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Abstract

Associated with every quaternionic representation of a compact, connected Lie group there
is a Seiberg-Witten equation in dimension three. The moduli spaces of solutions to these
equations are typically non-compact. We construct Kuranishi models around boundary
points of a partially compactified moduli space. The Haydys correspondence identifies such
boundary points with Fueter sections—solutions of a non-linear Dirac equation—of the bundle
of hyperkahler quotients associated with the quaternionic representation. We discuss when
such a Fueter section can be deformed to a solution of the Seiberg—Witten equation.

1 Introduction

Associated with every quaternionic representation of a compact, connected Lie group there is
a system of partial differential equations generalizing the classical Seiberg—Witten equations in
dimension three and four; see, for example, Taubes [Taugg], Pidstrigach [Pido4], Haydys [Hayo8],
Salamon [Sal13, Section 6], and Nakajima [Naki6, Section 6(i)]. In fact, almost every equation
studied in mathematical gauge theory arises in this way. In the present paper we focus on the
3—-dimensional theory. A key difficulty in studying Seiberg-Witten equations arises from the
non-compactness issue caused by a lack of a priori bounds on the spinor. This phenomenon has
been studied in special cases by Taubes [Tau13a; Tauisb; Tau16], and Haydys and Walpuski [HW15].
To focus on the issue of the spinor becoming very large, one passes to a blown-up Seiberg-Witten
equation. The lack of a priori bounds then manifests itself as the equation becoming degenerate
elliptic when the norm of the spinor tends to infinity. However, the Haydys correspondence allows
us to reinterpret the limiting equation as a non-linear version of the Dirac equation, known as the
Fueter equation [Sali3; Hay14]. This suggests that, although formally the blown-up Seiberg-Witten
equation appears to be degenerate, one should be able to develop an elliptic deformation theory
around points at infinity of the moduli space. This is what is achieved in the current paper; the
main result being Theorem 2.29 below.

Our second result, Theorem 2.31, asserts that, under a transversality assumption, Fueter
sections cause wall-crossing for the signed count of solutions to the Seiberg-Witten equation—a



new phenomenon which has no analog in classical Seiberg-Witten theory. In [DW18] we analyze
this wall-crossing phenomenon for the Seiberg—Witten equation with two spinors in detail.

Donaldson and Segal [DS11] proposed that there should be a similar wall-crossing phenomenon
for the signed count of G,—instantons over a G,—manifold. The number of G,-instantons jumps due
to the appearance of Fueter sections supported on 3—dimensional associative submanifolds of the
G;-manifold. This is the basis of the conjectural relationship between Seiberg-Witten equations on
3-manifolds and enumerative theories for associative submanifolds and G,—instantons. Donaldson
and Segal’s prediction was partially confirmed in [Wal17a]; our Theorem 2.31 can be understood
as a Seiberg-Witten analog of this result.
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2 Main results

For the reader’s convenience, before stating our main results, we begin by reviewing the necessary
background on Seiberg-Witten equations associated with quaternionic representations.
2.1 Hyperkihler quotients of quaternionic vector spaces

Definition 2.1. A quaternionic Hermitian vector space is a real vector space S together with a
linear map y: ImH — End(S) and an inner product (-, -) such that y makes S into a left module
over the quaternions H = R(1, i, j, k), and i, j, k act by isometries. The unitary symplectic group
Sp(S) is the subgroup of GL(S) preserving y and (-, -).

Let G be a compact, connected Lie group.

Definition 2.2. A quaternionic representation of G is a Lie group homomorphism p: G — Sp(S)
for some quaternionic Hermitian vector space S.

Suppose that a quaternionic representation p: G — Sp(S) has been fixed. By slight abuse of
notation, we also denote the induced Lie algebra representation by p: g — sp(V). We combine p
and y into the map y: ¢ ® InH — End(S) defined by

y(& ®v)® = p(&)y(v).

The map y takes values in symmetric endomorphisms of S. Denote the adjoint of y by y*: End(S) —
(6 ® ImH)*.

Proposition 2.3. The map p: S — (g ® ImH)* defined by

(2.4) H@) = 7 @)
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with ®* := (®,-) is a hyperkdahler moment map, that is, it is G-equivariant, and

(Ao, & @ v) = (y(v)p(5)P, )
forall¢ € g andv € ImH.

This is a straightforward calculation. Nevertheless, it leads to an important conclusion: there
is a hyperkéhler orbifold naturally associated with the quaternionic representation.

Definition 2.5. We call ® € S regular if (du)e: ToS — (¢ ® ImH)* is surjective. Denote by S™8
the open cone of regular elements of S.

By Hitchin, Karlhede, Lindstrém, and Ro¢ek [HKLR8&7, Section 3(D)],
X =S"8)JG = (u~'(0) N S™8) /G

is a hyperkahler orbifold; see also Proposition 4.2. For psychological convenience, we want to
make the assumption that X is, in fact, a hyperkédhler manifold. It will be important later that X is
a cone; that is, it carries a free Rt -action.

The following summarizes the algebraic data required to write down a Seiberg-Witten equation.

Definition 2.6. A set of algebraic data consists of:
1. a quaternionic Hermitian vector space (S, y, (-, -)),

2. a compact Lie group H and a closed, connected, normal subgroup G < H such that G acts
freely on p~1(0) N ™8,

3. an Ad-invariant inner product on Lie(H), and
4. a quaternionic representation p: H — Sp(S).

Definition 2.7. Given a set of algebraic data as in Definition 2.6, the group K := H/G is called the
flavor symmetry group.

The groups G and K play different roles: G is the structure group of the equation, whereas
K consists of any additional symmetries, which can be used to twist the setup or remain as
symmetries of the theory. On first reading, the reader should feel free to assume for simplicity
that H = G X K, or even that K is trivial.

2.2 The Seiberg—Witten equation

Let M be a closed, connected 3—manifold.

Definition 2.8. A set of geometric data on M compatible with a set of algebraic data as in Defini-
tion 2.6 consists of:



1. a Riemannian metric g,

2. a spin structure s,

3. aprincipal H-bundle Q — M,* and

4. a connection B on the principal K-bundle
R=0xgK.

Suppose that a set of geometric data as in Definition 2.8 has been fixed. Left-multiplication by
unit quaternions defines an action 6: Sp(1) — O(S) such that

0(q)y (v)® = y(Ad(q)v)0(q)®

forall g € Sp(1) = {g € H: |q| = 1}, v € ImH, and ® € S. This can be used to construct various
bundles and operations as follows.

Definition 2.9. The spinor bundle is the vector bundle
S = (s X Q) Xsp(1)xH S-
Since T*M = s Xsp(1) Im H, it inherits a Clifford multiplication y: T*M — End(&).
Definition 2.10. Denote by &/(Q) the space of connections on Q. Set
AB(Q) = {A € H(Q) : Ainduces B on R}.

5(Q) is an affine space modeled on Q!(M, gp) with gp denoting the adjoint bundle associated
with Lie(G), that is,
qp == Q Xad Lie(G).z

Definition 2.11. Every A € /3(Q) defines a covariant derivative V4: T'(S) — Q(M, ). The
Dirac operator associated with A is the linear map D4 : T(S) — I'(S) defined by

H)Aq) = )/(VAqD)
Definition 2.12. The hyperkéhler moment map p: S — (ImH ® g)* induces a map
pu: S — A*T*M @ gp

since (T*M)* = A’T*M.

1The following observation is due to Haydys [Hay14, Section 3.1] and becomes important when formulating the
Seiberg-Witten equation in dimension four. Suppose there is a homomorphism Z; — Z(H) such that the non-unit in
Z acts through p as —1. Set H := (Sp(1) x H)/Z3. All of the constructions in Section 2.2 go through with s x O replaced
by a H-principal bundle Q. In the classical Seiberg-Witten theory, this corresponds to endowing the manifold with a
spin¢ structure rather than a spin structure and a U(1)-bundle.

2If H = G X K, then the G-bundle P alluded to in this notation does exist. In general, it does not exist but traces of
it do—e.g., its adjoint bundle and its gauge group.



Denoting by
o: 8o — ap
the projection induced by Lie(H) — Lie(G), we are finally in a position to state the equation we
wish to study.

Definition 2.13. The Seiberg-Witten equation associated with the chosen geometric data is the
following system of differential equations for (®, A) € T'(S) X «/B(Q):

Dy®=0 and

(214) oFA = u(®).

Most of the well-known equations of mathematical gauge theory on 3- and 4-manifolds can
be obtained as a Seiberg-Witten equation.®

Example 2.15. S = H and p: U(1) — H acting by right-multiplication with e’? leads to the
classical Seiberg-Witten equation in dimension three.

For further examples, we refer the reader to Appendix A.
The Seiberg-Witten equation is invariant with respect to gauge transformations which preserve
the flavor bundle R.

Definition 2.16. The group of restricted gauge transformations is
Z(P) := {u € €(Q) : u acts trivially on R}.

€ (P) is an infinite dimensional Lie group with Lie algebra Q°(M, gp); it acts on T'(S) X /5(Q),
and preserves the space of solutions of (2.14).

The main object of our study is the space of solutions to (2.14) modulo restricted gauge
transformations. This space depends on the geometric data chosen as in Definition 2.8. The
topological part of the data, the bundles s and H, will be fixed. The remaining parameters of the
equations, the metric g and the connection B, will be allowed to vary.

Definition 2.17. Let .#et(M) be the space of Riemannian metrics on M. The parameter space is
P = Met(M) X A (R).
Definition 2.18. For p = (¢, B) € &, the Seiberg—Witten moduli space is

[(S) X dp(Q) (P, A) satisfies (2.14) }

Visw(p) = {[(CD’ Al e g(P) " with respect to g and B

The universal Seiberg-Witten moduli space is

I©) xA(Q)
Msw = 1(p, (D, A)]) € P X ———=—=: [(D, A)] € Msw(p) -
g(P)
3In fact, if we allow the Lie groups and the representations to be infinite-dimensional, we can also recover (special
cases of) the Gy— and Spin(7)-instanton equations [Hay12, Section 4.2].




The Seiberg-Witten moduli spaces are endowed with the quotient topology induced from the
C*-topology on the spaces of connections and sections. As we will explain in Section 3, if ¢y is a
solution of (2.14) for some py € P, then the deformation theory of (2.14) at (po, ¢¢) is controlled
by a differential graded Lie algebra (DGLA). Associated with this DGLA is a formally-self adjoint
elliptic operator L, ., which can be understood as a gauge fixed and co-gauge fixed linearization of
(2.14). These operators equip Mgy with a real line bundle det L such that for each (p, [¢c]) € Visw
we have

(det L), o) = detker L, . ® (coker L, ()"
The fact that the operators L, are Fredholm allows us to construct finite dimensional models of

Nisw by standard methods.

Proposition 2.19. If ¢y is a solution of (2.14) for po € P and ¢ is irreducible,* then there is a
Kuranishi model for a neighborhood of (po, [¢o]) € Msw; that is: there are an open neighborhood of
U of po € P, finite dimensional vector spaces I and O of the same dimension, an open neighborhood
# of 0 € I, a smooth map
ob: UXx S — O,
an open neighborhood V of (po, [¢o]) € Misw, and a homeomorphism
¥: ob 1(0) > V c Msw,

which maps (py,0) to (po, [¢o]) and commutes with the projections to P. Moreover, for each (p,¢) €
im x, there is an exact sequence

dIOb
0 —kerL,. —I—— O — cokerL, . — 0

such that the induced maps det L, . — det(I) ® det(O)" define an isomorphism of line bundles
det L = x,.(det(I) ® det(O)*) onimx C Nigw.

2.3 The blown-up equation and the Haydys correspondence

Unless p~1(0) = {0}, the projection map Msw — P cannot expected to be proper. This potential
non-compactness phenomenon is related to the lack of a priori bounds on ® for (®, A) a solution of
(2.14). With this in mind, we blow-up the equation (2.14); cf. [KMo7, Section 2.5; HW15, Equation
(1g)].

Definition 2.20. The blown-up Seiberg-Witten equation is the following differential equation
for (¢,®, A) € [0,00) X T(S) X A5(Q):

Pa® =0,
(2.21) e*oF, = p(®), and
[Pll2 = 1.

4We say that ¢ is irreducible if I, = {u € $(P) : ucy = ¢o} = {id}, see Definition 3.3. There is a natural
generalization of Proposition 2.19 to the case when c¢q is reducible. Then I';, acts on U and O and ob can be chosen to be
It,-equivariant, cf. [DK9o, Section 4.2.5]. However, in this paper we focus on neighborhoods of infinity of the moduli
space, and as we will see those contain only irreducible solutions.



Set
S = (5 X Q) Xsp(1)xh S™E.

Definition 2.22. The partially compactified Seiberg-Witten moduli space is

. (e, ®, A) satisfies (2.21)
Msw(g,B) = {(E, [(@,A)]) € [0,00) X % with respect to g and B; }
if £ = 0, then ® € ['(S"°8)

Likewise, the universal partially compactified Seiberg-Witten moduli space is

I(S)xA(Q)

ﬁSVV = {(P, & [((D’ A)]) € P X [O’ oo) X g(P) . (‘S’ [(CI), A)]) € ﬁSW(P)}

The partially compactified Seiberg-Witten moduli spaces are also naturally topological spaces.
The formal boundary of Misw is

OMsw = {(P, 0,[(®,A)]) € ﬁsw},
and the map .
Msw\OMsw — Msw.,  (p. & (D, A)]) = (p, [(¢7'D, A)])
is a homeomorphism. This justifies the term “partially compactified”.

Warning 2.23. The space Msw(g, B) need not be compact. From work of Taubes [Tau13a] on
Example A.2 with G = SO(3) and work of Haydys and Walpuski [HW15] on Example A.3 with
k = 1, we expect that the actual compactification will also contain singular solutions of (2.21) with
& = 0; see [DW18]. In fact, 0Wisw need not be compact [Wali7b]. Precisely understanding the full
compactifications is one of the central challenges in this subject.

For ¢ = 0, (2.21) appears to be degenerate. However, since ® € I'(&"8), this equation can be
understood as an elliptic PDE as follows.

Definition 2.24. The bundle of hyperkihler quotients 7: X — M is
X = (S X R) XSp(1)xK X.

Its vertical tangent bundle is
VX = (5 X R) XSp(l)XK TX,

and y: ImH — End(S) induces a Clifford multiplication y: 7*TM — End(VX).

Definition 2.25. Using B € &/(R) we can assign to each s € ['(X) its covariant derivative Vgs €
QY(M, s*VX). A section s € T(X) is called a Fueter section if it satisfies the Fueter equation

(2.26) &(s) = Fp(s) == y(Vps) = 0 € [(s"VX).

The map s — $(s) is called the Fueter operator.®

°In the following, we will suppress the subscript B from the notation.



An elementary but important calculation shows that a pair (®, A) € T(S"8) x &/5(Q) satisfies
D 4® = 0 and p(®) = 0 if and only if the projection s := p o @ € ['(X) satisfies F(s) = 0. This is part
of the Haydys correspondence, which will be discussed in more detail in Section 4.

The linearized Fueter operator (d%)s: I'(s*VX) — I'(s*VX) is a formally self-adjoint elliptic
differential operator of order one. In particular, it is Fredholm of index zero. However, the space of
solutions to F(s) = 0, if non-empty, is never zero-dimensional. The reason is that the hyperkahler
quotient X = S™8 /G carries a free R" —action inherited from the vector space structure on S. This
induces a fiber-preserving action of R* on X. One easily verifies that, for A € R" and s € I'(X),

(2.27) §(As) = A& (s).

As a result, R* acts freely on the space of solutions to (2.26) which shows that Fueter sections
come in one-parameter families. At the infinitesimal level, this shows that every Fueter section is
obstructed.

Definition 2.28. The radial vector field 0 € I'(X, VX) is the vector field generating the R*-action
on X.

Differentiating (2.27) shows that if s is a Fueter section, then ¢ o s € I'(s*VX) is a non-zero
element of ker(dg)s.

2.4 Kuranishi models for ﬁsw

The main result of this article is the construction of Kuranishi models for Mgy centered at points
of 6gﬁsw.

Theorem 2.29. Letpy = (9o, Bo) € P and ¢y = (Py, Ag) € T(S™8) X A (Q) be such that (po, 0, [¢o]) €
0Misw. Denote by sy = p o &y € I'(X) the corresponding Fueter section of X. Set

Iy = ker(d®)s, N (D os)" and O := coker(dy)s,.

Letr € N.
There exist an open neighborhood 75 of 0 € Iy, a constant &y > 0, an open neighborhood U C &
of po, a C*" ™! map
ob: U X[0,g) X F5 — O,

an open neighborhood V of (po, 0, [¢o]) € Msw, and a homeomorphism
x: ob 1 (0) > V C Msw
such that the following hold:
1. There are smooth functions
oba,cﬁ)l,...,o%r: UXx Sy — 0

such that for allm,n € Ny withm + n < 2r we have

’V"JXJB(?;’ (ob — obg — Z::l 62"651-)

_ 2r—n+2
o= O(e ).
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2. The map x commutes with the projection to P X [0, ) and satisfies
x(pOa 07 O) = (PO’ 07 [CO])'

3. Foreach (p, ) € imx N Nisw, the solution ¢ is irreducible; moreover, it is unobstructed if dyob
is surjective.

Remark 2.30. The neighborhoods %5 and U may depend on the choice of r.

The difficulty in proving this theorem arises from the fact that the (gauge fixed and co-gauged
fixed) linearization of (2.21) appears to become degenerate as ¢ approaches zero. The Haydys
correspondence, however, indicates that one can reinterpret (2.21) at ¢ = 0 as the Fueter equation;
in particular, as a non-degenerate elliptic PDE. One can think of Theorem 2.29 as a gluing theorem
for the Kuranishi model described in Proposition 2.19 with a Kuranishi model for the moduli space
of Fueter sections divided by the R*-action.

2.5 Wall-crossing

The main application of the work in this article—and our motivation for it—is to understand wall-
crossing phenomena for signed counts of solutions to Seiberg-Witten equations arising from the
non-compactness phenomenon mention in Section 2.3. In the generic situation of Theorem 2.29, one
expects to have ker(d¥)s, = R(0 o s¢). In this case, if {p; = (9;,B;) : t € (-T,T)} is a 1-parameter
family in &, then (for T <« 1) one can find a 1-parameter family {(s;) € I'(X) : t € (-T,T)} of
sections of X and A: (-T,T) — R with A(0) = 0 such that

Se(se) = A(t) - Dosy.

Theorem 2.31. In the situation above and assuming A(0) # 0, for each r € N, there exist &, > 0 and
C* I mapst: [0,60) = (=T,T) and c: [0, &) — I'(S™8) x o/ (Q) such that an open neighborhood
V 0f (0,0, [co]) in the parametrized Seiberg—Witten moduli space

I'(©)x Q) .

{(t, & [(®,4)]) € (-T,T) x [0, 00) X op) (e,[(2,4)]) € ﬁsw(Pt)}

is given by
V ={(t(e). &, [c(e)]) - € € [0, &0)}.
Ifc(e) = (D(¢), A(e)), then there is ¢ € I'(S) such that
D(e) = Oy + £%¢p + O(eh),
and with
5 = (4, IDA0¢>L2

we have 5
_ 9 4 6
t(e) = )l(O)E + O(&°).

For e € (0, &), c(¢) is irreducible; moreover, if § # 0, then c(¢) is unobstructed.



Remark 2.32. In the situation of Theorem 2.31, there is no obstruction to solving the Seiberg-Witten
equation to order ¢?—in fact, a solution can be found rather explicitly. The obstruction to solving
to order ¢* is precisely &.

If Misw is oriented (that is: detL — Migw is trivialized) around (po, [¢o]), then identifying
ker(d)s, = coker(d)s, = R(0 o s) determines a sign ¢ = +1. If § # 0, then contribution of [¢(¢)]
should be counted with sign —o - sign(8); as is discussed in Section 3.4. However, sign(5/A(0)) also
determines whether the solution ¢(¢) appears for t < 0 or ¢t > 0. Thus, the overall contributions
from sign(8) cancel.

t t
(@) 1(0) > 0,0 =+1,8 >0 b)A(0)>0,0=+1,6 <0

Figure 1: Two examples of wall-crossing.

This is illustrated in Figure 1, which depicts two examples of wall-crossing. More precisely, it
shows the projection of U, ¢(_1, 1) Nisw(p,) on the (¢, ¢)-plane. In both cases we assume A(0) > 0
and o = +1. Figure 1a represents the case § > 0, in which a solution ¢(¢) with sign sign(c(¢)) =
—o - sign(d) = —1is born at ¢t = 0. Figure 1b represents the case § < 0, in which sign(c(¢)) = +1
and the solution dies at t = 0. In both cases, as we cross from t < 0 to ¢t > 0 the signed count of
solutions to the Seiberg—Witten equation changes by —1.

3 Deformation theory of the Seiberg-Witten equation

We begin with the deformation theory of the blown-up Seiberg-Witten equation away from ¢ = 0,
that is, with the deformation theory of the Seiberg-Witten equation itself. All of this material is
standard, but it will set the stage for what is to come.

3.1 The Seiberg-Witten DGLA

The deformation theory of the Seiberg-Witten equation is controlled by the following differential
graded Lie algebra (DGLA).
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Definition 3.1. Denote by L® the graded real vector space given by
L’ = Q°(M,gp),
L' :=T(S)® Q'(M,ap),
L* =T(S)® Q*M,qp), and

L == Q*(M, gp).
Denote by [-,-]: L* ® L* — L* the graded skew-symmetric bilinear map defined by
[a,b] = [a A da] fora,b € Q*(M, gp),
€, 9] = p(&)¢ for £ € Q°(M, gp) and ¢ € T(S) in degree 1 or 2,
[a, 9] = -y(a)¢ for a € Q'(M, gp) and ¢ € T(S) in degree 1,
[, v] = —2u(p, ¢) for ¢,y € I'(S) in degree 1, and
[, v] = —=* p*(py™) for ¢ € I'(S) in degree 1 and ¥ € I'(S) in degree 2.

Given ¢ = (@, A) € I'(S) x I5(Q), define the degree one linear map 6* = 67 : L* — L**! by
50(5) . (—p(g)(l))
¢ = s

daé
_ [ ~Pad - 7(a)®
51(¢,a) = (_zyéb’ 4 dAa), and

82, b) = #p" (Y @) + dab.

Proposition 3.2. The algebraic structures defined in Definition 3.1 determine a DGLA which controls
the deformation theory of the Seiberg—Witten equation; that is:

1. (L%, [,-]) is a graded Lie algebra.

2. Ifc = (@, A) is a solution of (2.14), then (L*, [-, ], 8°) is a DGLA.

3. Suppose that ¢ = (®, A) is a solution of (2.14). For every ¢ = (¢,a) € L}, (® + ¢, A + a) solves
(2.14) if and only if it is a Maurer—Cartan element, that is, 5.¢ + $[¢,¢] = 0.

The verification of (1) and (2) is somewhat lengthy, and is deferred to Appendix C. Part (3),
however, is straightforward.

Definition 3.3. Let ¢ € T'(S) X &/5(Q) be a solution of (2.14). We call
LL={ue@®P):uc=c}

the group of automorphisms of ¢. Its Lie algebra is the cohomology group H(L®, &,); H'(L®, &) is
the space of infinitesimal deformations, and H 2(L*, 8,) the space of infinitesimal obstructions.
We say that c is irreducible if I; = 0, and unobstructed if H*(L®, §;) = 0.

Remark 3.4. H3(L*, 8.) has no immediate interpretation, but it is isomorphic to H(L*, 8,), since
the complex (L°®, &) is self-dual (up to signs). The latter also shows that H(L®, §;) is isomorphic to
HA(L*,&,).

11



3.2 The linearized Seiberg—Witten equation

The operators
5 =8 Q" (M,gp) = T(3) & Q' (M, gp),
51 = (ids @ %) 0 81: T(S) ® Q'(M,ap) — I(S) & Q'(M,gp), and
52 = — %0620 (ids @ %): T(S) ® Q' (M, ap) — Q°(M, gp)

satisfy
(89" =6 and (81) =6,

and L.: T(S) ® Q' (M, gp) ® Q°(M, gp) — T(S) ® Q1 (M, gp) ® Q°(M, gp) defined by

S1 S0
L= (5c 5‘)

52 0
Do 0 0 0 1)@ —p()®
= 0 xdg da|+[-2*p(d,-) 0 0
0 d, o —p*(- @) 0 0

is formally self-adjoint and elliptic.
Definition 3.5. We call L. the linearization of the Seiberg-Witten equation at c.

If ¢ is a solution of (2.14), then Hodge theory identifies H'(L®, §;) ® H°(L®, ;) with ker L, and
H*(L*,8.) ® H*(L®, &) with coker L. The fact that (L®, &) is self-dual (up to signs) manifests itself
as L. being formally self-adjoint. After gauge fixing and co-gauge fixing, we can understand (2.14)
as an elliptic PDE as follows.

Proposition 3.6. Given
¢o = (Po, Ao) € I'(S) x Ap(Q),

define Q: I(S) @ Q'(M,gp) ® Q°(M,gp) — T(S) ® Q' (M, gp) ® Q°(M, ap) by
—y(a)¢
Q¢ a,&) =3 *[anal—*u()],
0
e, € F(@) (&) QI(M, gp) (&) QO(M, gp) by
—Pa, Do
¢, = | #@Fa, — *p(Po) |,
0

and set
s, (€) i= Ly € + Q, (€) + e,

12



There is a constant o > 0 depending on ¢ such that, for every ¢ = (¢, a, &) € [(S) ® QY(M, gp) ®
Q%M, ap) satisfying ||(¢, a)||lL~ < o, the equation

sw,(€) = 0
holds if and only if ¢y + (@, a) satisfies (2.14) and the gauge fixing condition
(3.7) &y,a—p(¢d;) =0

as well as
da=0 and p(&), = 0;

moreover, if ¢y is infinitesimally irreducible (that is: H'(L®, 5,) = 0), then £ = 0.

The proof requires a number of useful identities for p which are summarized and proved in
Appendix B.

Proof. Setting ® := @y + ¢ and A := Ay + a, the equation sw, () = 0 amounts to

Da® + p(§)® = 0,
@F4 +*dg & = p(®), and

d},a - p'(§®}) = 0.

Since

dap(®) = = * p* (Pa2)®")

by (B.5), applying d4 to the second equation above and using the first equation we obtain

7y, da, € + p" ((p(E)Po)D7) — #[a A xda, ]+ p” ((p(§)P0)$") = 0.

Taking the L? inner product with &, the component of ¢ in the L? orthogonal complement of
ker é, and integrating by parts yields that

lIda Ell7 + lp(E)Doll7 = (x[a A xda €], &o)rz = (p(E)o, p(&0)p) 2.
The right-hand side can be bounded by a constant ¢ > 0 (depending on ¢) times
@ )l (I3, 12 + 1ol
Therefore, if ||(a, §)||L~ < 0 = 1/c, then
dgyé =0 and p(&)Py =0.

It follows that ¢ + (¢, a) satisfies (2.14).
Since &£ € H(L®, §,,), it vanishes if ¢, infinitesimally irreducible. |
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The following standard observation shows that imposing the gauge fixing condition (3.7) is
mostly harmless, as long as we are only interested in small variations ¢; c.f. [DKgo, Proposition

4.2.9].

Notation 3.8. In what follows we denote by W*?T(S) the space of sections of & of Sobolev class
W*P_ We use similar notations for spaces of connections, gauge transformations, and differential
forms.

Proposition 3.9. Fixk € N and p € (1, 00) with (k + 1)p > 3. Given
¢ = (®g, Ag) € WFEPT(S) x WE2P o7 (),
there is a constant ¢ > 0 such that if we set
0, = {E € B (0) € WKPT(S) x WK2PQI (M, gp) : &% a — p($0]) = o},

then the map

¢ WHLPT(@) x WP dl(Q)
Wk+3,p<§(p)

is a homeomorphism onto its image; moreover, It ,¢ is the stabilizer of ¢ inT;.

uco,a/rco El [6] = [CO + 6]

For ¢ = (¢, a, &) and (P, A) = ¢ = ¢o + (¢, a), we have

—Da 0 0 0 7P —p()Do
(dSch)g = 0 xd g dAo +| -2 % [J(q), 2) 0 0
0 dzo 0 -p*(- ®p) 0 0

In particular, (dsw,, ), agrees with L,. The following proposition explains the relation between
(dsw,, )¢ and L, for ¢ = (9, A,0) + ¢.

Proposition 3.10. In the situation of Proposition 3.9, if ¢ € U, » and ¢ = ¢o + ¢, then thereisat > 0
and a smooth map ¢, .: B;(c) = Bs(0) which maps U, ; to, ., commutes with the projection to
(WEHLPD(@) x Wk*2P of5(Q)) | (WK*3PZG(P)), and satisfies

(dg)c " (dswog, )(dg)e = (dswi)o = Le.

3.3 Construction of Kuranishi models

The method of the proof of Proposition 2.19 is quite standard, c.f. [DK9o, Section 4.2]. Fix k € N
and p € (1, 00) with (k + 1)p > 3. Given p = (g, B) € P, set

Wk“’pl"(@) X Wk+2’P.QfB(Q) (@, A) satisfies (2.14) }

Kpioy —
My (p) = {[(q)’ A) € Wk+3.rZ(P) " with respect to g and B

14



and define Wig{,g accordingly. It is a consequence of elliptic regularity for L. and Proposition 3.9,

that the inclusion Mgy C 93’2?{{; is a homeomorphism. This together with Proposition 3.6 and
Proposition 3.9 implies that if (po, [¢o]) € Msw is irreducible, then there is a constant o > 0 and an
open neighborhood U of p € & such that if B;(0) denotes the open ball of radius o centered at 0
in WELPT(@) @ WhH2PQU(M, gp) @ WEH2PQO(M, gp), then

{(p.©) € U X Bs(0) : 5wy, (¢) = 0} 3 (p. [(¢. @, E)]) = (p. [¢ + (¢, a)]) € Msw

is a homeomorphism onto its image. Here we use subscripts to denote the dependence of L, Q,
¢, and sw, on the parameter p € . The proof of Proposition 2.19 is completed by applying the
following result to swy, , with I = ker L, , and O = coker Ly .

Lemma 3.11. Let X and Y be Banach spaces, let U C X be a neighborhood of 0 € X, let P be a Banach
manifold, and let F: P XU — Y be a smooth map of the form

F(p,x) = L(p,x) + Q(p, x) + ¢(p)
such that:

1. L is smooth, for eachp € P, L, = L(p,-): X — Y is a Fredholm operator, and we have
SuppepHLp”L(X,Y) < 0o,

2. Q is smooth and there exists a co > 0 such that, for all x1,x, € X and allp € P, we have
(3.12) 1QCx1, p) — O(xz, p)lly < co (IIx1llx + [lx2llx) 11 = x2[lx,
and

3. ¢: P — Y is smooth and there is a constant ¢, such that ||e]|y < ce.

Let I C X be a finite dimensional subspace and let 7: X — I be a projection ontoI. LetO C Y
be a finite dimensional subspace, letI1: Y — O be a projection onto O, and denote by 1: O — Y the
inclusion. Suppose that, for all p € P, the operator L,: O @ X — 1@ Y defined by

is invertible, and suppose that cg = suppep||i;,1||5(y,x) < 00,
If ce <cp,co 1, then there is an open neighborhood .5 of 0 € I, an open subset V.C P X U
containing P X {0}, and a smooth map

x: PxJ¥ - X
such that, for each (p, xy) € F X P, (p, x(p, xo)) is the unique solution (p,x) € V of

(3.13) (idy —I)F(p,x) =0 and 7x = xy.

15



In particular, if we defineob: P X .7 — O by

Ob(p’ xO) = HF(pa x(p’ XO)),
then the map ob™'(0) — F~'(0) NV defined by

(p’ X()) = (p’ x@’ xO))

is a homeomorphism. Moreover, for every (p, xo) € P X .7 and x = x(p, x¢), we have an exact sequence

6xOob(p,x0)
0 — ker 0, F(p,x) » I ———— O — coker 0, F(p, x) — 0;

which induces an isomorphism det 0, F = detI ® (det O)*.

Proof sketch. This is result is essentially a summary of the discussion in Guo and Wu [GW13,
Section 5]; see also [DK9o, Proposition 4.2.4]. The crucial point is that I:p induces an inverse to
(idy — H)Lp : ker # — kerII; thus by the Inverse Function Theorem there are o, 7 > 0 such that
U’ := B;(0) X B;(0) C I X ker r, and there is a smooth map =: P x U’ — ker x such that, for each
p € Pand x € B;(0):

1. E(p, X0,0) = 0,
2. E(p, Xy, -) is a diffeomorphism onto its image, and

3. for all p € P and (xy, x;) € U’, we have

(P, xo,xl)

F(p.x0,1) = Fp. 0, E(p.0,31)) = (f Gp(i0)

) +e(p)

where G,: ker m — kerIl is the linear isomorphism induced by L, and f(p,0,0) = 0.

If ¢, < 1, then G, (idy — I)e(p) € B,(0) and we can take
< =Bys(0) and x(p,xp) := (X(),Ggl(idy —IDe(p)).

We have
ker O, F = ker d,F and coker d,F = coker 0, F.

However, Bxl:" induces G,(xo) from ker 7 to ker IL. Therefore,
ker 0, F = ker Ox,f and coker d,F = coker Ox, f -

Since
ob(p, x0) = f(p, x0, G, (idy — I)e(p)),

it follows that
ker 0y F = ker 0y,0b and coker 0,F = coker dy,0b. m]
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3.4 Orientations

For the purpose of counting solutions to (2.14) orientations play an important role. Suppose
a trivialization 7: detL = R has been chosen. If p € & and [c¢] € Migw(p) is irreducible and
unobstructed, then det L, = det(0)®det(0)* = R®R" is canonically trivial, and we define 7([c]) = +1
if the isomorphism 7| : R = R is orientation preserving and 7(c) = —1 if it is orientation reversing.
If pg € & is such that all [¢] € Msw(po) are irreducible and unobstructed, and Misw(po) is finite,
then we can define

nswipo) = . ([c])

[C] Egﬁsw(po)

The following is a useful criterion to check whether det L can be trivialized.

Proposition 3.14. Suppose that algebraic data as in Definition 2.6 and compatible geometric data
as in Definition 2.8 have been fixed. Let pg: G — Sp(S) be the restriction of the quaternionic
representation p: H — Sp(S) to G < H. Denote by c, € BSp(S) the universal second Chern class. If
(Bpg)*c; € H*(BG,Z) can be written as

(315) (BpG)*Cz =2x + aly% 4+ e 4 akylzc
withx € HY(BG,Z), y1, ...,y € HX(BG,Z), and ay, .. ., ax € Z, then

I'(©) x#(Q)

detL —» &
e - X ?(P)

is trivial.

Proof. The parameter space & is contractible; hence, it is enough to fix an element p € & and
prove that det L is trivial over the second factor. We need to show that if (¢;);¢[o,1] is a path in
I'(S) x #B(Q) and u € E(P) is such that uc; = ¢, then the spectral flow of (L, );¢[0,1] is even. The
mapping torus of u: Q — Q is a principal H-bundle Q over S' X M, and the path (¢;);e[o,1) induces
a connection A on Q. Over S! X M we also have an adjoint bundle gp and the spinor bundles
S* and &~ associated with Q via the quaternionic representation p: H — Sp(S). According to
Atiyah, Patodi, and Singer [APS76, Section 7], the spectral flow of (L, );¢[o,1] is the index of the
operator L = d; — L, which can be identified with an operator

L: T(G") @ QS x M, gp) = I(S7) @ QT (S x M, ap) @ QU(S! x M, ap).

In our case, L is homotopic through Fredholm operators to the sum of the Dirac operator
Dn: I(S*) — I(S7) and the Atiyah-Hitchin-Singer operator d; ® d} for gp. The index of
the Atiyah-Hitchin-Singer operator is —2p;(gp) and thus even. To compute the index of the Dirac
operator, observe that the vector bundle V := Q X, S inherits from S the structure of a left-module
over H and that

S*=$§"euV,
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where $ are the usual spinor bundles of S! x M with the spin structure induced from that on M
and we use the structure of $* as a right-modules over H. S* is a real vector bundle: it is a real
form of $* ®c V. Therefore, the complexification of I is the standard complex Dirac operator on
$ twisted by V. By the Atiyah-Singer Index Theorem,

index I, = / A(S' x M)ch(V)

SixM

- /SlXM chy(V) = —/SIXM ca(V).

The classifying map fy: S' x M — BSp(S) of V is related to the classifying map fo: S' XM — BG
of Q through

fv =Bpg o fo,
and
(V) = fyez = fS(BPG)*Cz-

Since the intersection form of S! x M is even, the hypothesis implies that the right-hand side of
the above index formula is even. O

Remark 3.16. If G is simply—connected, then the condition (3.15) is satisfied if and only if the image
of

(pG)s: m3(G) — m3(Sp(S)) = Z
is generated by an even integer. To see this, observe that BG is 3—connected; hence, by the
Hurewicz theorem, Hy(BG, Z) = n4(BG) = m3(G) and H;(BG,Z) = 0 for i = 1,2,3. The same is
true for Sp(S), and we have a commutative diagram

Hy(BG.Z) 225 H,(BSp(5).2)

lg l;

15(G) — L2 y(Sp(S)).

The group Hy(BG, Z) is freely generated by some elements xi, ..., xx. Let x1, .. ., x* be the dual
basis of H*(BG, Z) = Hom(H,4(BG, Z), Z). Likewise, Hy(BSp(S), Z) is freely generated by the unique
element z satisfying {c,,z) = 1. We have

k
(317) (Bpg)'er = ) ((Bpg) ez, x:)x!

i=1

and
((Bpg)*cz, xi) = {c2, (BpG)sxi).

Therefore, the coefficients in the sum (3.17) are all even if and only if the image of (Bpg)- is
generated by 2mz for some m € Z.
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Example 3.18. The hypothesis of Proposition 3.14 holds when S = H ®c W for some complex
Hermitian vector space W of dimension n and p¢ is induced from a unitary representation
G — U(W); as is the case for the representations leading to the classical Seiberg-Witten and
U(n)-monopole equations, see Example 2.15 and Example A.1. To see that (Bpg)*c; is of the desired
form, note that if E is a rank n Hermitian vector bundle, then the corresponding quaternionic
Hermitian bundle obtained via the inclusion U(n) — Sp(n) is H®c E = E & E and

c2(H®c E) = c(E ® E) = 2¢2(E) — ¢1(E)%.

Example 3.19. The hypothesis of Proposition 3.14 is also satisfied when S = H ®g W for a real
Euclidean vector space W, and p¢ is induced from an orthogonal representation G — SO(W); as is
the case for the equation for flat G°~connections, see Example A.2. To see that (Bpg)*c; is of the
desired form, note that if E is a Euclidean vector bundle of rank n, then the associated quaternionic
Hermitian vector bundle is H ®g E and

c2(H®g E) = —2p:(E).

If two quaternionic representations satisfy the hypothesis of Proposition 3.14, then so does
their direct sum. Therefore, the previous two examples together show that det L is trivial for the
ADHM Seiberg-Witten equation described in Example A 3.

Example 3.20. In general, det L need not be orientable. If S = Hand G = H = Sp(1) acts on S
by right multiplication, then it is easy to see that the gauge transformation of the trivial bundle
Q = $% x SU(2) induced by S* = SU(2) gives rise to an odd spectral flow. The corresponding
Seiberg-Witten equation has been studied by Lim [Limo3].

4 The Haydys correspondence

In order to discuss the deformation theory on the boundary of Mgy, it will be helpful to review
the correspondence, discovered by Haydys [Hay12, Section 4.1], between Fueter sections of X and
solutions (@, A) € T(S"8) X A/5(Q) of

(41) Da®=0 and p(®)=0.

For what follows it will be important to recall some details of hyperkéhler reduction construc-
tion.

Proposition 4.2 (Hitchin, Karlhede, Lindstrom, and Ro¢ek [HKLR87, Section 3(D)]). Ifp: G —
Sp(S) is a quaternionic representation, then the following hold:

1. The space
X = S"8)JG := (u~'(0) N S™8) /G

is an orbifold (with discrete isotropy groups).
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2. Denote by p: p~1(0) N S™ — X the canonical projection. Set

$ = (kerdp): N T(x(0) N S™8) and
m = 55J_ C TS|‘u—l(0)msreg.

For each ® € p7(0) N S™8, (dp)o: Ho — Tjo)X is an isomorphism, and

(4-3) Ng = im (p()2 @ 7()P: g®@H — S).

3. For each ® € u~1(0) N S™8, y preserves the splitting S = Ho ® No.
4. There exist a Riemannian metric gx on X and a Clifford multiplication
Yx: ImH — End(TX)

such that
p'gx =(,) and pyx=y.

5. yx is parallel with respect to gx; hence, X is a hyperkdhler orbifold—which is called the
hyperkdahler quotient of S by G.

Remark 4.4. More generally, 1~1(0)/G can be decomposed into a union of hyperkihler manifolds
according to the conjugacy class of the stabilizers in G; see Dancer and Swann [DS97, Theorem
2.1] and [DW17, Appendix C]

4.1 Lifting sections of X

Proposition 4.5. Given a set of geometric data as in Definition 2.8, set
X :=8"))G and X :=(sXR)Xgp1xx X.

Denote by p: S™8 N p~1(0) — X the canonical projection.

1. Ifs € T(X), then there exist a principal H-bundle Q together with an isomorphism Q Xy K = R
and a section ® € T'(S™8) of

S = (5 X Q) Xsp(1)xr S8

satisfying
(@) =0 and s=pod.

Q and Q Xy K = R are unique up to isomorphism, and every two lifts ® are related by a unique
gauge transformation in (P).
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2. Suppose B € 4 (R). If & € T'(S8) satisfies u(P) = 0, then there is a unique A € /p(Q) such
that V,® € QY(M, $¢). In particular, for this connection

p(Pa®) = §(s).

3. The condition p.(IDA®) = F(s) characterizes A € A (Q) uniquely.

Proof. Part (1) is proved by observing that the lifts exists locally and that the obstruction to the
local lifts patching defines a cocycle which determines Q; see [Hay12] for details.
We prove (2). For an arbitrary connection Ay € &/5(Q) and for all x € M, we have

(V4,@)(x) € TyM @ Ty (S™8 N 7(0)).
By Proposition 4.2(2) there exists a unique a € Q'(M, gp) such that
Va+a® € Q(M, Hg).

The assertion in (2) now follows from the fact that for s = p o ® we have p.(V4,®) = Vs and the
definitions of P4 and §.
We prove (3). If a € Q!(M, gp) and A + a also satisfies this condition, then we must have

7(@® = 0.

This is impossible because ® € T'(S"8), that is, (du)e is surjective; hence, its adjoint y(-)® is
injective. m|

Proposition 4.6. Given a set of geometric data as in Definition 2.8, set
R:=0xgK, X:=(5XR)Xspaxx X, and S :=(sx Q) Xsp1)xz S 8.

The map
L(u™(0) N &™)/Z(P) — I(X)

[@] = po@
is a homeomorphism onto its image.

Proof. Fix @y € T(u~1(0) N S™8) and set sy := p o @y € ['(X). Given 0 < ¢ < 1, for every
® € T(u1(0) N S™8) with ||® — @ ||z~ < o, there is a unique u € €(P) such that

u® L im(p(-)®o: T(gp) — I(S));

moreover, for every k € N,
lud — @k Sk |2 — Dollck-
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Thus, it suffices to show that the map

[|® — ®g|z~ < o and

{‘D ETGTONE ) 4| im(p()0s: T(ap) — I(S)

} — I'(X)

is a homeomorphism onto its image. This, however, is immediate from the Implicit Function
Theorem and the fact that the tangent space at ®; to the former space is I'($q¢,) and the derivative
of this map is the canonical isomorphism I'(9g,) = T'(s;VX) from Proposition 4.2(2). |

In the situation of Proposition 4.5, we have |®| = |0 o s|. The preceding results thus imply the
following.

Corollary 4.7. Let R be a principal K-bundle. Set X := R Xg X and
Mp = {(p,s) € PxXT(X):F(s) =0and|[0os|: =1}.
The map
| [omisw.0 — Mr
Q

defined by
(. [(@,A)]) = (p.po @)

is a homeomorphism. Here, the disjoint union is taken over all isomorphism classes of principal
H-bundles Q with isomorphisms Q Xy K = R.

4.2 Lifting infinitesimal deformations

Proposition 4.8. For ® € T(u1(0) N S™8), sets := p o ® and let A € A5(Q) be as in Proposi-
tion 4.5. The isomorphism p.: T(9e) — T(s*VX) identifies ngVa: Q°(M, Ho) — QY (M, Ho) with
Vg: QUM,s*VX) - QY(M,s*VX).

Proof. If (®,) is a one-parameter family of local sections of ~1(0)NS™8, A, are as in Proposition 4.5,
a= (atAt)lt:Os and St = p(q)t), then

Vst = p«(Va, ;)
and, therefore,
V5 (rtli=o) = 0ipe (Va, 1|,y = pu(p(@)®0) + pu (Vg 9Pt io) -
The first term vanishes because of Proposition 4.2(2). O

If ® € T(u~1(0) N S™8), then the induced splitting S = H¢ & Ny given by Proposition 4.2(2)
need not be parallel for A as in Proposition 4.5.
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Definition 4.9. The second fundamental forms of the splitting Ho @ g are defined by

II:= 7 Va4 € QY(M, Hom(H9, Ne)) and
" := -3 V4 € Q' (M, Hom(Ng, Ho)).

We decompose the Dirac operator )4 according to S = Hp & Ng as

_ [Py -y
(4.10) Da= (YH D )

with
Dy = y(n5Va): T(H2) — I[(He) and
Dy = y(mnVa): T(Ng) — T(No).
The following result helps to better understand the off-diagonal terms in (4.10).
Proposition 4.11. Suppose ® € T'(uz~1(0) N S™8) and ) 4 = 0. Writing ¢ € T(Ng) as
b = p(E) + 7(@)D
for £ € T(gp) and a € Q1 (M, gp), we have

g =2 ng (p(a(e,-))vg{, cp) .

-

1l
—_

1

Here (e1, €2, e3) is a local orthonormal frame.

Proof. Since V® € QY(M, H¢) and ), ® = 0, we have

3
—YI (p(E)® + F(@)) = ) y(e')ms (p(g)vgcp + (a)VA cp)
i=1
3
s ((r(ehi@) + paye)vaa)

i=1

3
=2 ) ms(pla(e)V4,®). 0

Proposition 4.12. The isomorphism p,.: I'(He) — ['(s*VX) identifies the linearized Fueter operator
(dF)s: T(s*VX) - I[(s*VX) with Dg: T(He) — I'(Ha).

Proof. The linearized Fueter operator is given by
(dF)s$ = y (V)

The assertion thus follows from Proposition 4.2(4) and Proposition 4.8. m]
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5 Deformation theory of Fueter sections

Proposition 5.1. Let s) € I'(X) be a Fueter section with respect to py = (go, By) € &P. Denote by
o € T(S™8)x A (P) alift of sy. There exist an open neighbourhood U of py € P, an open neighborhood

Ty C Iy = ker(dF)s, N (D o s)*

of 0, a smooth map
obg: U X Iy — coker(dF)s,,

an open neighborhood V of ([po, ¢o]) € 0Msw, and a homeomorphism
X9: ob;)l(o) — V C 0Misw
which maps (po, 0) to (po, 0, [¢o]) and commutes with the projections to P.

Since 0Migw = Nip through the Haydys correspondence, this has a straightforward proof
using Lemma 3.1, which makes no reference to the Seiberg-Witten equation. However, this is not
the approach we take because our principal goal is to compare the deformation theory of Fueter
sections with that of solutions of the Seiberg-Witten equation.

Fix k € Nand p € (1, 00) with (k + 1)p > 3. Let

A induces B
Wk+LpT(3) x Wk ’
amkr = (p, [(®,A)]) € P x (©)x Q) : (@, A) satisfies (4.1),
SW Wk“’f’?(P)
and ||®||;z = 1

By the Haydys correspondence 69)?;’5 is homeomorphic to ﬂﬂi’p , the universal moduli space of
normalized Wk+1.7 Fueter sections of X. Consequently, for £ € N and g € (1, 00) with £ > k and

> p, the inclusions GEIJE I BﬁJEk P ¢ 9Msw are homeomorphisms; see also Proposition 5.11.
Proposition 5.2. Assume the situation of Proposition 5.1. Forp € P, set
Xo = WKLPT(S) @ WRPQY(M, gp) @ WRPQO(M, gp)
and Y := WEPT(S) @ WP QN (M, gp) @ WP QO (M, gp) ® R,

and define a linear map Ly o: Xo — Y, a quadratic map Qpo: Xo — Y, and e, € Y by

—Da, 7))@y —p(-)Py
L — =2 :u(CDO’ ) 0 0
POTL —pieay) 0 o |
2(+, Do) 2 0 0
_}7(61)¢ _IDAOCDO
Op.o(¢,a,&) = - *(l)l(@ , and ey _”(q)o)
4117, |q>0||
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respectively.®
There exist a neighborhood U of pg € & and o > 0, such that, for everyp € U and ¢ = ($,a, &) €
B, (0) C Xy, we have

(5:3) Lp,OE + Qp,O(E) +epo=0
if and only if € = 0 and (9, A) = (Do + ¢, Ay + a) satisfies
(5.4) DPa®=0 and p(®) =0

as well as
|®ll;z =1 and p*(PP;) = 0.

Remark 5.5. The above proposition engages in the following abuse of notation. If Ay € 9/5(Q)
and B’ € 9(R), then b = B’ — B € Q!(M, gg). Since Lie(K) = Lie(G)* C Lie(H) we have a map
Q'(M, gr) — Q'(M, gp) and can identify Ay € #p(Q) with “Ay” = Ay + b € Ap/(Q).

Together with (the argument from the proof of) Proposition 4.6 we obtain the following.

Corollary 5.6. Assume the situation of Proposition 5.1. WithU C 9 and ¢ > 0 as in Proposition 5.2,
the map
{(p, ¢) € U X B;(0) satisfying (5.3)} — dMsw

defined by
(P, ¢, a,8) = (p, [(Do + ¢, Ag + a)])

is a homeomorphism onto a neighborhood of [¢].

Proof of Proposition 5.2. If ¢ = (¢, a, £) satisfies (5.3), then ® = @y + ¢ and A = Ay + a satisfy
Da®+ p()0 =0, p(@® =0, and p'($®)) = 0.

Hence, by Proposition B.4,

0 = dap(®) = —p(D422") = p*(p(§)Do(Po + $)) = Ry Ro,& + O(I€1I¢1)

with

cho = p(-)q)o.
Since @, is regular, Ry, is injective, and it follows that £ = 0if |¢| < o < 1 and p is sufficiently
close to py. O

The term ep,¢ vanishes for p = po.
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Proof of Proposition 5.1. Denote by 1: coker(dF)s, = coker Py — I'(9) the inclusion of the L?
orthogonal complement of im ). Denote by my: I'($) — Iy the L? orthogonal projection onto
Iy = ker(dF)s, N (0 0 s)* C ker Pg = ker(dF)s,. Define

Dg: coker(dF)s, ® T(H) — Iy @RS T(H)

by

~ 0 TTo

lpg =10 —2<',(I)0>L2 .

1 lpg
Set
Xo = coker(dF),, ® WKTLPT($)
® WrLPT(R)

) ® WEPQN (M, gp) @ WEPQO(M, gp) and
5.7

Y :=I ® R® WFPT(H)
& WhPT(M)
® WAL QU (M, gp) @ WHHPQO(M, gp).

Define the operator L, o: Xo — Y by

Py yII* 0
(5.8) Lpo=|-yll Dy —a 0
0 —-a* 0

with a: QY (M, gp) ® Q°(M, gp) — T'(N) defined by

a(a, &) = y(a)®y + p(&)®.

The operator l_ﬁ@ is invertible because

o)
_2<" q)())LZ

is essentially the L? orthogonal projection onto ker g . It can be verified by a direct computation
that Ly, o is invertible and its inverse is given by

o -1
_12)55 0 —E)g) YII*(Q*)_I
0 0 —(a")71
a‘l)/IH—DSg1 —a ! a ' Pya)t + a‘l}/III_D;}/II*(CU‘)‘1

(5.9)

After possibly shrinking U, we can assume that Ly, o is invertible for every p € U.
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Since Q¢ is a quadratic map and

10p.0(4, @, O)lly = 7 @¢llwrr + Iu@llwresr + IBII72

(5.10)
S Nallyrp lgllwere + 1917 e ps

Op,o satisfies (3.12); hence, we can apply Lemma 3.11 to complete the proof. O

In the following regularity result, we decorate Xy and Y with superscripts indicating the choice
of the differentiability and integrability parameters k and p.

Proposition 5.11. Assume the situation of Proposition 5.1. For each k,€ € N and p, q € (1, c0) with
(k+1)p>3,€>k,andq > p, there are constants c,c > 0 and an open neighborhood U of py in &
such that ifp € U and ¢ € B;(0) C Xéc’p is solution of

Lp,OE + QP’O(G) + €p,0 = 0,
. l . .
then¢ € X, 1 and ||c||XOe,q < CHC”Xéc,p.

Proof. Provided U is a sufficiently small neighborhood of py and 0 < ¢ « 1, it follows from
Banach’s Fixed Point Theorem that (0, ¢) is the unique solution in B, (0) ¢ X*? of

= . . mé
Laa0.5)+ Qpol®)+ 50 = [ ).
and that there exists a (0,9) € B,(0) ¢ X% such that

_ . - mé
Lp,O(Oa b) + Qp,O(b) t€po = ( 0 ) .

Since X494 < X*? and ||(0,0)||xrr < [1(0,D)llgeq < o, it follows that (0,9) = (0,¢) and thus
¢ € X%9 and ||¢||xc.q < 0. From this it follows easily that ||¢||xe.q < c|[¢|lx.»- O

6 Deformation theory around ¢ = 0

In this section we will prove Theorem 2.29, whose hypotheses we will assume throughout.
Fix k € N and p € (1, o) with (k + 1)p > 3. Let

WKLPT(S) x Wk+2P o/ (P)
Wk+3’P?(P)

9ﬁ§{;€ = {(P, &, [(@,A)]) € P xR x : (e, 9, A) satisfies (2.21)}.

For £ € N and q € (1,00) with £ > k and g > p, the inclusions ‘Jﬁg{g C 9)?;(\’5 C Mgw are
homeomorphisms; see also Proposition 6.12.
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6.1 Reduction to a slice
Proposition 6.1. Let ¢y = (g, Ag) € T(S™8) X o (P) andpy € P. Forp € P, set
Xe = WHIIT(@) @ WHP QI (M, gp) & WP QM. ap)

and
1, @ Olix, = gllwere + 1@ Ellwer + V(@ Ollre + IV 2(a, &)l

There exist a neighborhood U of py € & and constants o, &y, ¢ > 0 such that the following holds. If
peU,t=(¢,a) € X,, and ¢ € (0, &] are such that

Ellx, <o,
then there exists a WX*3P gauge transformation g such that (¢, @) = g(co + ¢) — ¢y satisfies
164, @)llx, < co,
and
(6.2) £y pd — p*($07) = 0.
Proof. To construct g, note that for g = e with e wk+3.p Q°%M, gp) we have
¢ = pE)0 + p(O)g +m() and @ =a-da - [a.E]+n(d).

Here 11 and m denote expressions which are algebraic and at least quadratic in £. The gauge fixing
condition (6.2) can thus be written as

Ie'f + b£§ + qf(g) +e.=0.

with
I, = EZAAOB + REOR@O, b, = ezdzoB[a, J+ p (p(-)pdy),
0c(€) = €2d}y gn(&) + p"(m(E)®}), ¢ = —e’d}y ga — p"($Po).
Denote by G, the Banach space WX+ Q0(M, gp) equipped with the norm
(6.3) I€llG, = [IEllwea + el V2E e + €2V €] 1o

Since @ is regular, the operator Ry, Rg, is positive definite; hence, for ¢ < 1, the operator
ler Ge > WHPQO(M, gp)
is invertible and ||(;* ||z (G, wk+1.p) is bounded independent of e. Since

”DSIIL(GﬁWkH,p) <ok,
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I, +b.: G, — WKLPQO(M, gp) will also be invertible with inverse bounded independent of ¢
and o. Since the non-linearity q,: G, — WK*L2Q0(M, gp) satisfies (3.12) and ||e;|| < o < 1, it
follows from Banach’s Fixed Point Theorem that, for a suitable ¢ > 0, there exists a unique solution
& € B.s(0) C G¢ to (6.3). This proves the existence of the desired gauge transformation, and local
uniqueness. Global uniqueness follows by an argument by contradiction, cf. [DK9o, Proposition

4.2.9]. O

Proposition 6.4. Let ¢y = (9y, Ag) be a lift of a Fueter section sy € T(X) forpy € P. Fixe > 0 and
p € &. Define a linear map Ly, .+ X, — Y and a quadratic map Qp .: Xo — Y by

—Da, “Y()®y  —p(-)Po
|2 p(@,)  xePda,  £Pda,
Lpe = —p*(- @) Ezdfﬁo 0 and
2Dy, ) 2 0 0
1 —y(a)$
162 [a A a] - 5p()
QP,E(¢9 a, §) = 2 0 s

IIIZ,

respectively. With e, o as in Proposition 5.2 set
epe = €p o + £2(0, %@F,, 0).
There exist a neighborhood U of py € & and o > 0 such that ¢ = (¢, a, &) € B;(0) C X, satisfies
(6.5) Lp et +Qp () +ep,e =0
ifand only if € = 0, (A, @) = (Ay + a, Dy + @) satisfies

Pa® =0, e*@Fs=p(®), and [Pl =1,

and

(6.6) gzdzoa - p*(¢pD;) = 0.

Proof. We only need to show that & vanishes, but this follows from the same argument as in the
proof of Proposition 5.2 because d4yF4 = 0. O

Corollary 6.7. There exist ,0 > 0 such the map
{(p.&.¢,a.8) € P XU x (0, ) X B5(0) satisfying (6.5)} — Msw

defined by
(p. &, 9,a,8) = (p, &, [(Po + §, A + a)])

is a homeomorphism onto the intersection of Misw with a neighborhood of ([¢], po, 0) in Msw.
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6.2 Inverting Ly,
Define the Banach space (X, ||| x.) by
X, = coker(dF)s, ® WELPT(S) @ WH2P QN (M, gp) @ WET2PQO(M, gp)

with norm
(0, Oll%. = lo| + lI¢llx..

and the Banach space (Y, ||-|ly) by
Y = Iy @ Re WrPT(S) @ WFLPQY (M, ap) @ WETPQO(M, gp)

with the obvious norm. Let 1,_2)53 . coker(dgF)s, ® WKLPT(S) — Iy ® R @ WFPT(S) be as in the
Proof of Proposition 5.1. Define I_,p,,S : X, > Yby

—12)55 yIr 0
(6.8) l_,p’g =-yO -Dy -—a
0 —a* 825A0
with
Sa = >deo dAo
AO -— dzo 0 .

Proposition 6.9. There exist &y, ¢ > 0, and a neighborhood U of py € & such that, for allp € U and

e €(0,&l, Ly.: X, — Y is invertible, and Hi;}g <c.

The proof of this result relies on the following two observations.

Proposition 6.10. Fori = 1,2,3, let V; and W; be Banach spaces, and set

V:=éVi and W:=éWi.
i=1 i=1

Let L: V. — W be a bounded linear operator of the form

Dl B+ 0
L=|(B. D, A.l|.
0 A_ D3

If the operators

D12 Vvl — Wl,
A_:V, > W5, and
Z:=A,— (D —B_D{'B,)AT'D3: V5 > W,
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are invertible, then there exists a bounded linear operator R: W — V such that
RL = idy.

Moreover, the operator norm ||R|| is bounded by a constant depending only on ||L||, ||D1_1||, 1AL,
and || Z71].

Proposition 6.11. There exist &y, ¢ > 0 such that for ¢ € (0, &], the linear map
3 = a+ 2 (mﬁ + ynngyn*) (@) 184, : WEEPQY (M, gp) @ WET2PQO(M, gp) — WRPT(N)

is invertible, and

11327 (@ Ellwrp + V371 @, Ollee + €2 1V531 (@, E)llee < cll(@, )iy

Proof of Proposition 6.9. It suffices to prove the result for p = py, for then it follows for p close to

Po-
Recall that

X, = coker(d¥)s, ® WKHLPT($)
& WKLPT(R)
® WP Q! (M, ap) ® WP QO(M, gp),
Y =Iy ® Re WrPT(H)
& WEPT(N)
o WP Q! (M, ap) @ WP QO(M, gp),

and Ly, . can be written as

Py yII* 0
—-yI Py -a
0 —a* 6‘25 Ay
with
5A = (*dAO dAo)
VR

The operators ﬁ)g : coker(d)s, ® WKHLPT(H) — [ @ R® WFHPT($) and a*: WHHLPT(N) —
WkLPQU(M, gp) ® WELPQO(M, gp) both are invertible with uniformly bounded inverses, and by
Proposition 6.11 the same holds for 3., provided ¢ < 1. Thus, according to Proposition 6.10, Ly,
has a left inverse R, : Y, — X, whose norm can be bounded independent of «.

To see that R, is also a right inverse, observe that L . is a formally self-adjoint elliptic operator
and, hence, Ly, .: X, — Y is Fredholm of index zero. Consequently, Ly, . is Fredholm of index
zero. The existence of R, shows that ker L, . = 0 and thus coker L, . = 0. By the Open Mapping

Theorem, Ly, . has an inverse L,! .. It must agree with R, since R; = R.Ly, L, . = L, .. i
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Proof of Proposition 6.10. The left inverse of L can be found by Gauss elimination [Str16, Chapter
2]. The formula found in this way is rather unwieldy; fortunately, however, the precise formula is
not needed.

Step 1. Set
E:=(D,—-B_D{'B))A”": W3 —» W,

The linear map P: W — V defined by

D;! 0 0
P:= 0 0o Al
-Z'B_.D;' z7' -Z7'E

satisfies
idy, D;'B. 0
PL=| 0 idy, AZ'D;|.
0 0 idy,.

Moreover, ||P|| and ||PL|| are bounded by a constant depending only ||L||, ||D{*||, |[AZ!]], and [|Z7}].

This can be verified directly; alternatively, one can check that a sequence of row operations
transforms the augmented matrix (L | id) as follows:

Dy By 0 |idy, © 0
B. D, Ai.| 0 idy, O
0 A. Ds| © 0 idw,
idy, Di'B, 0 |D;' o0 0
~| B- D, Ay 0 idw, 0
0 idy, AI'D;| 0 0 A
idy, Di'B, 0 D' o0 0
~| 0 idy AI'D;y| 0 0 A
B_. D, Ay 0 idw, 0

idy, D;'B, 0 D! 0 0
~1 0 id.V2 A:ng 0 0 Al
0 D;-B.D'B, A, |-B_D;' idw, 0
idy, D;'By 0 D! 0 0
~| 0 idy, AI'Ds 0 0 A
0 0 Z | -B_D{' idy, -E
idy, D;'By 0 D! 0 0
~| 0 idy, AI'Ds 0 0 Al
0 0 idy, |-Z7'B_D;' Z7' -Z7'E
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Step 2. The inverse of PL is

idy, -Dy'By D;!B,AT!Ds
P = o idy, —ATDs
0 0 idy,.

Hence, R := (PL)"'P is the desired left inverse.

It can be verified directly that the above expression gives the inverse of PL. O

Proof of Proposition 6.11. It suffices to show that the linear maps 3, := a*3, are uniformly invertible.
A short computation using Proposition B.4 shows that

3 2 Q2 * 2
3g:£5A0+a a+ e

where ¢ is a zeroth order operator which factors through WK+ — Wk+LP_Since @, is regular,
a*a is positive definite and, hence, for ¢ <« 1, a*a + 5255‘0 is uniformly invertible. Since ¢ < 1, £%¢
is a small perturbation of order ¢ and thus 3, is uniformly invertible. ]

The above analysis yields the following regularity result, in which we decorate X, and Y with
superscripts indicating the choice of the differentiability and integrability parameters k and p. The
proof is almost identical to that of Proposition 5.1, and will be omitted.

Proposition 6.12. For eachk,{ € N and p,q € (1,00) with(k + 1)p > 3, > k, and q > p, there are
constants ¢, o, & > 0 and an open neighborhood U of py in &P such that ife € (0,&], p € U, and
¢ € B,(0) C Xic’p is solution of

Lp, o€+ Qp e(€) +ep =0,

N [,q N N
e X < .
then ¢ € X" and |||l e.q < cl|llyrp

6.3 Proof of Theorem 2.29

Since Q. is quadratic and

[7(@¢llwer +¥ll[a A alllyrenp + u(@)lyrenr + 18117,

|a||Wk,p ||¢||Wk+1,p

10p,e(¢. a. Olly < |
< |
2
+ (Nalhyen + eIV allr + 1V alir) + 191, e
Op, ¢ satisfies (3.12), and because of Proposition 6.9 we can apply Lemma 3.11 to construct a smooth
map ob,: U X (0, &) X F5 — coker(dF)s, and a map x,: ob™'(0) — Mgw which is a homeomor-
phism onto the intersection of Misw with a neighborhood of [(Ag, ®¢)]. (There is a slight caveat in

the application of Lemma 3.11: the Banach space X, does depend on p and ¢ and Y depends on
p- The dependence, however, is mostly harmless as different values of p and ¢ lead to naturally
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isomorphic Banach spaces.) For what follows it will be important to know that maps ob, and x,
are uniquely characterized as follows: for p in the open neighborhood U of py € &, d in the open
neighborhood %5 of 0 € I, and ¢ € (0, &), there is a unique solution ¢ = &(p, ¢,d) € B,(0) C X, of

(6.13) Lp S+ Qp () +ep,=deFyCY;

obs(p, €, d) is the component of ¢(p, ¢, d) in coker(dF)s, and if ob.(p, ¢, d) = 0 and ¢ denotes the
component of ¢(p, ¢, d) in X,, then ¥,(p, ¢, d) = ¢o + ¢. (Similar, setting ¢ = 0 yields oby and xy.)
We define ob: U X [0, &) X F5 — coker(d¥),, by

obo(-,¢,-) fore € (0, &)
Ob('a &, ) =
oby(-, ) for e =0,

and x: ob™1(0) = Mew by
¥(-,&,-) fore e (0,&)
x('v &, ) =

x5(-,-)  fore=0.

In order to prove Theorem 2.29 we need to understand the regularity of ob near ¢ = 0; in other
words: we need to understand how ob, and oby fit together.

Let k € N and p € (1, o) be the differentiability and integrability parameters used in the
definition of X,. If necessary, shrink U and .5 and decrease o so that the proof of Proposition 5.1
goes through and Proposition 5.2 holds with differentiability parameter k + 2r + 2 and integrability

Sk+2,p
parameter p. Observe that X

independent of ¢.

C X, and the norm of the inclusion can be bounded by a constant

Proposition 6.14. Forevery(p,d) € UX.%, there arety(p,d) € Xéc”r”’p and¢;(p,d) € X§+2(r_i)+2’p
(fori =1,...,r) depending smoothly on p and d, such that, form,n € N withm + n < 2r,

.
i(p.ed) =5+ Z £2i¢;
i=1

satisfies

(6.15) va% O ((p, e, d) — &(p, &, d))‘

— O 2k+2—-n .
% (¢ )

Proof. We construct ¢ by expanding (6.13) in 2. To this end we write

= 2 2 24
Lpe=Lpo+ely, Qpe=0po+eqp, and e, =¢p0+e%,

with
0 0 0
tp = 0 . qp(9,a,é) = 0 , and ¢ = 0
5A0 % x [a A a *CDFAO

Observe that £y : Xé’,p — V{727 is a bounded linear map and gp: )_((f’p — Y27 is a bounded
quadratic map.
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Step 1. Construction of ¢y and ¢;.

Sk+2r+2,p of

By Banach’s Fixed Point Theorem, there is a unique solution ¢, € B;(0) C X

I_lp,()EO + QPsO(EO) + ep’o =de j@ C Yk+2r+2.

Moreover, & actually lies in B, ,(0) C Xé”zr +2.p

small. We have

provided U and %5 have been chosen sufficiently

Lp,gao + QP’O(Ee) + ep,g —d= szro(p, d) € Yk+2(r71)+2,p.
with
I’O(p, d) = fpfo + qp(EO) + ép.

. = _ Sk+2(r—i)+2, Sk+2(r—i)+2,
Since 0 < 1, the operator Ly, o + 2Qp o(50,): X, (r=it2p _, Y, (r=inzp

1,...,r.7 Recursively define 1;(p, d) € Yk+2(r=i=1+2p 1y

is invertible for i =

52i+2ri = Lp,gfé + QP,O(E‘Z’) + €p,e — d

with
(e, p.d) =Gy + €28y + - - - + 718,

Xé<+2(r—i—1)+2

and define ¢;41 € to be the unique solution of

Lp,o€iv1 + 2Qp, 0(%0, Giv1) = 152
Clearly, ¢, ¢y, . . ., ¢, depend smoothly on p and d.
Step 2. We prove (6.15).
We have
(616) Lp et + Qpe(e) = Lol = Qp, o) = ="
with t = 1, as in the previous step. Both ¢ and ¢ are small in X,; hence, it follows that
le - dllx, = O(:2+2).
To obtain estimates for the derivatives of ¢ — ¢, we differentiate (6.16) and obtain an identity whose
left-hand side is
Lp,0 V™07 (€ = ) + 2Qp,0 (€, V™07 (€ = ) +2Qp,0 (€ — ¢, V"[F)
and whose right-hand side can be controlled in terms of the lower order derivatives of db¥. This

gives the asserted estimates. O

From Proposition 6.14 it follows that ¥ is a homeomorphism onto its image and that the estimate
in Theorem 2.29(1) holds with ob; denoting the component of ¢; in coker(d)s,. This expansion
implies that ob is C* ! up to £ = 0. mi

"Here we engage in the slight abuse of notation to use the same notation for a bilinear map and its associated
quadratic form.
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7 Proof of Theorem 2.31

The first part of Theorem 2.31 follows directly from Theorem 2.29, since in this situation
ob(e, 1) = A(0) - t + O(t?) + O(£?)
because obg(t) = A(0) - t + O(t?). The second part requires a more detailed analysis to show that
ob(e, t) = A(0) - t — 5&* + O(t?) + O(¢%).
To establish the above expansion of ob, we solve

0

Le(06,8) + Qc(€) + =0

6‘2 * (DFAO
0

by formally expanding in &*. Inspection of (5.9) shows that the obstruction to being able to solve
Lot = (¢, b,n) is
—7 (i + yI(a*) " (b, 7))

where 7 denotes the Lz—orthogonal projection onto ker ng. In the case at hand, ker lﬁg = R{(®dy),
and we have

3
(@0, yII*(@*) (b, )y = Z(fbo, y(e)Ve, ()7 (b, )y
i=1

3
= > (y(e)Ve, @0, (@) (b, )y = 0
i=1

since a: QY(M,gp) ® Q°%(M, gp) — T(N) and thus (a*)~! also maps to ['(N). Thus the obstruction
reduces to

_<®0’ l//>L2 .
By (5.9), the solution to Ly(¢, a, &) = (0, *@Fa4,, 0) is

¢ = —IZ);}/H*)( -y, and

(7.1) » I
(a,8) = a "Dy y + o yllPg yII' y

with

(7.2) x = (") % @Fy,.

Setting & = £(¢, a, &), we have

*Dy := L.(0,8) + Qc(&o) + (0,0, €2 * @F4,,0) = O(e*).
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The component of d; in I'(S) is
—7(a)g.
Using y(a)® € I'(M) and p(gp)® L y, we find that the obstruction to being able to solve
Lo(¢1, a1, 1) =Dy is
0 = (Do, y(@)g) 12 = (Y(a)Po, P)12

= —(7(a)®o, )12

= —(a(a, &), Y)1

= ~(Box + s yIU y, )12

= ~(By s X)ez + By yIC v ) 2.

Comparing this with

(Dagh Pz = (BB vIT x + Py x, By yIU x + )12
= (s + yIDPBg yII" x + (P — yI) . Py YIT' x + )12
= (yII"y, g 'y Y )p2 + (yILBG yII", )2
+ (Boux Xz — (YIF x, Ig yI x)e
= —(g yII*, yII* x)12 + (B, X1

= -0

completes the proof. O

A Examples of Seiberg—Witten equations

Example A.1. Let G = U(n) and S = H®c C", where the complex structure on H is given by right-
multiplication by i. Let p: U(n) — Sp(H ®c C") be induced from the standard representation of
U(n). The corresponding Seiberg-Witten equation is the U(n)-monopole equation in dimension
three. The closely related PU(2)-monopole equation on 4-manifolds plays a crucial role in
Pidstrigach and Tyurin’s approach to proving Witten’s conjecture relating Donaldson and Seiberg-
Witten invariants; see, e.g., [PTos5; FL98; Teloo].

In this example as well as in Example 2.15, we have p~1(0) = {0}.

Example A.2. Let G be a compact Lie group, g = Lie(G), and fix an Ad-invariant inner product on
g. S := H®g g is a quaternionic Hermitian vector space, and p: G — Sp(S) induced by the adjoint
action is a quaternionic representation. The moment map p: H®g g — (ImH ® g)* is given by

WO = S1E.E]
= ([&, &) + [, &) ® i + ([&3, &1] + [&o, £2]) ® j + ([&1, &2 + [0, &3] @ k
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forE =6 ®1+6Qi+&5®j+E5®k € HRr g, Set H := Sp(1) X G and extend the above
quaternionic representation of G to H by declaring that g € Sp(1) acts by right-multiplication with
q-.

Taking Q to be the product of the chosen spin structure s with a principal G-bundle, and
choosing B such that it induces the spin connection on s, (2.14) becomes

dya=0,
k¥dga +du€ =0, and
Fq = %[a A a] + =[&, al.

for &£ € T(gp), a € QY(M,gp) and A € (P). If M is closed, then integration by parts shows
that every solution of this equation satisfies d4¢ = 0 and [¢, a] = 0; hence, A + ia defines a flat
GC~connection. Here G¢ denotes the complexification of G.

In the above situation, we have y~(0)/G = (H®1t)/W where t is a the Lie algebra of a maximal
torus T € G and W = Ng(T)/T is the Weyl group of G. However, since each £ € y~1(0) has
stabilizer conjugate to T, we have p~1(0) N S™8 = @, and the hyperkihler quotient S™8 /G is empty.

Example A.3. The motivating example for us is the (r, k) ADHM Seiberg-Witten equation, which
we expect to play in important role in gauge theory on G,—manifolds,® and which arises from

S = Homc(C, H ®c C*) @ H* ®g u(k)
with
G =U(k) <H = SU(r) x Sp(1) x U(k)

where SU(r) acts on C" in the obvious way, U(k) acts on C¥ in the obvious way and on u(k) by
the adjoint representation, and Sp(1) acts on the first copy of H trivially and on the second copy
by right-multiplication with the conjugate. Accoding to Atiyah, Hitchin, Drinfeld, and Manin
[AHDM78], if r > 2, then S™8 J/G is the moduli space of framed SU(r) ASD instantons of charge
k on R%, and p~1(0)/G is its Uhlenbeck compactification, If r = 1, then p~1(0) N 5™ = @, and
171(0)/G = Sym* H := H*/S;. by Nakajima [Nakog, Example 3.14].

B Useful identities involving y

This appendix summarizes and proves a few useful identities regarding y, some of which are used
in this article.

Proposition B.1. For¢ € Q%M, gp), a € QY (M, gp), and ¢, ¥ € T(S), we have

(B.2) [&, (9, 9)] = p(, p(E)Y) + (Y, p(E)$),

8More precisely, we expect solutions of the (r, k) ADHM Seiberg-Witten equation to play a role in counter-acting
the bubbling phenomenon along associative submanifolds discussed in [DS11; Wal13; Wali7a]; see also [Hay17].
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and fora € QY(M, gp) and ¢, € T(S), we have

(B.3) 2[a A p(g. )] = —x p" (F(@P)Y™) —#p" (F(@)y)g") -

Proof. For all a € Q'(M, gp), we have

2([&, u(g, YD), xa) = (@, ¥), =+ [£, a])
= (¢, =y ([, aD¥)
= =9, p(OP(@Y) + (. 7(@)p(E)Y)
=(p(O)¢. 7 (@y) + ($, 7 (a)p(E)Y)
= 2(u(¢, p(O)Y), *a) + 2(u(¥., p(£)¢), *a).

This proves the first identity. To prove the second identity, note that, for all n € Q°(M, gp), we
have

2([a A p(@, 9], m) = 2u($), *[n, al)
= (¢, 7([n, aD)y)
= (9. p(O)y(@)y) = (¢, y(@)p(E)Y)
= (& p" (F(@Y)¢") — (& p" (F(@)p)y)).

Proposition B.4. Forall A € 9/(Q) and ¢, € T(S) we have

O

®3) A ) = = 5 597 (Bady” + Da)§)
and

dupu(@.9) = +pDad. ) + +p(Bay. §)

B.6
(B.6) — 2P (OB = 50" (Tad)$).

Proof. Fix a point x € M, a positive local orthonormal frame (e;) around x with (Ve;)(x) = 0,
and let & be a local section of gp defined in a neighborhood of x satisfying (V&)(x) = 0. We set
V;“ = V‘g‘i.

At the point x € M, we compute with

(Aap(,9), 28 =~y = 1Y), )
3
=2 Y VME g
i=1

= 5 (PEDADY) + (B, pEDA))

1

= —J{E@agy” + Ba)$").
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This proves the first identity. To prove the second identity, we compute

(g, ), €) = (+ da = u(, ), €)
3
= D VNpE® g el A
i,j=1
3

(<y<§® VL) + (7E@ NV P)) el A e

l\JIr—k

NI»—n
N

3

Z (PO, )

k=1

t\)lr—n

i,

\.

+ (O (T, 9) ek

= 23 ((HE@MIDag.9) + GE @ NBay. )

k=1

+ (PEVES.Y) + (VY B e
= (£ 41(Bag, §) + (€ D ad )
+ 2 (pOVadY) + 5 POV AV H). o
Proposition B.7. If(e, ®, A) € (0, 00) x I(S) x &5(Q) is a solution of (2.21) and Re(&) = p(£)®, then

3
1 )
(dyda + dad’, + e 2R, Ro)u(®) = Z > p*(((F{j L) cb)cb*)e’f

i,j=1
+ p*((v;f‘@)(vj‘@)*)eif
Here (e, e, e3) is local orthonormal frame, (e', €2, €*) is the dual cofram.e., Fg = FB(ei’ ej), F}; =
F(ei, ej) with F; denoting the curvature of the spin connection on s, and e" = e' A e/.

Proof. We compute

dap [(Va®)®] = > p*[(V' VD)0 Je” + p*[(V]'D)(V{' D) ]e”

:M“

1

<
Ul

pIES - 207N + p*[(V7@)(ViD) eV

Il
“Mm
bol —_

i,j=1
Since
3 s
> P Ip(u(@);))@)@le” = RyRopu(®),
ij=1
the result now follows from Proposition B.4. O

40



C Proof of Proposition 3.2

For the reader’s convenience, we recall the definitions of the graded vector space L°®,
L% = Q" (M, gp),
L' :=T(8) ® Q'(M,gp),
L* =T(S)® Q*M,qp), and

L’ = Q°(M, gp),
the graded Lie bracket [-, -],
[a,b] = [a A b] fora,b € Q*(M, gp),
[€,P] = p(&) for & € Q°(M, gp) and ¢ € T(S) in degree 1 or 2,
la,¢] = -y(a)¢ for a € Q'(M, gp) and ¢ € T(S) in degree 1,
[, v] = —2u(p, ¥) for ¢, € I'(S) in degree 1, and
[, v] === p*(¢p¥") for ¢ € I'(S) in degree 1 and ¢ € I'(S) in degree 2,
and the graded differential &,
_ (P2
o= (4.
= [ ~Pag - 1()®
5S¢, a) = (—zu(A<1>, 5 dAa) , and

82(, b) := #p*(Y®*) + dab.
We proceed in four steps.
Step 1. (L*, [,-]) is a graded Lie algebra.

We need to verify the graded Jacobi identity, that is, for every three homogeneous elements
x,y,z € L* we need to show that

J(x,y, z) = (~1)%8>9E=x [y, 2] + (~1)9BY 4E*[y, [z, x]] + (~1)*B= %Y [z, [x, y]]

vanishes. Here deg x denotes the degree of x.

For degree reasons J(x,y,z) = 0, unless degx + degy + degz < 3. (Q*(M,gp),[- A-])isa
graded Lie algebra. Since J(x, y, z) is invariant under permutations of x, y, and z, we can assume
that z € I'(S) in degree 1 or 2. Hence, only the following five cases remain:

« For £,n € Q%(M, ap), and ¢ € I'(S) in degree 1 or 2, we have

J(&n,8) = [& [n, o11 + [n, [ ¢, £1] + [, [, ]
= p(&)p(m¢ — p(mp(&)p — p([&,n])¢p = 0.
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« For £ € Q°(M, gp), and ¢, ¢ € T(S) in degree 1, we have

JE ¢.9) = [& 19, yI1 + (6. [V, £]] - [¥ [£. 1]
= =2[&, p(d, ¥)] + 2u($, p(E)Y) + 2u(Y, p(£)¢) = O

by Proposition B.1.

« For £ € Q%(M,gp), ¢ € I'(S) in degree 1 and ¢ € I'(S) in degree 2, we have

JE ¢.9) = [& 1. y]1 + [, [V, €11 + [y [£. 1]
= =([& #p™ Py )] = #p™ (P(p(DY)") + #p” (Y (p(£)$)"))
== p" ([p(E). py7] + Y7 p(§) - p(E)¢Y7) = 0.

« For £ € Q%M,gp), a € QY (M, gp), and ¢ € T(S) in degree 1, we have

J(& a.9) = [£.[a, 411 + [a. [9, €11 - [¢, [€. all]
= =p(Oy(@)¢p +y(@)p(§)¢ + 7([¢, al)¢ = 0.

« Fora € Q'(M,gp) and ¢, € T(S) in degree 1, we have

J(a,¢,9) = =[a. [$.¢]] - [¢, [¥ all - [y [, 4]
= 2[a A p(g. ] +#p* (F(@Y)¢") + #p™ (F(@)p)Y") = 0
by Proposition B.1.
Step 2. (L*,6) is a DGA.

We need to show that §; o §; = 0. Using Proposition B.1, we compute that

_ [ Bap(®)® - 7(dad)@
8 08§ = (2 ‘u?(p, p(E)®) + dadal )

_ ( p(E)PAD ) —0
[Fa — p(®@), €] ’

and, using Proposition B.4 and Proposition B.1, we compute that

62 0 8K(¢,a) = —# p* (DPag)®") — #p" (7(@)@)®") — 2dap(®, ¢) + dadaa
= p* ((Pa®)¢) + [(Fa — p(®)) Aa] = 0.

Step 3. (L*, [-,-],87) is a DGLA.
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We need to verify that 67 satisfies the graded Leibniz rule with respect to [-, -], that is for every
two homogeneous elements x,y € L* we need to show that

D(x,y) = 8[x,y] — [6x, y] — (1)~ [x, 5y]

vanishes.
For degree reasons, D(x,y) = 0 unless deg x + degy < 2; hence, only the following eight cases
remain:

« For £, € Q°(M, gp), we have

_ [—p[&, nD)® —p(£)® —p(me\] _
D“””‘( dalE.n] )‘H( dat )”ﬂ ‘|[5’( dan )ﬂ =0,

« For £ € Q%(M,gp) and ¢ € I'(S) in degree 1, we have

( =Bap®$ | [(-e®®\ T [, [ -Pad
D(f’@‘(—zmcb,p(é)qs)) |[( dat M] |[§’(—2u<cb,¢>)ﬂ
:( Dap(®) + P(dad)d + p(E)Dad ):0
2@, p(E)) — 2(p(E)D. ) + 2L, u(®, )]

by Proposition B.1.
« For £ € Q°%(M,gp) and a € Q1(M, gp), we have
_ (V& aD®) | [-p(5)P B —y(a)®
peo- ()= [(5) o] - [= (6]
_ (—}7([5, a))® - y(a)p(§)P + P(§)}7(a)‘1>) “o
dal€, a] — [dad A a] - [€,dA] '

« For £ € Q%M, gp) and ¢ € I'(S) in degree 2, we have

D(&. ) = #p*(p(H)p2) — [p(E)®, ¢] — [dad. ¢] — [£. +p"($2")]
= #p"(p(E)$P") — #p™ (2" p(£)) = [&, #p™(¢27)] = 0.

« For £ € Q°%(M,gp) and b € Q*(M, gp), we have
D(£,b) = dal&,b] - [dag,b] - [£,dab] = 0.

+ For ¢, € I'(S) in degree 1, we have

D(¢. ) = —2dap(¢. ) - H(_;,fz()cf;fb ¢>) ’¢H ’ |[¢’ (—;u?gw))ﬂ

= =2dap($, ) = #p" (Dad)y”) = #p" (Pay)¢*) = 0
by Proposition B.4.
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« Fora € Q'(M, gp) and ¢ € I'(S) in degree 1, we have

D(a,§) = *p" (F(@$)P") - H(_Eﬁq}) ’¢ﬂ ’ H (—z_pl?cgfﬁ@)ﬂ

= —# p((F(@P)27) —#p" (F(@)D)¢") — 2[a A p(®, $)] = 0

by Proposition B.1.

« Fora,b € QY(M,gp), we have

_(~lanbio) _[(i@e PR\ _
e = (o) =[] L ()] =

Step 4. For everyt = (a,¢) € L', (A+ a,® + ¢) solves (2.14) if and only if 5.¢ + £ [¢,¢] = 0.

For ¢ := (a, $) € L}, we have

1 _ —Dad - 7(a)® - p(a)d
dctgleel = (—2u<<1>, 8) 1. §) + daa + La A a]) :

which vanishes if and only if (A + a, ® + a) solves (2.14). |
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