u < M. It follows that u is locally constant and thus constant, since U is connected. m|
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Exercise 14.5. Suppose u,v: U — R are both harmonic and set

fi=ulsgy and g:=v|sy.

Prove that
f=zgbutf#+g = u>v inl.

Also, show that
lu=vilL~w) < IIf = gllL>@v)-

14.2 Ck—estimates

Theorem 14.6. For each k € Ny, there is a constant cy such that for all B, (x) C U we have
k Ck
IViu(x)| < W”u”LI(B’(X))
Proof. The proof is by induction. For k£ = 0, the assertion is clear from Theorem 14.1.

To show that the assertion holds for k + 1. Note that 9;,,,0;, - - - 0; u is harmonic. Thus by
Theorem 14.1, using Theorem A.4, and the induction hypothesis:

][ Oiy1 Oy -+ - Oqyu
B, 2(x)

2n
- ][ Oy, -+ - Onu)vi
OB, /2(x)

2n
THaik te ai]l/i”Lw(Br/z(x))

|aik+1aik e ai]”l(x)

r

IA

2n+k+lnck

< — e el o)
Ck+1
i 1L B, -

Here we used that vol(dB, ) = nvol(B,). ]

14.3 Liouville’s Theorem

Theorem 14.7 (Liouville). Let u: R"™ — R be a harmonic function. If there exists a constant
M > 0 such that \u| < M on all of R", then u is constant.

Proof. By Theorem 14.6

Since r > 0 is arbitrary, it follows that Vu = 0. ]
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Exercise 14.8. Let u: R" — R be a harmonic function. Suppose there are constants A, B > 0 and
a € (0, 1) such that
lu](x) < A+ B|x|“.

Prove that u is constant.

Remark 14.9. Note that there are plenty of harmonic functions with that satisfy the above hypothesis
with @ = 1!

14.4 Harnack’s Inequality

Theorem 14.10 (Harnack’s inequality). Suppose V C R™ is an open subset such that V c U. Then
there exists a constant ¢ > 0 (depending on V) such that all whenever u: U — R is harmonic and
u > 0 then
supu < cinfu.
v v

Proof. Setr :=d(V,0U). If y € VN B,2(x), then B, ;2(x) C B,(y) and thus

u(x) = ][ u < 2"][ u=2"u(y).
By j2(x) B (y)

(Note that the inequality uses that # > 0.)
V can be covered by a finite number of balls of radius » with center in V. If there N balls, then
the above argument gives
u(x) < 2"™Mu(y)

for every pair x,y € V. m|
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15 Weyl’s Lemma

Definition 15.1. A function u: U — R is called weakly harmonic if u € Lloc, i.e., it is locally
integrable® and for each ¢ € CS"(U ) we have

/quS:O.
U

Exercise 15.2. Prove that if u is slowly growing (see Section 10.2) and weakly harmonic on R”, and
if

1 2
. —|x|/4t
Kt(X) = (471'1‘)"/26 X

denotes the heat kernel, then
| @it =t ay =o.
Rn

(Ax means that we take the Laplacian of K;(x — y) as a function of x.)
Theorem 15.3 (Weyl’s Lemma). Every weakly harmonic function is smooth and harmonic.

This is a truly remarkable statement. We start with a function u that could a priori be extremely
rough, not even smooth enough to write down Au = 0; and then the fact that it is weakly harmonic is
enough to deduce its smoothness. Although the proof we will give relies very heavily on properties
of the Laplace’s equation, this type of statement hold for the vast class of so-called elliptic equations.
This is often referred to as elliptic regularity.

Remark 15.4. Theorem 15.3 extends to the space of Schwartz distributions D (U), the dual space of
).
0

Remark 15.5. Note that Re(%) : C* > Risnotin LlloC (R?).

15.1 Proof using Heat Kernel

Proof of Theorem 15.3 using the heat kernel. We begin with the case U = R" and u slowly growing;
not because the general case reduces to it, but because it makes the proof idea crystal clear.

Let K;(x) := —_L__¢=Ix/4 denote the heat kernel on R”. Define
(4rct)n/?

ur (x) = (K *u)(x) = / K;(x — y)u(y)dy.

n

From Section 6 we know that for each ¢t > 0, u; is smooth, and for each x € R”,

u(x) = ltijl})l us(x).

In case you don’t know what this means assume u to be continuous.
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Using the fact that K; solves the heat equation, i.e.,
8;Kt = _AKt

and Exercise 15.2, we compute that for each t > 0
Orus (x) = / 0, K, (x — y)u(y)dy
Rn

= _/RH(AKt(x — y)u(y)dy
=0.

But this implies that u, (x) does not depend on ¢ at all! Hence, # = u; and therefore smooth.

Remark 15.6. Before pressing on, let me briefly point out what the idea is here: Suppose we are
given a weakly harmonic function u, then we consider the heat flow u; starting at u. The function
(¢, x) — u(x) already does solve the heat equation in the weak sense; hence, by uniqueness (in a
stronger form than we proved in this class) it agrees with the smooth solution that is known to exist.

Let us now prove the general case. We will show that u is smooth in a neighbourhood of
each point xo € U. The problem with carrying over the above proof is that we cannot smooth u
by convolution with the heat kernel, since u is not defined on all of R". This, however, is easily
remedied. Fix r > 0 such that By, (xg) C U and fix a smooth function y: R" — [0, 1] supported in
B4, (x9) and equal to one on By, (xg). Define v € Llloc(R") by

vi=y-u.

Set
vi(x) = (K; = v)(x).

These functions are still smooth for each ¢ > 0 and also for each x € B (xq)
=1i .
u(x) tlﬁ)l v (x)

The functions v, now really do depend on ¢; however, in a controlled way:

Proposition 15.7. For each k > O, there is a constant ¢y > 0 (independent of t) such that

10:vellck (B, (xg)) < Ck-

As a consequence of this, the sequence (v1;) is Cauchy in each C k(B (xp)); hence, they converge
to a smooth limit function which must agree with u|z, ,,, because this is the point-wise limit.

The proof of Proposition 15.7 is very simple in principle, but writing out all the details will be a
bit hairy.
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Let’s compute

awu)=ﬁ;@Kxx—wx@moow

—AJ&&@—ﬁM@M@Ny

—A;ungx—yDXUWKwdy

e [Ay(K:(x = y) x () ]u(y) dy
—/ L:(x,y)u(y)dy
=—/'uuym@m»

R}’L

with
Li(x,y) = =2(Vy K (x = ), V() + Ki (x = HAx ().

The last step uses that u is weakly harmonic. Now the V y and A y are supported in the annulus
A := B4, (x0) \ B (x0) and we only care about x € Bj(xo). Since the function K, (x — -) is smooth
on A and has uniformly bounded C*—norms, the same holds for L, and this proves the proposition
and thus the theorem. O

Theorem 15.8 (Elliptic regularity for A). Suppose f € C*(U) and u € LIIOC(U ) is such that for

each ¢ € Cg*(U) we have
[uso=[ 5o
U U

then u is smooth and Au = f.

Exercise 15.9. Prove Theorem 15.8!

Remark 15.10. The above proof can be generalised in various ways, see Daniel Stroock’s “Weyl’s
Lemma, one of many”.

15.2 Proof via Mean-value property

Most PDE books give the following proof using the mean-value property of harmonic functions.
(You may like usual proof better because it avoids the apparently technical Proposition 15.7, but this
sort of argument really should not scare you.)

Alternative proof of Theorem 15.3. We present the argument in three steps. The first two steps
together proof that that weakly harmonic functions satisfy the mean-value property; the last step
proves that functions satisfying the mean-value property are smooth and thus harmonic.
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Given By, (xg9) C U, we need to show that u is smooth on B, (xp). We introduce a family of
mollifiers n: fix n € CF ([0, 1); [0, 00)) with f[o,l) s"‘ln(s) ds = 1 and set

1
Ne(x) = n (M)

Ewy—1 &

Step 1. For each 0 < & < r, the function u.: Bp,(x9) — R defined by

ug(x) = / Ne(x — y)u(y)dy
B (x)

is smooth. For each x € By, (xq)
limug(x) = u(x).
£l0

Moreover,

lim lug —u| = 0.
€10 /By, (x0)

Exercise 15.11. Prove this!

Step 2. For each x € B, (xg) and0 < s <,

u(x) = ][ u(y) dy.
OB (x)

(A simplified version of) the argument from Exercise 15.2 shows that
Aug(x) = 0.

Hence, u, satisfies
=1 w;d
By (x)

for each x € B, (x9) and 0 < s < r. The previous step implies that the same holds for «, i.e.,

u(x) = ][ u(y) dy.
B (x)

This is not quite what we are looking for; however, we can differentiate this expression by s to get

][ u(y)dy = ][ u(y)dy.
OB (x) B (x)

This yields the desired assertion.

Step 3. Finally, we come full circle and prove that
U=ug

in B, (xg), in particular, u is smooth in B, (xg).
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We compute

ug(x) = / Ne(x —y)u(y)dy
Ba(x)

e n—1
- /0 L n(s/e) u(y) dyds

" OB, (x)
&
= u(x) - / (s/€)""'n(s/e) d(s/e)
0
=u(x). O
Theorem 15.12. If u satisfies the mean-value property, then it is smooth and harmonic.
Theorem 15.13. [fu: U — R is harmonic, then it is analytic.

Proof. See [Evans2010]*Section 2.2 Theorem 10. The idea is to show that the Taylor series
converges by estimating the remained using Theorem 14.6. (The derivation I presented does not
yield estimates on ¢ which are good enough, but they can be improved by adjusting the radius r/2
of the smaller ball to a more clever choice depending on k.) O

Corollary 15.14 (Unique continuation). Suppose u: U — R is a harmonic function. If u vanishes
on a non-empty open subset of U, then u vanishes identically.

Exercise 15.15. Consider the annulus

A= {(xy) €R* = C:{/|x2 +|y2 € [1,2]} = B2(0) \ B;(0).

The function f : A — R defined by
X — = Re(1

is harmonic.
Is there a harmonic function f: B,(0) — R such that

fla=f?

15.3 Unique continuation and the frequency function

There is another proof of unique continuation using the frequency function, which is also an important
concept.

Definition 15.16. Let x € U and R := d(x, 0U). The frequency function N, : I — [0, 00) is defined
as
rfBr(x) |Vul? _ rH\(r)

Jon, oo > he(r)
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with
Hy(r) = / [Vul* and hy(r) = / |ul?.
B, (x) OB, (x)
Here I := {r € (O,R) : h(r) # 0}.
We now drop x from the notation.
Proposition 15.17. If u is harmonic, then N’ > 0 on 1.

Proposition 15.18. If u is harmonic, then we have

H(r) = / (Oyu)u.
9B, (x)
Proof. This follows from Theorem A.4.

Proposition 15.19. If u is harmonic, then

2
H ) =2"ZH( +2/ 16,u?  and
r OB, (x)

-1
By =" hir) + 2/ (B, u)u.
r 8B, (x)
Proof. We compute

n-—1
W (r) = / |W+/ Oy ul?
r OB (x) 0B, (x)

~1
Ly 2/ (B,u)u.
r 3B, (x)

The computation for H’ is a bit more involved. First note that

n
Ho =[Py e
9B, (x) = Jos,

Then compute, using Theorem A.3,

/ (xi|Vul?, x;/r)
OB, (x)
=/ 3 (xi[Vul®)
By (x)

:/ IVul? +2 )" xi(3j0) (I
By (x) j=1

= / |Vu|2 -2 Z Bj(xiaju)(aiu) + 2/ Z xi((')ju)(aiu)y,-
B (x) i

j=1 0B, (x) j=1
- / IVul? = 210 + 2r/ (ﬁal-u) (Byu).
By (x) OB, (x) \ T

74



Summing this up yields
H(r)=(n-2) |Vul? + Zr/ 10, ul?. O
B, (x) 9B (x)

Proof of Proposition 15.17. Using Proposition 15.19, we compute
H(r) rH'(r) rHI)KW ()

NOE50 T e T T e
_H®) | (=DH() ¥ JoB, x) 10rul®
~ h(r) h(r) h(r)
rH(r) (n—-1
_ —h(r)2 ( . h(r) + 2/63r(x)(6,,u)u)
. / |u|2'/ |au|2—/ O]
h(r)? \JaB, x) 0B, (x) 0B, (x)
>0
by Cauchy—Schwarz. |

Proposition 15.20. If u is harmonic and non-vanishing on Bgr(x), then I = (0,R) and for

O<s<r<R
r n—1 r
h(r) = (;) exp (2 / oY dt) h(s):

(2)"_1+2N(S) h(s) < h(r) < (E)HHN(F) h(s).

Proof. On I, the formula for 4’ from Proposition 15.19 can be written in the form.

W' (r)=(n—1+2n))h(r)/r;

in particular,

hence,
(logh(r))" = (n—1+2n(r)) /r.
This integrates to the stated identity if [s, 7] € 1. The second assertion follows from Proposition 15.17.
To see that I = (0, R), first note that since u does not vanish on Br(x) we have I # 0. We

also know trivially that I is open. Suppose (r1,r2) C [ is a maximal interval contained in /. If
s € (r1,r2), it follows that

h(r1) = (ri/s)" " h(s) and k() 2 (r2/$)" O h(s).
Thus r; = 0, because if r; > 1 it follows that 4(r;) > O contradicting the maximality; similarly

rn =R. O

Alternative proof of Corollary 15.14. If u does not vanish identically on U, then there exists a
B,(x) c U such that u vanishes on B,;»(x) but hy(r) > 0. This contradicts the previous
proposition. O
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16 Green’s functions

Combining the Dirichlet principle and Weyl’s Lemma in the form of Theorem 15.8 allows us to find
a smooth solution u € C*(U) of the Poisson equation

Au=g

for g € C*(U) N CO(U) satisfying the homogeneous Dirichlet boundary conditions in the sense
thatu € WS’Z(U ). The construction of this solution however is somewhat abstract. This is “good
enough” for most applications, but it is nice to have a more concrete ways to represent/find solutions.
This is where Green’s functions, the fundamental solutions of the Laplace equation, come into play.
Let us begin with the Green’s function G on R". We want G to be such that for suitable
g: R" — R the function defined by
u=G=xg,

ie.,

u) = [ G- e dy

satisfies
Au =g.

In the language of distributions this means that
AG =6.

Definition 16.1. The Green'’s function on R" is the function G: R\ {0} — R defined by

~ {—ﬁ log | x| n=2,

1 2-n
2ol 1| n>2.

16.1 Derivations of the Green’s function

Let me briefly present two ways to arrive at the above formula (for n > 3).

16.1.1 Derivation from the heat kernel
We know that the heat kernel K; satisfies
(at + A)Kt = O

fort > 0, lim,,., K; = 0 and lim,_,¢g K; = ¢ (as a distribution). Thus (somewhat formally)

A/ Kl:_/ 8;Kt=6.
0 0
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For n > 2 and x # 0 we have - .
o (@myn2®
4t

_lx?
# dt = G(x).

To see this, change variables s := T toget
S 2 o ot
/0 We‘ﬁtl dr = 4711”/2 /0 jans P
r (% B 1) 2-n
=z [x|<7".
But a2 42
vol(BY) = =

r(4+1) nam-2r(%-1)
Arguing with just a bit more care (that is writing everything integrated against test functions
¢ € C;°(R™)), the above can be made into a rigorous proof of the following theorem.

Theorem 16.2. If g € C°(R"), thenu := G = g € C*(R") and

Au=g.

16.1.2 Derivation using the Fourier transform

Using Proposition 9.5, taking the Fourier transform of AG = §, gives

4r?|yPG(y) = 1.

1 1
G=9"" =
(47r2| : |2) (47r2| : |2)

Actually computing the right-hand side is not that trivial, because | -| =2 ¢ L' (R") and we need to view
it as a tempered distribution: For n > 3, the integrability fails at infinity, i.e., |- |72 ¢ L'(R"\ B;); but
we still have | - |72 € S*(R™). For n = 2, however, the problem is more severe since | - |72 ¢ L! (Bf)
and thus it does not even define a tempered distribution.

We can learn a lot about G without actually doing any computation at all. First, if A € SO(n),
then

Thus

F(foA) =F(f)oA.

Therefore, because | - |2 is SO(n)—invariant, so is G; i.e., G(x) = g(|x|) for some g. On the other
hand if  is homogeneous of degree k, then f is homogeneous of degree (—k — n). It follows that

G(x) = c|x|*™"

for some constant c.
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16.2 Solving the Poisson equation with C! inhomogeneity
Theorem 16.3. If g € Cj(R"), then u := G x g € C*(R") and
Au=g.

Remark 16.4. Note that this is actually a bit stronger than saying AG = ¢ (because g need not be
smooth). Also note that our proof does not work with g € Cg (R™) only; however, one can get away

with g € Co**(R") for some @ > 0, that is, g € CJ(R") and

up 8() — eI _
x#y lx — y|*
This observation lead to an important subject called “Schauder theory”.

Proof of Theorem 16.3.

Exercise 16.5. Prove that AG = 0 on R" \ {0}. (Hint: It helps to know the formula for A in polar
coordinates.)

Note that §;0;G ~ |x|™" near zero, thus it is not integrable and we cannot use just use the exercise
and Proposition D.2. However, we can write

M) == YOG+ d) ) == Y, [ 8GCr =g .
i=1 i=1

To see that this vanishes, we proceed as follows. For any € > 0, note that

Z/ 9;G(x = y)0ig(y)dy
o /B

< Vgl / VGl
B, (0)

— l|VeliL~ / G,
B1(0)

by the homogeneity of degree (1 —n) of [VG|. This goes to zero as & | 0. Moreover, by Theorem A.4

/ (VyG(x = y),Vyg(y))dy = / (AyG(x —y))g(y)dy
R”\B,(x) R"™"\B¢(x)

+/ 0,G(x —y)g(y)dy.
Bs(x)

Here the first term on the right-hand side vanishes and v = — &:i - We compute further
/ 3,G(x - y)g(y)dy = / —0,G(y)g(x —y)dy
OB (x) 0B:(0)
1
= —— =y g (r - y) dy
/335(0) I’ZVOI(B?)

= ][ g(x—y)dy — g(x)
8B (0)
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as € — 0. Here we used that nvol(B}') = vol(dBY'). This completes the proof. |

16.3 Representation formula for solutions of the Dirichlet problem

Suppose now that U C R" is a bounded open subset with smooth boundary. Suppose for each x € U,
¢ solves the Dirichlet problem

Ap, =0 inU and
O0x(y) =G(x—y) forally e dU.

Finding such correction term ¢ is difficult in general; however, for simple regions U formulas for
¢ are known. Set
GU(-X’ )’) = G(x - )’) - ¢(x9 y)

Proposition 16.6 (Representation formula). Given any u € C*>(U), for any x € U we have
u) == [ uaGua s [ MGy,
U U

Proof. Apply Theorem A.4 to Ug := U \ Bz(x) to derive

/aU u(y)évGu(x,y)—Gu(x,y)é?vu(y)=/ Au(y)Gy(x,y).

£

Now Gy = 0 on 9U (this is why the correction term ¢, is needed!), and

/ Gy (x,y)du(y)dy — 0
OB (x)
as € — 0. The argument from Theorem 16.3 shows that

u(x) = lim 0,Gu (x, y)u(y).
e—0 OB,

Here v is the unit normal pointing out of Ug. m|
Remark 16.7. Since ¢, is often hard to find, it is useful to remark that we also have
w0 = [ 6= 3)00) ~u(r)h GG =0 dy+ | 86,
U U
There is a subtlety here: If we know that there is a solution u € C?(U) of a certain Dirichlet
problem on U, then Proposition 16.6 allows us to recover u from g := Au and f := u|gy. However,

we do not make the assertion that Proposition 16.6 for prescribed values of g and f does the define a
solution.
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16.4 The Dirichlet problem on a ball

Exercise 16.8. The formula
éx(y) := G(|x]y — x/|x])

defines a correction term for B := B;(0) ¢ R".

Set
Gp(x,y) :=G(x—y) — ¢dx(y).

Remark 16.9. Since
lxly = x/1x]] = [x121y1* = 2¢x, y) + 1,

Gp(x,y) = Gg(y, x). (This is true for all Gy, in fact.)
Definition 16.10. We define the Poisson kernel (for r > 0) to be

r2 —|x|?

Pr ) = *
o) = @B = N

Exercise 16.11. For x € B;(x) and y € dB;(x), we have
Pi(x,y) = -0,Gp(x,y).
Exercise 16.12. Prove that there is a constant ¢ > 0 such that for all u € C*(B;(0)) we have
lullLe(B, 00y < € (”AM||L"°(Bl(0)) + ||M||L1(aB,(o)))
(Hint: Use Proposition 16.6.)
Theorem 16.13. Given f € C°(0B,), set

u(x) = {f@Br gPr(x,y)dy xeB
§(x) x € dB.

Thenu € C*(B,) N C°(B,) and Au = 0 in B. That is, u solves the Dirichlet problem for the Laplace
equation on B, with boundary value g.

Proof. 1t suffices to prove this for » = 1 (because everything can be pulled back to By).
Note that AxGpg(x,y) = 0 for all fixed y € dB, and similarly

Axdy;Gp(x,y) = AyOx;Gp(x,y) = 0x;AxGp(x,y) = 0.

Thus A, P1(x,y) = 0. From this it follows that Au = 0 using Proposition D.2.
Thus we have to show that

g(x) = lim/ g(y)Pi(z,y)dy.
X aB
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It is a fact that for all z € B;
| Pana=t.
OB

Thus we have to show that
lim/ (g(y) —g(x)P1(z,y)dy = 0.
=X Jop

This can be done in the “usual way”: First, we have

< sup [g(y) —gX)l,
Bg(x)

/ (&(y) —g(x)Pi(z,y)dy
OBNB.(x)

which goes to zero as € — 0 by continuity of g. Second, for fixed € > 0

<mmmw/ Ul
B OB\B,(x) VOI(0B1)||z — y|"

/ (g(y) —g(x)Pi(z,y)dy
AB\B, (x)

goes to zero as 7 — x € 0B;.
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17 Perron’s Method

Perron’s method is a further technique to solve the Dirichlet problem for the Laplace equation:
Au=0 inU
ulou = f.

It is based on the observation that be the maximum principle if Av < 0 and v|spy = f, then v < u;
hence:

* u(x) is the maximum value of a subharmonic function with this boundary value; and

* we can make any subharmonic function v larger by replacing v|g, () with a harmonic function
with the same boundary values.

One difficulty is that harmonic replacement does not necessarily produce C? functions, and thus
the result might not satisfy Av < 0 in the strong sense. To deal with this we make the following
definition.

Definition 17.1. A upper semi-continuous function v: U — R is called subharmonic if one of the
following equivalent conditions are satisfied:

e IfVcUisopenandu: V — Ris harmonicand v < uon dV,thenv <uonV.

v(x) S][ V.
OBy

v(x) S][ V.
Bx

Exercise 17.2. Show that these conditions are equivalent. Also, show thatif v € C 2(U)and Av < 0,
then v is subharmonic.

« For all B,(x) c U, we have

* For all B,(x) c U, we have

Exercise 17.3. Show that if {vy, ... vt} are subharmonic, then so is max{vy, ... vg}.

17.1 Harmonic replacement

Definition 17.4. Suppose v € C°(U) is subharmonic and B,(x) ¢ U. Then the harmonic
replacement 7: U — R is defined by

~ V(x) x ¢ Br(x)
P(x) =
Jos, o Prxyv(y)dy  x € B.(x).

Here P, is the Poisson kernel.

82



Proposition 17.5. If v € C%(U) is subharmonic and ¥ is a harmonic replacement, then ¥ is
subharmonic and v > v.

Proof. By definition of subharmonic, ¥ > v. To see that ¥ is also subharmonic, suppose u: V — R
is a harmonic function with v|gy < V|gy < ulgy. Since v is subharmonic, vly < u. Thus

Vlaevos, x) < UlaevnB, (x)- Therefore by the maximum principle ¥|yng, (x) < ulvng,(x). This

completes the proof. O

17.2 The maximal subharmonic function
Fix f € C°(0U). Define

Sy := {v € C%U) : v subharmonic and v|sy < f}.
Proposition 17.6. The function u: U — R defined by

u(x) :=supv(x)
Sr

is harmonic.
Remark 17.77. Note that for any v € S¢, supy; v < supgy f. Thus u is well-defined.

Proof. Consider By, (x) c U. We will show that u is harmonic in B, (x). Since B, (x) is arbitrary
this will prove the assertion.

Step 1. Construction of a good approximating sequence (¥;).

Let (v;) € S}\I such that u(x) = lim; . v;(x). By Exercise 17.3 we can assume that v; is
monotone increasing. Denote by ¥; the harmonic replacement of v; with respect to By, (x). By the
maximum principle, ¥; is still monotone increasing. Thus

lim ¥;(x) = u(x).
1—>00
Step 2. The limit V := lim;, V; defines a harmonic function on B, (x).
By the Harnack inequality Theorem 14.10, applied to £(¥; — ¥;), for all B, (x)
Vi = Vilcos, () < clVi = Vil (x).

Thus (7;) is a Cauchy sequence in CY%B,(x)). Hence, ¥ is continuous. Since the ¥; satisfy the
mean-value property, so does ¥. Therefore ¥ is harmonic.

Step 3. u =V on B, (x)
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We certainly have u > ¥. Suppose u(y) > 7¥(y) for some in B, (y). Let (w;) € S}\.I be such that
u(y) = lim;, w;(y). Replacing w; with max{w;, ¥} we can assume that w; > ¥. We can use the
argument from the previous step to find a harmonic function w € C 0(B,(x)) with

Py)<w(y)=u(y) and v <w <u.

Since ¥(x) = u(x), we have
P(x) =wx) = u(x).

This however contradicts the mean-value property: ¥(y) < w(y) implies that

v(x) = ][ V< ][ w=w(x).
B, (x) By (x)

17.3 The boundary condition

Now one question remains: Does u satisfy the boundary condition? That is, do we have
lim u(z) = f(x)?
Usz—x

Unfortunately, this is not always true. This is related to the boundary U potentially being very
badly behaved.

Definition 17.8. Let x € JU. A function 8 € C%(0) is called a barrier at x if — Blu is subharmonic
and
B(x)=0 and B(y)>O0fory # x.

A point x € 9U is called regular if there exists a barrier at x.
U is called regular each point x € 9U is regular.

Remark 17.9. If B is a local barrier at x in the sense that it defines a barrier for U N By, (x) for some
r > 0, then

5 Bo x €U\ B, (x)
,B(X){ .
min B, o) x € UN B, (x)

Here By := infuns,, (x)\B, (x) B-

Example 17.10. B := B;(0) c R" is regular. To see this we construct a barrier at xo := (1,0, ...,0).
Let G denote the Green’s function on R” and denote zg := (2,0, ...,0). We will assume that n > 2,
so that the Green’s function is decreasing in the distance from 0. Set

B(x) = G(xo = 20) = G(x = 20).
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Then A = 0 on B and thus —f is subharmonic. Also B8(xp) = 0. Moreover, since xg is the point in
B closest to zq (that is: for all x € B we have |x — z9| > |xg — zo| with equality if and only if x = x),
B(y) > 0forall y € B\ {0}.

In a similar way we can construct a barrier at any other boundary point. Note that the crucial
point is that each boundary point xo € AU is the unique minimizer of | - —zo| for some zg ¢ U.

Exercise 17.11. Show that 0 € d{x € R" : 0 < |x| < 1} (n > 2) is not regular.
Exercise 17.12. Show that Q = (0, 1)" is regular.

Proposition 17.13. If x € OU is regular, then
Ulaizrgx u(z) = f(x).
Proof. Denote by u* € C*(U) the harmonic function defined by
u*(x) =infv* € S}iv*(x).

Here S;Z =-S8_r. Wehaveu < u”.
Denote by 8 a barrier at x. For every € > 0, and ¢ > 0 sufficiently large

ve(y) = f(x) —& = cp(x)

defines a function v € Sy and similarly

ve(y) = f(x) + &+ cB(x)

defines a function in S;Z.
Thus
ve Su<u" <vi.
Since limgys;x ve(z) = f(x) — € and limy s, x vi(z) = f(x) + € and ¢ is arbitrary, the assertion
follows. ]

Theorem 17.14. There following are equivalent:
1. 0U is regular.

2. For every f € C°(0U), there exists au € C®(U) N C*U) such that Au = 0 on U and
ulsy = f.

Proof. We just proved (1) implies (2). For the converse: given x € dU, take 3 to be the solution of
the Dirichlet problem with boundary value f(y) := —|x — y|. |
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18 Minimal hypersurfaces and the Bernstein problem

Let U be open subset of R”, which we assume to be bounded for now. Fix a smooth function
f: 0U — R. Set
C}"(U) ={ueC®WU):ulpy = f}.

The graph of u is the set
() == {(x, f(x)) : x € U} c R".

Define .« : CJZ"(U) — [0, o) by

o = vol(T" = 1 Vul?.
() = vol(F(u)) /U\/ TVl

This is often called the area functional (even though this terms is really only appropriate if n = 2).
The question of whether or not a solution minimiser of the functional .« exists for prescribed f
is known as Plateau’s problem. This problem has inspired an enormous amount of work and has
been the origin of entire subfields of mathematics, like geometric measure theory.
The first variation of <7 is given by

Vu
ol = — Vo).
()¢ /U<\/1 + |Vu|? ¢>

This vanishes for all ¢ € C°(U) if and only if

(18.1) Ho= —div[—2 ) =0
V1 + | Vul?

Definition 18.2. An graphical minimal hypersurface in R**! is a graph
I'(u) :={(x, f(x)): x e U}

of a C? map u: U — R defined on a domain U c R" which satisfies (18.1).
We call I'(u) entire if U = R".

Remark 18.3. H is called the mean curvature of I'(u).

Remark 18.4. Note that a minimal hypersurface need not minimise .<7; in fact, if U = R", then .7 is
usually not defined.

Remark 18.5. More generally, a minimal hypersurface in R"*! is subset M that locally in suitable
coordinates can be written as the graph of a function satisfying (18.1). (This allows, in particular,
for the hyperplane over which M is a graph to rotate.)

Example 18.6. If u: U — Ris affine, i.e, it is of the form
u(x) = up +<x,v)

for some 1y € Rand v € R”, then Vu = 0 and (18.1) holds trivially.
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We compute

v = d;
S )l
1+ |V1/t|2 i=1 1+ |VM|2

B Au N zn: (aiu)((')ju)aiaju
Jisvap S VP
S 0ij oiu)(0ju
__Z 1 _ (l)(Jz) ‘aiaju'
GR\1 4 vup (L IVHD
If n = 1, then this expression simplifies to
u” .\ ull(ul)z _ u”’
Vi+@)? A+ (+ @)
Example 18.7. The graph of u: (—r,r) — R defined by
u(x) = Vr2 — x2
is the upper half circle R? of radius 7.
Let us compute H. Since
W= ——2 ,
2 _ 2
we have
2 3/2 2 3/2
232 X 3 r
(1+@"?) _(1+r2_x2) _(—ﬂ—x2) and
"o 1 x? B r?
u- = _(rz — X212 - (r2 — x2)3/2 - _(rz — x2)3/2°
Thus

H=1/r.

Example 18.8. The catenoids are a family of a minimal hypersurfaces in R?, which are not graphical.
Topologically each catenoid is a cylinder and it can be parametrised for some r > 0 by the map
RxS! - R?
cosh(z/r) - r cos(a)
(z, @) — | cosh(z/r) - r sin(a)
z

We can write (almost all) of the catenoid as the graphs over R?\ B,(0) of the maps

Up+(x,y) 1= %r - arcosh(
r
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Exercise 18.9. Prove that I'(x.) are minimal graphs.

Remark 18.10. Although, the study of hypersurfaces in R? is an almost ancient subject it is still very
active and new results are still being obtained.

In this lecture I want to talk about the following quite surprising result.

Theorem 18.11 (Bernstein’s Theorem). A entire graphical minimal hypersurface in R® must be
affine; hence, a hyperplane.

One can think of this as a non-linear Liouville type theorem without any growth assumptions at
infinity.

Remark 18.12. The Bernstein problem is the question whether this is true in dimension n > 3 as well.
Simons [6] proved that this holds for n < 7. The problem was settled by Bombieri—De Giorgi—Gusti
[2] who proved that for n > 8 it does not hold.

Proposition 18.13 (Baby Bernstein). A entire graphical minimal hypersurface in R> must be affine;
hence, a straight line.

Proof. Equation (18.1) for a function #: R — R can be written as

u//

Thus, u” = 0, so u(x) = ug + cx. O
Proof of Theorem 18.11. What we need to show is that any function u: R?> — R satisfying
Oxu + O5u — 2(8xu) (Dyu) Oxyu = 0.
is affine, i.e., Vu = 0. We transform the problem by introducing
Y, = arctan(0;u).
After a somewhat tedious computation one arrives at
adiy; + 2b0x Oy + copps; = 0.
where

a b\ _ [ 1+@Bu)? —(0yu)(Oyu) 4
b ¢ \=Guw)(@Byu) 1+ @uw)?* )

Note that A is positive definite and also that y; are obviously bounded.
This trick reduces Bernstein’s theorem to proving the following Liouville type theorem.
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Z lz) : R? = R?? be such that A(x,y) is positive definite for each

(x,y) € R Ifu € C*(R) is a solution of

Theorem 18.14. Let A = (

adiu + 2bdxdyu + coju = 0,

and
u(x,y) = 0(1)

then u is constant.

Bernstein’s original proof relies on the following theorem, which he stated but gave an incorrect
proof of.

Theorem 18.15 (E. Hopf [3], Mickle [5]). If
— det Hess(u) = (0xdyu)* — (97u)(0ju) > 0 but  detHess(u) # 0,

then u cannot be bounded (in fact, it cannot be o(r)).

The proof of this theorem is too involved to present here, but you should feel encouraged to
consult the E. Hopf’s and Mickle’s article which give correct proofs of this result. This theorem can
be used to prove Theorem 18.14 as follows.

Under the hypothesis of Theorem 18.14 we will prove that

(0xOyu)* = (83u) (5u) > 0.

and equality holds if and only if
Oxu = 0Ju = Oxdyu = 0.

Using the equation we can write
a ((0x0yu)* = (87u)(3u)) = a(dxdyu)* + 2b(Dxdyu) (1) + c(B3u)* 2 0,

since A is positive definite. This implies the first assertion, since a > 0 because A is positive definite.
If the left-hand side vanishes, then again since A is positive-definite

OxOyu = A3u = 0.
To show that 2 = 0 as well note that we also have
¢ ((DxByu)® = (OFu)(O3u)) = a(d7u)* + 2b(07u) (Dxdyut) + c(Dxdyu)* = 0.

This completes the proof. O
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19 L? regularity theory for second order elliptic operators in diver-
gence form

In the next couple of lectures I will teach you about one way to deal with linear second order
uniformly elliptic operators in divergence form.

Definition 19.1. A second order differential operator L is said to be in divergence form if it can be
written as

(19.2) Lu=- Z 0;(a;joju) + Z broku + cu
ij=1 k=1

where A = (a;;): U - R™", b= (by): U— R"andc: U — R, and U is an open subset of R".
We say that L is uniformly elliptic if there are constant A > A > 0 such that for all x € U, A is
symmetric and spec(A) € [4, A].

Hypothesis 19.3. For the rest of these lecture notes we suppose L is uniformly elliptic.
Of course, if a;; is differentiable, then
n n n
Lu=- Z a;j0;0;u + Z (bk - Z 6gagk)6ku + cu.
ij=1 k=1 =1

So one might wonder why bother writing L in this form. The reason is that this is well adopted to
the notion of weak solutions.

Definition 19.4. Assume that A € L®(U,R™"), b € L*(U,R") and ¢ € L®(U). Let f € L*>(U)
and g = (g;) € L*(U,R"™). We say that u € WL2(U) is a weak solution of

(19.5) Lu=f=-) dg
i=1
if for each ¢ € Wol’z(U)

/ D @ (@) (@) + D (bdeu) - ¢ +cu- ¢ = / [+ ) 8idi.
U=l k=1 U i=1

Observe how the above makes sense even if a;; is not differentiable.
You might ask: why do we introduce those strange g; terms? A good answer is that in the
context of Definition 19.4 L is a linear operator W2 — W12 .= (W(}’z)* and the general element

of (Wé’z)* is of the same form as the right-hand side of (19.5).
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19.1 Existence of weak solutions

Proposition 19.6. Suppose L is a second order elliptic operator in divergence form with A €
L®(U,R™™), b=0,and c € L*(U, [0, )). Forevery f € L*(U) and g = (g;) € L*(U,R"), there
exists a unique weak solution u € WS’Z(U ) of

Lu=f- i 9i8i.
izl

Remark 19.7. Tt is crucial that u € Wé’2(U ) (and not just WL2(U), for otherwise uniqueness fails).
The observant reader will also note that, in fact, one does not need ¢ > 0. It suffices to have ¢ > —&
for some small € > 0 depending on U and A.

Proof. This can be proved along the lines of Section 12.6, but it is useful to recast this argument in
this slightly more abstract setting.
We define an inner product on WS’Z(U ) by

y = ij 6l- 0; .
(u, v)p, /U;a]( u)(0;v) + cuv

By the Dirichlet—Poincaré inequality for some ¢ > 0

2 2
Ollully . < AVull;,

2
< luellz,

2 2 -1 2
< AlVull, +supc - lull;, <6 [IVully, -
U

This means that the normed vector space (Wé’z(U), lI-ll2) is equivalent to (W&’Z(U), - llw1.2)-
Therefore (WS’Z(U), (-, -yr) is a Hilbert space.
Now observe that « : WOI’Z(U ) — R defined by

= i0;
a(v) /va+;g v

is a bounded linear functional with respect to ||-|ly1.2 and, hence, with respect to ||-||L. Now by
Riesz’ representation theorem, there exists a unique u € Wé’z( U) such that

<I/t, '>L = a/()
This is exactly the assertion that there is a unique weak solution u € Wol’z(U ). ]

If b # 0 or ¢ can become negative, then one cannot hope for a result as strong as Proposition 19.6.
Neither existence nor uniqueness might hold. There is however, the following
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Exercise 19.8 (Lax—Milgram theorem). Suppose H is a Hilbert space and B: H X H — Risa
bounded bilinear form (but possibly non-symmetric) satisfying

Allx[Hliyll < 1BCx, )| < Allx[llyll-
Show that for any x € H, there exists a unique X € H such that
B(f5 ) = (x’ >

Now suppose u is a weak solution of (19.5). Here are some natural question to ask: How regular
is u? Is it a strong solution, i.e., does it literally satisfy (19.5)? Does it attain its boundary values?

The answer to this is roughly: if A, b and c are sufficiently smooth, then # has two more
derivatives than f and one more than g; and if U is sufficiently regular then u attains it boundary
values.

All of these above questions are qualitative. Closely related is the quantitative question: How
large is u in terms if f and g (and u|5/)? 1 turns out that one mostly answers these sorts of questions
at the same time.

For answering this sort of question one has to make precise what exactly one means be regularity.
I turns out that the notions of just C* are not suitable. The problem with that is that continuity
is purely qualitative property. However, in these questions one typically needs something more
quantitative. A common choice is to work with in non-linear problems are Holder spaces. We will
come to those soon. For now we will stick with W*? spaces. Recall that

— k
lullwrz = llull2 + [[Vullpz + - + [V ull 2.

19.2 L? regularity for A
From Theorem 12.16, we know that if u € C°(R"), then
lullyyr22 < cllAullyrz + |ullyr2.

In fact this continues to hold true for all u € W**>2_ This sort of statement is called an a priori
estimate: provided u is in W**22, we can predict an upper bound for ||u||yx+2.2.

For general PDE one has to strictly make a distinction between a priori estimates and questions
of regularity. But for constant coeflicient operators a priori estimates typically imply regularity.
Here is what this means. Suppose u € W2 and we know that Au = f € L?, in the weak sense. Can
we conclude that u € W>2?

Note that constant coefficient operators commute with convolution: That is if p € C°(R"), then
Au = f (in the weak sense) implies

Alu=p)=p=*(Au) = p=* f.

Here A(u * p) = p * f even holds in the strong sense as an identity in C(‘)"’ (R™) If 7 is a suitable
family of mollifiers and u, := n. *u and f. := n. = f, then

ug - ueWwh? and f,— fel?
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But by the above estimate we also know that

lus —usllw22 < |l fe = fsllp2 + llue = usllyrz.

Thus u, is Cauchy in W2 has a limit in W>? must agree with . It follows that u € W2,
A similar argument can be used to show the following

Proposition 19.9. If u € W**1'2 and Au € W*2, then
u e wk+22

and
||Mllwk+2,2 < ||AM||W1<,2 + ||u||W1,2.
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20 L2 regularity theory for second order elliptic operators in diver-
gence form (continued)

20.1 L? interior regularity for variable coefficients operators

Theorem 20.1. Let k € No. Suppose a;; € WKt->(U) and by, c € W (U), and f € W&2(U). If
u € Wh2(U) is a weak solution of
Lu=f,

then
u e wk22 )

loc

and for each V- CC U there is a constant ¢ > 0 (independent of u) such that

||Mllwk+2,2(v) <c (Hf”wk,Z(U) + ”M”LZ(U)) .

This cannot be proved in quite the same way as the analogous result for A. The standard method
to prove it, using difference quotients, goes back to Nirenberg.
For h e R\ {0} and k € {1,..., n} define the difference quotient

_u(-+ her) —u(-)

ah
U h

These different quotients have an important integration by parts property

/(a,ﬁu)v = —/u(a,;hv).

Gli’(uv) = ((')]i’u)v + uh’kﬁli’v

There also is a chain rule

with "k := u(- + hey).
For us the significance of the difference quotients comes from the following.

Proposition 20.2. Suppose U is a subset of R" and V is an open subset of R" such that for all
sufficiently small h € R we have V + hey € U. Ifu € L*(U) and 0gu € L*(U), then there is a
constant ¢ > 0 such that for all h # 0 sufficiently small

1 ull 20 < clldkull2w)-
Conversely, ifu € L*>(U) and

c:= limsupll('),?ulle(V) < o0,
0#£h—0

then dxu € L*(V) and
lOkull 2 (V) < ¢
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Proof. Let me only say something about the second half. We need to explain why the distribution
Oxu is represented by an L? function. Given any ¢ € C,y’ and h sufficiently small

@ute) =~ [ ug =~ tim [ u;s = tim [ @fwo.

Thus Oy u is the weak limit of ((')]i’u) (in the space of distributions). But (a,?u) is uniformly bounded
in L2. Thus its weak limit is also in L2. m]

To not further clutter the exposition we prove the above theorem only in a special case.

Proof of Theorem 20.1 for k = 0 and assuming b = ¢ = 0. Suppose u € W2 (U) is a weak solution
of

n
- Z 9i(aijoju) = f
ij=1
witha;; € C I'and fe L?. We need to prove thatif V. c U, then uly € W22 and satisfies the asserted
estimate.

Choose a cut off function y compactly supported in U and equal to one on V. Fori € {1,...,n}
and i € R\ {0}, define a test function by

vi= 0" (x*otu) € Wy (U).

(This is supposed to be an approximation of Blfu, but we have to use difference quotients and the cut

off to ensure that v € Wol’z(U ). Why we write y? instead of just y will be come apparent soon.)
Now using this test function in the definition of weak solution we get

(20.3) / D" —aij () - 0;0." (*ogu) = / —f" (P00,
U U

ij=1
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By discrete integration by parts the left-hand side can be rewritten as follows:

/ Z —a,-j(a,-u) . (9]6,:}’()(28,?14)
U o
/ Z (B¢ 1ag (Ba0]) - 3; (D)

-/ S R @) - 0,000 + @ G0 - 350w

i,j=1

/ Z Kal (O o) - (0;00u)

i,j=1

+ / Z 2x0; x - (O o) - (D u)
U

i,j=1
+ X0 ai) (i) - 05Dt u) + 2x0; x - (0fai;) (u) - Ou
= I+1L

We think of I as the good term and of II as the bad term or error term: By uniform ellipticity we
have

/ X107 vul* < A7'L
U

The left-hand side is exactly the term we want to control.
To bound the error term, observe that using a;; € WL for some constant ¢ > 0

| < c/ X107 Vul (107 u] + |Vul) + x|Vul|dul
U
< / ex?10!Vul* + ce” (100 ul* + |Vul?),
U

for all & > 0. (In the above it is important to still have a y term. This is why we worked with y?).
Now it remains to bound the right hand side of (20.3):

F:= / —fo. " (x*opu) < / e fI? +elo" (xy*orw)?
U U
< / e fIP + £lok (o)
U
< / e fI? +2el2x (0 x) w1 + 2 x| Vul?
U

< / e f1? + 2ce|Vul* + 2& x*19; Vul*
U
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Putting all of this together we get

/l/ X2 10rvul? <1
U
< F+10

< / 36210Vl + cs™) [Vule™ | £,
U

If € is chosen sufficiently small, we get

/|a,?vu|zs/)(2|a,§vu|2
v U

< c/ |f17 + | Vul®.
U
Since the right hand side does not depend on £, it follows that Vi € W2(V) and

liellwa2qvy < € (I N2y + Mullwr2supporn )

This estimate is not quite what we claimed. What is missing is to replace |[u|ly 1.2y by llull 21y
This can be achieved by using the test function {2u where y is compactly supported in U and equal
to one on supp(x). |

If one is willing to put in a bit more work one can easily deal with the cases where b, c € L.

The idea behind proof of Theorem 20.1 for k > 0 is called bootstrapping. Suppose u € W2
is a weak solution of Lu = f € W2, Then by the k = 0 case we know that u € W>2(V) for any
V cc U and a computation shows that i := dyu is a weak solution of

Li=f
with

f =0cf + Z 0;(0¢a;j - Oju) — Z Opby - Ou — Opc - u.
ij=1 k=1

Thus one derive the kK = 1 from the k = 1 case, and so on.

20.2 L? boundary regularity

Ifue W(}’Z(U ) is a weak solution of
Lu=f,

and 0U is sufficiently smooth, one can expect regularity of « up to the boundary. More precisely, we
have
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Theorem 20.4. Let k € Ny. Suppose that OU is Cck+2, ajj € Wktbeo (), by, c € Wk’°°(l7). If
ue WS’Z(U) is a weak solution of Lu = f with f € W*2(U), then

u e Wk+2,2(U)
and for a constant ¢ > 0 independent of u
lllwraqy < ¢ (I1f lweewy + 2w ) -

Remark 20.5. It is crucial that u € Wé’2(U ).

Proof sketch. The proof of this theorem is a bit involved. We will only consider the case k = 0 and
b = ¢ = 0. We can cover U by finitely many balls B, (x) and we can assume that these balls are
either completely contained in U or x € dU. For balls contained in U Theorem 20.1 applies. So we
can focus on balls centered at the boundary. By applying a C**? diffeomorphism we reduce to the
case U = [0,2) x Bg_l(O) and B, (x) = B;(0). Formally L transforms to a new differential operator
and one can (and in fact has to) check that the transformed u still is a weak solution of a Lu = f with
the transformed f. You can check this as an exercise.

So now let us assume that U = [0, 2) X Bg‘l (0) and B, (x) = B1(0) (and we still have b = ¢ = 0).
Let y be a cut off function compactly supported in U and equal to one on B;(0). (Note in particular
that y need not vanish for x; = 0.) For k € {2, ..., n} the argument from Theorem 20.1 goes through
with

vi= =" (Potu) € Wyt (U)

and thus we can show that 8, Vu € L*(B;(0)) with the desired estimates.
The crucial question is: how do we show that 9;0,u € L? (and derive estimates)? Note that we
can write Lu = f as

—/ all(alu)(51¢)=/ - Z a;j(0;u)(0,¢) + f¢.
v U j=l..n
@ )H#(,1)

This means that (as a distribution)

O1(a11(01u)) = Z On(a;j(Ou)) — f=:p
i,j=1,...n
(i,jj#(l,])

By the above the p € L?. By uniform ellipticity a;; > A > 0. It follows that
0101u = a;! (9 (an (du) — (drai)du € L.

This completes our sketch proof. m|
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21 Holder spaces

21.1 Definition and basic properties of Holder spaces

Definition 21.1. Fora > 0, k € Npand u: U — R define

U] 1= lu(x) —u(y)l
Ccoa () = ——
© x#yelU |x - y|a
and
k
lullcrar gy = Zuv"unmm + [Vl cog)-
=1
Set

k() = {u e CMO) : lullcrag) < o).
Exercise 21.2. (C*(0), IIllck.e(g7y) is a Banach space.
The spaces C*(U) are called Holder spaces.

Exercise 21.3. If u € C*® with & > 1, then u is locally constant. (This is why one usually requires
a € (0,1].)

Exercise 21.4. If u € C*?(U) and v € C°(U), then

Il - V||c0,<v([7) < ||u||c0,<v([]) : ”V”Lw((j)-
Exercise 21.5. If f € C®(R) and u € C%®(U), then f ou € C**(U).

The above observations show that Holder spaces work well with non-linearities.
Remark 21.6. C*(U) is not dense in C%*(U).

21.2 Integral characterisation of Holder spaces

The main point for the approach to Schauder theory we are going to take is the fact that Holder
continuity can be characterized in terms of integral estimates.

Hypothesis 21.7. Throughout we make the assumption that U is bounded and there is a constant
¢ > 0 such that for all 0 < r < min{1,diam(U)} and all x € U we have

vol(U N B, (x)) > cr™.

This is sometimes summarized by saying “U is of type A”. This is quite a mild condition. It holds
for example if U is C.

We make the following definition.
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Definition 21.8. For 1 < p < oo and A > 0, the Campanato space (LP*(U), Il p.2 (1)) is the
normed vector space defined by

LPAU) = {u € LPU) : [u] goayy < o0}

and
lull gp.ary = NlullLe @) + [l gen@w)-

Here the Campanato semi-norm is defined by

1/p
[M]LPv’l(U) ‘= sup (r_/l / lu — ﬁx,rlp)
xeU,r>0 B, (x)NU

Uy i= ][ u.
B, (x)nU

One can show that these spaces are all Banach spaces and it is very interesting and important to
study them in their own right. It is a simple but important observation that if 1 > n, then

1/p
][ |M—th’r| < (][ |u_ux,r|p)
B, (x)nU B, (x)nU

1/p
<cr? (r/' / lu — ux,rlp)
B, (x)NU

< Cra[M]Lp,/l(U)

with

for @ := /lp;" This lies at the heart the following theorem.
Theorem 21.9. If a := £ > 0, then LP(U) = C** (D).
We prove this in two separate propositions.

Proposition 21.10. If a := ’lp;" > 0, then LPA(U) c C*®(U) and there is a constant ¢ > 0 such
that for all u € LPY(U)
lullco.a iy < cllull gr.aq)-

Proof. Suppose u € LP*(U). Note that a priori u is only in LP and thus defined only almost
everywhere (or by a Cauchy sequence up to equivalence).

Step 1. There is a continuous function it € CO(U) such that
i(x) ;= lim u,
1—00

forr; := 27" min{1, diam(U)}, and ii is a representative of u (i.e., it agrees with u almost everywhere).
Moreover, for some constant ¢ > 0 not depending on u, we have

(21.11) [i(x) = wx,r| < cr®[u] go.aq)
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Set it; (x) := uy,r,. By basic properties of the integral, it; € C%U). Now, we compute

|ux,ri+1 - ux,ri| < ][ lu — ux,ril
By, (x)NU

-1..-n
S| / |t =t r, |
By, (x)NU

2vol(By)c™! 7[ |t — ., |

By, (x)NU

1/p
< 2vol(By)c™! (][ lu — vy r, Ip)
By, (x)NU

1/p
A-n
< 2vol(By)c 1P r’ ri_’l/ lu — uyr, |P
B, (x)NU

< 2vol(B) ™M YP) - r U] ppa .

IA

IA

The sequence rlfl is Cauchy; hence, so is uy ,,. This means that i is well-defined. It also follows that
(21.11) holds. Furthermore the right-hand side above does not depend on x, so this in fact shows
that i; is a Cauchy sequence in C°(U). Thus it € C°(D).

The fact that i represents u follows from the Lebesgue differentiation theorem.

In what follows we simply write u instead of .

Step 2. We have
el ooy < cllull g2y

for a constant ¢ > 0 independent of u.

We compute, using (21.11),

||u”L°°([7) < Sup|”x,ro| + SUP|M(X) - ”x,rol
xeU xeU

< ¢ (lullee @y + [l goaqer )
< C”M”LPJ(U)-
Step 3. We have
[l/t]cO,a(U) < C[M]LP,/I(U)
for a constant ¢ > 0 independent of u.

Suppose x,y € U. Set r := |x — y|. Then, using (21.11)

lu(x) —u(y)| < lu(x) —uxor| + luxor — sy, | + iy, —u(y)l

< Cra[u]LP,/l(U) + |ux,2r - uy,rl-
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Finally,

|”x,2r - My,rl < ][ |ux,2r — ul
B (y)nU

< C][ |Mx,2r — ul
Bzr(x)ﬁU

< Cr(l[M]Lp,/l(U).

Proposition 21.12. If a := ’1;% > 0, there is a constant ¢ > 0 such that
[u] gp.ayy < clulcoe@y-

In particular, C%>*(U) c LP-(U).

Proof. We compute

/ lu —uy | < / ][ [u(z) —u(y)|” rdydz
B, (x)NU B, (x)NU J B, (x)NU

p

n+ap[
CO"’(U) .

<cr u]

In the next lecture, we will also need the following.

Proposition 21.13. Suppose u € LP(U) and v € C%(U), then uv € LPP* and
[uv] gr.pe < cllullLe [Vlcoe.

Proof. This follows from

/ U = VP < (] ene)? / l?.
B, (x)NU B, ()NU

and

/ [(uv)x,r —u-v(x)|?
B, (x)nU

_ / ][ () () — u(y) - v(x)] dz
B, U/ B, (x)nU

< (F[V]nn)? f u(2) - u(y)| dz
B, (x)nU

4
dy

P
dy.

B, (x)nU
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21.3 Morrey’s theorem

The above combines well, with the Neumann—Poincaré inequality which we restate here for general
p and in its scale invariant form.

Theorem 21.14 (Neumann—Poincaré inequality). There is a constant such that for all u € C*(R")

and all x € R"
/ lu —uy [P < crp/ |VulP.
By (x) B (x)

Theorem 21.15 (Morrey’s inequality). Ifa =1 — ;—; > 0, then is a constant ¢ > 0 such that

[u]co,a((j) < c||Vullr @)
In particular, WP (U) — C%(0).
Proof. Combine Theorem 21.9 and Theorem 21.14. |

We also need the following closely related result (whose proof is similar to our proof of the
Dirichlet—Poincaré inequality).

Theorem 21.16 (L> Sobolev inequality). There is a constant ¢ > 0 such that for all u € W(}’Z(Br)
we have
llull, 20, < cllVulla.
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22 Campanato estimates

22.1 Estimates for weak solutions

Proposition 22.1. Suppose A = (a;;) is a (constant) symmetric positive definite matrix with
spec A C [A,A] for 0 < A < A. Then there is a constant ¢ = c(A/A, n) > 0 such that the following
holds: For all u € WY“2(B,) satisfying

/ a;j(0;u)(0;¢) =0
B,

forall ¢ € Wé’2(B,), and for all s < r we have

2 s\" 2
lul“ <cl- lu|
By r B,
s n+2
/ Iu—uslzsfr(—) / lu = ur)?.
By r B,

Note that A is diagonalised by a matrix in SO(n) and by a further coordinate stretch we can
transform A into the identity matrix, that is, there is a T € GL*(R") such that T o Ao T* = 1.
Consequently u o T is weakly harmonic on T(B,); hence, it is smooth and thus so is u. This
observation allows us to reduce to the case A = 1.

and

Moreover, u € C*(B,).

Proof in the case A = 1. It suffices to consider r = 1 (by rescaling) and we can also restrict to
s € (0, i] (since for s > i the estimate is trivial).

We know that u is given by the representation formula (see Remark 16.7) for x € Bj/4 and
t € (0,3/4) we have

u(x) = / G(x = y)au(y) — u(y)3,G(x y) dy
O0B;(x)

and thus by integrating ¢ over [1/8, 1/4] and taking the supremum over x we get

||u||L°°(Bl/4) < C||u||W1,2(Bl/2)-
Now we want to estimate ”””WLZ(BI/Z)- To do this pick a ¢ € Cg"(B]) which is equal to one on

By />. Then by u being harmonic we have

1pVul> < =2 | (¢Vu,uVe)
Bl BI

IA

1
/ —|¢Vul? + 2{uVe|*.
B 2
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Cancelling the %lqﬁVul2 we get

(22.2) / Vul> <c [ |ul*
By, B

Thus
||u||W132(Bl/2) < CH“”LZ(BI)-
It follows that for s < 1/4

2 n 2 n 2
lul” < cs™llulljwg, ) < €S |ue| .
/BS B0 B

This proves the first estimate.
To prove the second estimate note that since # is harmonic, so are the components of Vu.
Moreover, by the Neumann—Poincaré inequality and Equation 22.2

lu — usl2 <cs? |Vu|2
B B
< Csn+2 / |V1/l|2
Biy
< CSn+2 IM—M1|2
B
This completes the proof. m|

22.2 Comparison estimates

Next we show that if u is close to a weak solution v then Vu almost satisfies the estimate of
Proposition 22.1.

Proposition 22.3. Let u € W2(B,.) and let v € W'2(B,.) be as in Proposition 22.1. Then for any

0 < s < rwehave
n
/|vu|2 c((f) / |Vu|2+/ |Vu—Vv|2)
B, r B, B,
n+2
/IVu—(Vu)s|2 c((f) /|Vu—(vu),|2+/ |Vu—vv|2)
By r B, B,

where ¢ = c(A/A,n) > 0.

IA

and

IA
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Proof. Setw := u —v. Then by Proposition 22.1 for Vv, we have

/|Vu|2<2/ IVv|? + |[Vw|?
<c( ) / |Vv|2+2/ [Vw|?

<c / |Vu|2+c 1+ / Vwl?.
This gives the first estimate.

For the second we start with the following exercise.

Exercise 22.4. If U is an bounded open subset of R” and f € L?(U), then

/U|f—c|2

is minimal for ¢ = f,, f

Now we compute

/ Vit = (V) < / Vit = (V) P
By By

< 2/ Vv — (V)% + [Vw|?

n+2
/ Vv = (Vw)s]* + / |Vw|?
(E)’H—z/ Vu— (V 2+ 1+(£)n+2 /' v )
|7 Brl u—(Vu)s|”+c . B,l wl.

I/\

IA

22.3 Operators with variable coefficients

We now lift the restriction that a;; be constant and instead require that a;; € L*(U) and that there
are constant A, 1 > O such that forall x € U

spec A(x) € [4, A],

- Z 9i(a;;0;)
ij
is uniformly elliptic. Again we say that u is a weak solution of

Lu=f—zaihi

106

that is the operator



for some f, h; € L?*(U) and for all XS Wé’z(U) we have

22.5 ;i1 (0u)(0;0) = ho;¢.
(22.5) ,ZJ./U“-’( 1) (9:9) /U””Z/U ¢

Proposition 22.6. Assume that a;j € C%0). Suppose u € WH2(U) is a weak solution of Lu = f
and f € LP(U), h € L2272 with p € (n/2,n) (that is & := 2 —n/p € (0,1)). Thenu € C;>* (V).
Moreover, if V.CC U there exists a constant ¢ = (a;j, V,n) > 0 such that

lullcoaqyy < ¢ (IF e @) + lullwrzy + ] g2n-2a ) -

Proof. If f = 0 and a;; were constant, then the assertion would follow (with arbitrary a € (0, 1))
from Proposition 22.1 and Theorem 21.9. To be able to talk about the variations in a;; we introduce

w(r) :=sup{la;j(x) —a;;(y)| : x,y € U and |x — y| < r}.

Now suppose Bs(x) € B,(x) c U. (We can assume that r > 0 is very small.) Our goal is to

show that
/ |Vul? < s 242 (/ |Vul* + IIfII%p) :
Bs(x) U

If we can achieve this, then the assertion follows from the Neumann—Poincaré inequality and
Theorem 21.9.

The idea for achieving this is to compare u to a solution of a constant coefficient equation with
the same boundary values.

Proposition 22.7. Denote by v € W'2(B,(x)) the unique weak solution to
= " dilay(x)d;v) =0
ij
satisfyingu — v € Wé’z(B, (x)). Then
/ IV(u-v)* <c (w(r)z/ \Vul? + ri[h] poa + r"+2—2"/P||f||§p) :
B, (x) By (x)
Proof. First we write (22.5) as

D / i (x)(0u0) (9;9) = = )| / (aij (x) = ai))(0u)(9;9)
ij U ij U

-3 /U N
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Denote by v € WL2(B,(x)) the unique weak solution to

= Oiayj(x)dv) = 0

ij

satisfyingw :=u—v € Wg’z(Br(x)).
Now w satisfies

>, / ay () (W) (D 9) = = ) / (aij (x) = a;))(0u) (9: )
ij B, (x) ij By (x)

-3 mae [ se
i JBr(x) B,

forall ¢ € Wé’z(Br (x)). In particular for ¢ = w and using uniform ellipticity.

/l/ Vw2 < >
B (x) ij

(laij(x) — aijl|0;ul + |hD|Oiw] +/ LAV

B (x) B (x)

Note that

A _
> / (lagj (x) = ai; |10l + | Gw] < / FIVwl + 27 o) Vul + [,
ij B (x) By (x)

and by the Holder inequality and the L> Sobolev inequality (Theorem 21.16)

n+2

o 2n o ';7;12
/ il < (/ |f|"+2) (/ M=
B, (x) B, (x) B, (x)
n+2
| B0 , 1/2
< | f 172 [Vw|
B, (x) B, (x)

n+2

-1 2n \ " 2
£ (/ |f|n+2) +8/ [Vw|=.
By (x) By (x)

n+2

2n n 2/17
o) sl o]
B, (x) By (x)

Putting all of this together we get for some constant ¢ > 0,

IA

Moreover, by the Holder inequality

/ IVw]? < ¢ (w(r)z/ IVul? + r[h] poa + r"+2—2"/f’||f||§p) .
B, (x) B, (x)
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In our situation the above gives

/ IVw|? < ¢ (a)(r)2 / IVul> + r" 2729 h] pan2ia + 7220 112,
B, (x) By (x)

Thus by Proposition 22.3 we have for Bs(x) C B,(x)

n
/ IVul®> < ¢ ((f) +w(r)2)/ IVul? + er™ 227 ([h] pon-202a + |1 f1I75)
B (x) r By (s)

This seems to be not good enough because the first term on the right-hand side still has the error
term w(r)? (although we can assume this to be very small) and in the second term we want to have
s"72*2 instead of r"~272%, However, Lemma 22.8 shows that the above estimates does in fact imply
the desired estimate. |

Lemma 22.8. Let ¢: [0, R] — [0, 00) be a non-decreasing function. Suppose there are constant
A B,a, 8> 0and a > B such that for all 0 < s < r < R we have

d(s) < A((s/r)* + &) + BrP.
Then there is a €9 > 0 and ¢ > 0 such that if € < &g then
¢(s) < c(s/r)’(¢(r) + B).

Proof. Pick T < 1 and gy < 1 such that

1
ATY = ZTB and et < 1.

Then for s = 7r, we get

o(tr) < (%Mr) + T%r) *.

Thus
1
(") < [zo(Fr) + =75 | 2P
2 ™5
B &
e —i|_(k+1)B
< (¢(r) + T’Brz(;2 )T
< (¢(r) + 2&) rk+DB
B
Now given s pick k such that 76*2r < s < 7511 to get

2BR
$(s) < (¢<r>/rﬁ + —B) (s/r)P.
T
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23 Higher Regularity
We continue with the setting of the last two lectures.

23.1 C* estimate

Proposition 23.1. Suppose u € Wh2(U) is a weak solution of Lu = f —d;h;, p > nand a := 1 — 1%

ajj € CO(U), f € LP(U), h € L>*2* Then Vu € C]OO’;’(U) and for each V. cc U, there is a
constant ¢ = c(a;j, V,n) > 0 such that

IVullcoawy < ¢ (IFlLr @) + [A] gmsza oy + ltllwiew)-)

Proof. We can assume that V = By/; and U = B;. We will show that for x € By andr > 0
sufficiently small we have

2 2 2 2
/B (x)|Vu = (Vi P < e (1 p ) + U] 2oy + Mully 1)) -

The assertion then follows from Theorem 21.9.
Suppose x € B34 and r > 0 is small. (Note that B34 is larger than V. This is on purpose.) We
can write the equation in the form

>, / aij () (O) (0,9) = = | / (aij (x) = i) @) (Di9) + | f¢.
ij JU TRAY B

Denote by v € WL2(B,(x)) the unique weak solution to

= Oiayj(x)dv) = 0
ij
satisfyingw :=u—v € W(;’Z(Br (x)), as in Proposition 22.7. Then we know that

/ |V(M - V)|2 <c (rza[aij]co,a(gr(x)) / |u|2 + rn+za(”f||ip + [h]ZLZ,nﬂa(U))) .
B, (x) By (x)

Thus by Proposition 22.3 we have for Bs(x) C B,(x)

Ky n
(232) / Vul? < ¢ ((2) + P lailcn ) / IVl + e 2 (12 + Ul )
B (x) r By (s)

and

s n+2
/ V= Wl < e () / Vit = (Vi) 2
B (x) r B, (s)
(23.3) + crz"[aij]co,a/ ik
By (s)

2a 2 2
+ crn+ a(”f”LP + +[h]£2,n+2a(U))
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If a;; is constant, then [a;;]co.« = 0 and the above and Lemma 22.8 imply the assertion. If a;; is
not constant, we have to work a bit harder. What we need to do is to control

/ |Vu|2.
By (s)

We need to show that this terms is bounded by a constant times r".
Using Lemma 22.8 and (23.2) we can show that for all 6 > 0

/B ( )|Vu|2 < es" 2 (IIVull}, + 1A170 + + A 20 )
s (X

This means that if x € V = By/» C B34, then

/B ( )|Vu|2 < er" 2 (IIVull}, + 1A170 + T e ) -
r(x

Plugging this into (23.3) we get

s n+2
/ Vit = (Vi)us|? < ¢ (—) / Vi — (Vi) 2
B (x) r B, (s)

rn+2(l—25 |VM|2
B,
2 2 2
+ Crn+ (I(Hf”LI’ + [h]£2,n+2a(U))

+c

and using Lemma 22.8, we arrive at

[T T e (19l 4 151 ).
B (x)
This is not quite good enough. However, using Theorem 21.9 we derive that

IVUllF oy, < € (190172 + 1 IE 0 + 1A 220 )

/ |Vul? < er”.
By (s)

This completes the proof. O

hence,

23.2 Bootstrapping C*® estimates

Now differentiating Lu = f in the direction of x; we see that v := Jiu is a weak solution of

Lv = 6kf + Z aihi
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with h = (Oa;j0ju) € C 0. ~ p2n+2@ (This particular point is we why introduced the seemingly
odd /; terms to begin with.) Applying Proposition 22.6 and Proposition 23.1 again, we learn that
Oru € C (with concrete estimates) and by the regularity theory of A, in fact, dyu € C?.

One can keep running this argument to show that in fact u € C*™ and get concrete C* estimates.

Proposition 23.4. Suppose u € W2(U) is a weak solution of Lu = f and ajj, f € C*(U). Then
ue C{;:z’a(U) and for each V. .CC U, there is a constant ¢ = c(a;;, V,n) > 0 such that

”Mllck+2,a(‘7) <c (”f”Ck’”(U) + ”MHWIZ(U))

23.3 Boundary estimates

One drawback of Proposition 23.5 is that we only have interior estimates. With some more work one
can show the following.

Proposition 23.5. Suppose u, it € C*22(0) with ulsy = ilsu, ajj € Ck*(U) and dU is smooth.
Then

lllcreza gy < ¢ (1Lullcra @y + lllcrna + 2 ) -

Exercise 23.6. If a;;, b;,c € C*( U), and g; j isuniformly elliptic, then the estimate in Proposition 23.5
also holds for the differential operator

Lu:= - Z 0i(a;j0ju) + Z broku + cu,
ij k

of course with a different constant.
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A Divergence Theorem

The Divergence Theorem is a higher dimensional analogue of the Fundamental Theorem of Calculus.
It and its various ramifications will be used repeatedly in this class.

Definition A.1. Let U be a open subset. The divergence of a differentiable vector-field v: U — R"
is the function divv: U — R defined by

n
divy := Z 0;v;.
i=1

Here v; are the components of v.

Theorem A.2 (Divergence Theorem). Let U be a open subset with C' boundary and letv: 0U — R"
be the outward-pointing normal vector-field to OU. If v: U — R" is a continuously differentiable

vector field, then
/ divv = v, v).
U ouU

The expression (v, v) denotes the inner product of the vector-fields v and v.
Applying Theorem A.2 to the vector-field v := fg - e;, tells us how to integrate by parts in R".

Theorem A.3 (Integration by parts). Let U be a open subset with C' boundary. If f,g: U — R

are C! functions, then
[@ne+ [ r@o= [ son
U U oU

foreachi =1,...,n Here v; denotes the i—th component of the outward-pointing normal vector
field v.

We will frequently use the following identities, which follow directly from the preceeding
theorem.

Theorem A.4 (Green’s identities). Let U be a open subset with C' boundary. If f,g: U — R are

Cc? functions, then
/ (Af)g = / (VF,Vg) - / @ f)g
U U ouU

/ (Af)g—fAg) = [ [f(dg) - (O,1)¢.
U ou

Here 0, f = (V f,v) is the derivative of f in the direction of v; similarly for 0,g.

and
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B Metric spaces

Metric spaces are an abstraction of the notion of a space for which you can say how far any two
points are apart from each other. Some very basic results in the theory of metric spaces can already
be exploited to enormous profit for PDE, and this is why we introduce this seemingly unrelated
abstract concept here. (It is also very interesting to study metric spaces just by themselves, and there
is a surprising amount of theory. In this appendix, however, we are not even scraping the surface.)

Definition B.1. A metric space is apair (X, d) consisting of aset X and a functiond: XXX — [0, o),
often called the distance, such that for any x, y, z € X we have

* d(x,y) =0if and only if x = y,
* d(x,y) =d(y,x),and
e d(x,z) <d(x,y) +d(y,2).

Remark B.2. All of these axioms except the second one are very natural when talking about distances.
The second one, sometimes called symmetry, asserts that it takes as long to get from x to y as it takes
the other way around from y to x, and we all know cases where this is not a reasonable assumption
in real life. Nevertheless, symmetry is one of the axioms for a metric space.

Remark B.3. One often commits abuse of notation and talks about the metric space X, sweeping d
under the rug. This is usually acceptable, when d is clear from the context, but if you stumble across
a “metric space X and have no idea what on earth d is supposed to be, then you have every right to
and should complain!

Let me give a list of important examples of metric spaces appearing throughout this class.

Example B.4. The space of real numbers R together with the function d: R X R — [0, o) defined
by

d(x,y) = |x =yl
constitute a metric space.

Exercise B.5. If (X1, d;) and (X, d») are metric spaces, then so is X := X; X X, together with
d ((x1,x2), (¥1,¥2)) = d(x1, y1) + d(x2, y2).
In particular, R" is a metric space.
Example B.6. Given U C R", we set
CK(U,R™) := {f: U — R™ k times continuous differentiable}
and define d: CX(U,R™) x CX(U,R™) — [0, o) by

k

d(f,g) == ) sup [V' f(x) = Vig(x)l.

i—0 X€U

The pair (CK(U,R™), d) is a metric space. If m = 1, then we usually just write CX(U).
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An important notion that metric spaces inherit from R is that of a limit.

Definition B.7. Let (X, d) be a metric space. We call x € X the limit of the sequence (x,) € X Nif
lim d(x, x,) = 0.
n—oo
In this case we write
x = lim x,.
n—oo

Remark B.8. Note that the limit is unique, by the first axiom for metric spaces.

Definition B.9. Let (X, d) be a metric space. A sequence (x,) € X is called a Cauchy sequence if
for each £ > 0 there exist a m > 0 such that for all k, £ > m we have

d(xp, xp) < €.

This means that the elements of (x,) get increasingly closer to each other as n goes to infinity.
Intuitively, one might think that every Cauchy sequence (x,) needs to have a limit because the points
get so close together that they really want to converge. Certainly, this is true in R, but general metric
spaces can be horrible, so we make a definition.

Definition B.10. A metric space (X, d) is called complete if every Cauchy sequence has a limit.
Example B.11. Q with the distance inherited from R is incomplete.

Exercise B.12. Prove that if U c R” is compact, then C°(U, R™) is complete. You can proceed
along the following lines: Suppose (f,) is a Cauchy sequence.

1. Use the limits lim,,_, f;(x) to construct amap f: U — R™.
2. Use the Cauchy property of (f5) to show that lim,, . d(f, fn) = 0.
3. Prove that f is continuous.

Exercise B.13. Let (X, d) be a metric space. Set
X :={(x,) C xN Cauchy sequence }/ ~

with (x,) ~ (y,) if and only if
lim d(x,, yn) =0,
n—o0o

and define d: X x X — [0, o) by
CZ(()C”), (yn)) = inf d(xn, yn).
neN

Show that (X, d) is a complete metric space.
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Definition B.14. Given a metric space (X, d), the metric space (X, d) is called the completion of
(X,d).

Example B.15. The completion of Q is R.

Example B.16. Suppose U is bounded. Consider the L>—distance on C°(U) defined by

1/2
dp2(f.8) = ( /U |f - g|2)

(C%(0),d 12) is not complete. 1t is easy to find a discontinuous, but integrable function f, and a
sequence of continuous functions converging to f., with respect to d;2. (You may think this is really
bad, but in someway this is what makes Fourier series so powerful.)

The space L*(U) is the completion of (CY0),d 12). If you take a class on measure theory (and
if you care about PDE, this is something you should do), then you will learn how to think about the
elements of L>(U). Roughly speaking they are functions on U, but you can only define their values
at “almost all” points of U.

Theorem B.17 (Banach’s Fixed Point Theorem). Let (X,d) be a complete metric space and
T: X — X a contraction, i.e., for some y < 1 and each x,y € X,

d(Tx,Ty) <yd(x,y).
Then T has a unique fixed point xo € X.

This theorem underlies many PDE applications. It might seem very abstract at first, but (unlike
topological fixed point theorems) it is in fact constructive.

Exercise B.18. Prove Theorem B.17 along the following lines:
1. Use the contraction property of 7' to show that there is at most one fixed point.

2. Pick any x € X. Consider the sequence (x,) := (T"x). Prove that (x,) is Cauchy and use
completeness of X to extract the fixed point xg.

(What can you say about the rate of convergence in terms of y?)
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C Fourier Series on [0, 1]

Definition C.1. A Hilbert space is a vector space H together with an inner product (-,-) : HXH — R
such that the metric defined by

d(x,y) = llx =yl :=(x =y, x =)
makes (H, d) into a complete metric space.

Example C.2. The archetypal example of a Hilbert space is

€= {(a) €RY: ) fail < oo)

i=1

with inner product

(o8]

(ai, b,‘)gz = Z aibi.

i=1

Example C.3. The inner product

1
(f-&)12 2=/0 f(x)g(x)dx

defined on C°([0, 1]) does not make C°([0, 1]) into a Hilbert space. The completion of ([0, 17)
with respect to the metric induced by (-, -);2, which we denote by L2([0, 1]), however, is a Hilbert
space.

Remark C.4. One has to be a bit careful working with L?>—spaces, since elements are not functions
but only equivalence classes of functions. Functions in the same equivalence class only differ on a
set of measure zero, so this problem is “mostly harmless”, but not entirely harmless. Note, however,
that the canonical maps CcO([0,1]) — L2([0, 1]) is injective and thus we can make statements like “a
certain f € L*([0, 1]) is continuous”. What this means of course is that f can be represented by a
continuous function.

Definition C.5. An (countable) orthonormal basis of a Hilbert space (H, (-, -)) is a sequence
(e;)ien € HN such that
1 i=j
e, €)= 6 Pi=
o)==y 17

and, for every x € H, (x,e;) = 0 for alli € N if and only if x = 0.

Remark C.6. If H is not finite dimensional, then an orthonormal basis of the Hilbert space H is not
a basis of the vector space H, since not every element can be written as a finife linear combination.
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Proposition C.7. If (e;) is a orthonormal basis of a Hilbert space (H, (-, -)), then, for every x,y € H,
setting

a; :={x, fi) and b; =y, f;)

(o)
X = Z a;e;
i=1

we have

and

(o)

(x,y) = aibi.

i=1
The basic result of Fourier analysis on [0, 1] can be summarised as follows.

Theorem C.8. The sequence (f,(x) := V2 sin(nnx)) is an orthonormal basis of the Hilbert space
L*([0, 1]).

Definition C.9. If f € L?([0, 1]), then the Fourier coefficients of f are the sequence (a,) € RN
defined by

an = f, fn)

and the Fourier series is the expression

(o8]

Zanfn-

n=1

What makes this particular orthonormal basis so useful for us is the simple fact that

Afn = _a)%fn = (nﬂ')zfn-

This means that the Laplace operator A becomes diagonal in the orthonormal basis (f,,). Note,
however, that the eigenvalues do go to infinity; hence, A is an unbounded linear operator.

There is a tight connection between the regularity of f and the rate of decay of the Fourier
coefficients.

Proposition C.10. Fix k € N = {0, 1,2,...}. If the Fourier coefficients of f € L*([0, 1]) satisfy
(an) € € := {(by) € RN : > " nF|b,| < oo},
n=1

then f € C*([0,1]) and

N
[ A I
n=1 Ck
Here
k .
fllex =D sup [V F(x)l.
i—0 x€[0,1]
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Exercise C.11. Prove this proposition. Here are some hints if you get stuck:
* Whatis || fullcx?
¢ Show that 25:1 ay fn is a Cauchy sequence in ck([0, 1).
* Use that if g = limy e gy in C*([0, 1]), then the same holds true in L*([0, 1]).
Exercise C.12. Define f € L?([0, 1]) by
o) {1 x<1/2
-1 x>1/2.

Show that the Fourier coefficients of f are

42
W2 = Gk 21
and a,, = 0if n # 2 mod 4. Show that
4N +2 1 .
. 1 1 sin(mx)
1 - - =2 .
N L4 nfn (2 4N+2) /0 o

n=

Remark. The right-hand side is approximately 1.18. Thus the partial sums of the Fourier expansion
overshoot by about 9% times the height of the discontinuity at 1/2. This is called the Gibbs
phenomenon.
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D Dominated Convergence Theorem

Let U be an open subset of R".

Theorem D.1 (Dominated Convergence Theorem). Let f,: U — R be a sequence of integrable
functions and f: U — R such that for all x € U we have

fx) = lim fu(x)
If there exists an integrable function g: U — R such that for all x € U

| ful(x) < g(x),

then

lim/fn(x)dx:/f(x)dx.

Proposition D.2. Let I be an interval in R. Let f: I X U — R be such that f(t,-) is integrable for
eacht € R and differentiable in the direction of t. If there exists an integrable function g: U — R
such that for allt € I and x € U

10, f1(2, x) < g(x),
then the function F(t): I — R defined by

F(t) :=/ [t x)dx
U

is differentiable and

azF(t):/ ﬁtf(t,x)dx.
U

Exercise D.3. Prove Proposition D.2 using Theorem D.1. (Hint: Use the Intermediate Value
Theorem: For each x € U, and t1,t, € I with 1 < t,, there exist a t € [t,t2] such that

f(tl,x) - f(t29 x) = atf(t’ x))
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