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Abstract

We give a simple direct proof of uniqueness of tangent cones for singular projectively Hermi-
tian Yang-Mills connections on reflexive sheaves at isolated singularities modelled on a sum
of u—stable holomorphic bundles over P""1,

1 Introduction

A projectively Hermitian Yang—Mills (PHYM) connection A over a Kéhler manifold X is a unitary
connection A on a Hermitian vector bundle (E, H) over X satisfying
(1.1) F%* =0 and iAF4 - % -idg = 0.
Since F%Z =0,% = (E, 5,4) is a holomorphic vector bundle, and A is the Chern connection of H.
A Hermitian metric H on a holomorphic vector bundle is called PHYM if its Chern connection
Ap is PHYM. The celebrated Donaldson—-Uhlenbeck—Yau Theorem [Don8s5; Don87; UY86] asserts
that a holomorphic vector bundle & on a compact Kéhler manifold admits a PHYM metric if and
only if it is p—polystable; moreover, any two PHYM metrics are related by an automorphism of
& and by multiplication with a conformal factor. If H is a PHYM metric, then the connection
A° on PU(E, H), the principal PU(r)-bundle associated with (E, H), induced by Ay is Hermitian
Yang-Mills (HYM), that is, it satisfies F%2 = 0 and iAF 4c = 0; it depends only on the conformal
class of H. Conversely, any HYM connection A° on PU(E, H) can be lifted to a PHYM connection
A; any two choices of lifts lead to isomorphic holomorphic vector bundles & and conformal metrics
H.

An admissible PHYM connection is a PHYM connection A on a Hermitian vector bundle (E, H)
over X\sing(A) with sing(A) a closed subset with locally finite (2n — 4)-dimensional Hausdorff
measure and F4 € leoc(X ).! Bando [Bang1] proved that if A is an admissible PHYM connection,

11t should be pointed out that our notion of admissible PHYM connection follows Bando and Siu [BS94] and not
Tian [Tiaoo]. The notion of admissible Yang—Mills connection introduced by Tian is stronger: it assumes that the
Hermitian vector bundle extends to all of X.



then (E, d4) extends to X as a reflexive sheaf & with sing(&) c sing(A). Bando and Siu [BS94]
proved that a reflexive sheaf on a compact Kiahler manifold admits an admissible PHYM metric if
and only if it is y—polystable.

The technique used by Bando and Siu does not yield any information on the behaviour of
the admissible PHYM connection Ay near the singularities of the reflexive sheaf &—not even at
isolated singularities. The simplest example of a reflexive sheaf on C” with an isolated singularity
at 0 is i,0*F with & a holomorphic vector bundle over P"1; cf. Hartshorne [Har8o, Example
1.9.1]. Here we use the obvious maps summarised in the following diagram:

crn < cm\{0} _7,, g2n-1 _P pr1.
\i/

The main result of this article gives a description of PHYM connections near singularities modelled
on i, 0" F with & a sum of y-stable holomorphic vector bundles.

Theorem 1.2. Let w = %8_8|z|2 + O(|z|%) be a Kdhler form on Br(0) C C". Let A be an admissible
PHYM connection on a Hermitian vector bundle (E, H) over Br(0)\{0} with sing(A) = {0} and
(E,04) = 0*F for some holomorphic vector bundle & over P"~!. Denote by F the complex vector
bundle underlying & .

If & is a sum of p—stable holomorphic vector bundles, then there exist a Hermitian metric K on
F, a connection A, on o*(F, K) which is the pullback of a connection on p*(F, K), and an isometry
(E,H) = o*(F, K) such that with respect to this isometry we have

|21V (A7 = AD| < Cilzl  for each k > 0.
The constants Cr,a > 0 depend on o, F, Alg(0)\Bg2(0)» @nd |[Fallr2(8g(0))-

Remark 1.3. Using a gauge theoretic Lojasiewicz-Simon gradient inequality, Yang [Yanos, Theorem
1] proved that the tangent cone to a stationary Yang—Mills connection—in particular, a PU(r) HYM
connection—with an isolated singularity at x is unique provided

[Fal < d(x,-)™2.
In our situation, such a curvature bound can be obtained from Theorem 1.2. Our proof of this
result, however, proceeds more directly—without making use of Yang’s theorem.
The hypothesis that # be a sum of y-stable holomorphic vector bundles is optimal. This is a

consequence of the following observation, which will be proved in Section 6.

Proposition 1.4. Let (F, K) be a Hermitian vector bundle over P"~'. If B is a unitary connection on
p*(F,K) such that A, = 7*B is HYM with respect to wy = %6_6|z|2, then there is a k € N and, for
eachj € {1,...,k}, there are ji; € R, a Hermitian vector bundle (F;, K;) on P"™!, and an irreducible
unitary connection B; on F; satisfying

FOB’]? =0 and iAFp, =(2n—2)mpy; -idF,



such that . )
F=(BF and B={p'B;+inidyr, -0.
j=1 j=1

Here 0 denotes the standard contact structure® on S*"~1. In particular,
k
& = (0"F,0,) = @ o F;
Jj=1
with F; = (F}, 53}.) ji—stable.

To conclude the introduction we discuss two concrete examples in which Theorem 1.2 can be
applied.

Example 1.5 (Okonek, Schneider, and Spindler [OSS11, Example 1.1.13]). It follows from the Euler
sequence that H*(Jps(—1)) = C*. Denote by s, € H*(Fps(—1)) the section corresponding to v € C*.
If v # 0, then the rank two sheaf & = &, defined by

0 = Ops - Tpa(—=1) > & — 0

is reflexive and sing(&) = {[v]}.
& is u-stable. To see this, because p(&) = 1/2, it suffices to show that

Hom(Ops(k), &) = H(&(-k)) =0 for each k > 1.

However, by inspection of the Euler sequence, H*(&(~k)) = H°(Jps(—k — 1)) = 0. It follows that
& admits a PHYM metric H with Fy € L? and a unique singular point at [v] € P. To see that
Theorem 1.2 applies, pick a standard affine neighborhood U = C? in which [v] corresponds to 0.
In U, the Euler sequence becomes

(1,21,22,23)
0= Ocs ———— 08! = Tp(=Dly = 0,

and s, = [(1,0,0,0)]; hence,

N G ON 08 — &l — 0.

On C3\{0}, this is the pullback of the Euler sequence on P?; therefore, &, |y = i.0*Tp:.

2With respect to standard coordinates on C”, the standard contact structure § on S?"~! is such that 7*0 =
Z}lzl(fjdzj' - zjdz"j)/2i|z|2.



Example 1.6. For t € C, define f;: Ops(—2)®? — Ops(—1)®° by

20 0
Z1 20
fi=| =2 z1|,
t-z3 2o
0 zZ3
and denote by &; the cokernel of f;, i.e.,
(1.7) 0= Op(-2)% 25 Op(-1)® > &, > 0,

If t # 0, then &, is locally free; & is reflexive with sing(&p) = {[0 : 0 : 0 : 1]}. The proof of this is
analogous to that of the reflexivity of &, from Example 1.5 given in [OSS11, Example 1.1.13].

For each t, H(&;) = H(&;(-1)) = 0; hence, &, is p-stable according to the criterion of
Okonek, Schneider, and Spindler [OSS11, Remark 1.2.6(b)]. The former vanishing is obvious since
H%(Ops(~1)) = HY(Ops(—2)) = 0. The latter follows by dualising (1.7), twisting by Ops(—1) and
observing that the induced map H°(f): H’(Ops)®> — H°(0ps(1))®?, which is given by

Z0 Z1 29 t-z3 0
0 zo0 z1 2o z3]°

is injective.
In a standard affine neighborhood U = C? of [0: 0 : 0 : 1], we have &y = i.0*(Tp2 ® Op2(1)).
To see this, note that the cokernel of the map g: @l‘ff — Op2(1)®* ® Op: defined by

Z0 0
Z1 2o
g =lz2 z
0 V4)
0 1

is Ip2 @ Op2(1).

Conventions and notation. Set B, := B,(0) and B, := B,(0)\{0}. We denote by ¢ > 0 a generic
constant, which depends only on #, w, s|,\B, ,» Ho, and ||Fg[|12(Bg(0)) (Which will be introduced
in the next section). Its value might change from one occurrence to the next. Should ¢ depend
on further data we indicate this by a subscript. We write x < y for x < cy. The expression O(x)
denotes a quantity y with |y| < x. Since reflexive sheaves are locally free away from a closed
subset of complex codimension three, without loss of generality, we will assume throughout that
nz3.
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2 Reduction to the metric setting

In the situation of Theorem 1.2, the Hermitian metric H on & corresponds to a PHYM metric on
o*F via the isomorphism (E, d4) = o*%. By slight abuse of notation, we will denote this metric
by H as well.
Denote by #, ..., #i the p-stable summands of &. Denote by K; the PHYM metric on %;
with
iA

21 . .
orsF10 = G wolpr 14 = (= 2k i

with wrs denoting the integral Fubini study form and for p; = p(%;). The Kahler form w,
associated with the standard Kéhler metric on C" can be written as

(2.1) Wy = %55|z|2 = nric*wps + rdr A 770
with 6 as in Proposition 1.4. Therefore, we have
iNoyFork, = (2n = 2)pr ™% - idgp,,
and H, ; = r2Hi . 0"K; satisfies
iNoyFH, , = iNoFork, + iM,00log r* - idge,
= iAo, Fork, + %Alog rti - idgep, = 0.

Denote by A, ; the Chern connection associated with H, ; and by B; the Chern connection
associated with K;. The isometry r#/ : (¢*F;, H, j) — o*(F}, K;) transforms A, ; into

A*’j = (r”f)*AO,j = O'*Bj + i/lj ido‘*F]— -0,

In particular,
A= P A
j=1

is the pullback of a connection B on $?"~!, Moreover, A, is unitary with respect to

(&)



Proposition 2.2. Assume the above situation. Set H, := @le H, j and fix R > 0. We have

(2.3) 12195, Fa,

> 0.
LB < foreach € > 0

Proof. Using the isometry g := @le r# both assertions can be translated to corresponding
statements for A,. The first assertion then follows since A, is the pullback of a connection B on
Sanl. m}

In the situation of Theorem 1.2, after a conformal change, which does not affect A°, we can
assume that det H = det H,. Setting

s := log(H,;'H) € C®(B,, isu(¢*F, H,))*
eads -1

and Y(s) = Tl
ads

we have
e:/ZH =H, and e:/zA =A,+a

1 1 _
with a:= EY(—S/Z)aAOS - EY(s/Z)(')AOs;

see, e.g., [[W18, Appendix A]. Moreover, with g := @le r#i we have

g*e:/2A =A, + gag_l.

Since
|V’;‘*gag_1|H* = |V§Oa|HQ for each k > 0,

Theorem 1.2 will be a consequence of Proposition 2.2 and the following result.

Theorem 2.4. Suppose w = %56|z|2 + O(|z|?) is a Kdhler form on By ¢ C", & is a holomorphic
vector bundle over Bg, and H, is a Hermitian metric on & which is HYM with respect to wy and
satisfies (2.3). If H is an admissible HYM metric on & with sing(Ay) = {0} and det H = det H,, then

s == log(H;'H) € C*(Bg, isu(r*F, H,))

satisfies
Is| < Co and |z|k|VI]§Qs| < Cilz|*  foreachk > 1.

The constants Cy, a > 0 depend on w, H, $|pg\Bg,,» and ||Fu|L2(pg)-

The next three sections of this paper are devoted to proving Theorem 2.4. Without loss of
generality, we will assume that the radius R is one. We set B := B; and B := B;.

3If H, K are two Hermitian inner products on a complex vector space V, then there is a unique endomorphism
T € End(V) which is self-adjoint with respect to H and K, has positive spectrum, and satisfies H(Tv, w) = K(v, w). It is
customary to denote T by H™'K, and thus log(H™!K) = log(T).



3 A priori C° estimate

As a first step towards proving Theorem 2.4 we bound |s|, using an argument which is essentially
contained in Bando and Siu [BS94, Theorem 2(a) and (b)].

Proposition 3.1. We have |s| € L*(B) and ||s||~B) < c.
Proof. The proof relies on the differential inequality
(3.2) Alogtr Hy'H; < |Kg, — Kg, |

for Hermitian metrics Hy and H; with det Hy = det H;, and with

tI‘(lAFH)

Ky = iAF
H = I rk E

idg;
see [Siu87, p. 13] for a proof.

Step 1. We havelogtre® € W'?(B) and ||logtre*[lyy1.(5) < c.

Choose 1 < i < j < n and define the projection 7: B — C""2 by
m(z) = (z1,...» Zis. . Zjy .o 5 Zn).

For { € C"7%, denote by V and A; the derivative and the Laplacian on the slice 77'({) respectively.
Set fr = logtre®|,-1(z). Applying (3.2) to H|;-1¢) and Ho|,-1(¢) we obtain

A¢fr < |Ful + [Fg,l.

Fix y € C®(C%[0,1]) such that y(y) = 1 for || < 1/2 and y(n) = 0 for |5| > 1/V2. For
0 <|l] <1/¥2and ¢ > 0, we have

/ Vel < / (Bl + [Fa ) + 1
7 (L) 771(L)

<e/ |)(f§|2+€_1/ [Fr|? + |Fpp,|* + 1.
() Q)

Using the Dirichlet-Poincaré inequality and rearranging, we obtain
[ BN s [ P P
x71(L) (9]
Integrating over 0 < || < 1/V?2 yields
/llogtresl2 +|V'logtre®|* < /|FH|2 +|Fy |2 +1
B B

with V’ denoting the derivative along the fibres of 7. Using (2.3) and n > 3, Fy, € L*(B). Since the
choice of i, j defining 7 was arbitrary, the asserted inequality follows.



Step 2. The differential inequality
Alogtre® < |Ky,|

holds on B in the sense of distributions.

Fix a smooth function y: [0, c0) — [0, 1] which vanishes on [0, 1] and is equal to one on [2, ).
Set x. == x(|-|/e). By (3.2), for ¢ € C;°(B), we have

/A(;S-logtres=lim/)(‘,3-Ang-logtres
B ¢=0JB
5/gb-|KHQ|+Iirr%)/¢-(A)(£-logtres—Z(V)(e,Vlogtres)).
B e~ /B

Since n > 3, we have || x.|lwzzp) < €. Because logtre® € W'2(B) this shows that the limit
vanishes.

Step 3. We havelogtre® € L*(B) and ||logtre’||=~p) < c.

Since trs = 0, we have |s| < rk(&) - logtre®; in particular, logtre® is non-negative. By
hypothesis K = 0. Since H,, is HYM with respect to wy and |Fg,| < |z|72 by hypothesis (2.3), we
have |[Kg,| < c. The asserted inequality thus follows from Step 2 via Moser iteration; see [GToz1,
Theorem 8.1]. |

4 A priori Morrey estimates

The following decay estimate is the crucial ingredient of the proof of Theorem 2.4.

Proposition 4.1. There is a constant & > 0, such that forr € [0, 1] we have

/ |VH<>5|2 < r2n—2+2a'
B,

The proof of this proposition relies on a Neumann-Poincaré type inequality, which we describe
in what follows. Denote by V7, the connection on isu(E, H,)|sp, induced by Vy,. The linear
operator Vr ,: T(dB,, isu(E, Hy) — Q'(dB,, isu(E, H,) has a finite dimensional kernel. Since Vy,
is conical, we can identify*

kerVr , =kerVr; = K.

Moreover, we can regard K as a subset of constant sections: K c I'(B,, isu(E, H,)). Denote by
7, T(OB,, isu(E, H,)) — K the L?-orthogonal projection onto K and define IT, : T'(B,, isu(E, H,)) —
K by

1 2r
I,s == —/ 7¢(s|lop,)dt.
r r

4K can be determined explicitly from the from the decomposition of # into p—stable summands, but we will not
need a precise description of K.




Proposition 4.2. We have

A T
BZr\Br BZr\Br

Proof. The asserted estimate is scale-invariant; hence, we may assume r = 1/2. To prove the
estimate in this case it suffices to prove the cylindrical estimate

1 1
/ Is(t, %) — TIs(t, -)|? d&dt < / 10,s(t, R)[2 + |Vps(t, %)) didt
1/2 J 6B 1/2 J 6B

with s denoting a section over [1/2,1] X B, & := my, IIs := 2 fll/z 7s(t,-)dt, and Vo := Vr ;.
We compute

1
/ / s(t, %) — Is(t, -)|2dxdt
172 JoB
1 1 2
:4/ / / s(t, %) — mws(u, -) du| dxdt
172 JoBlJ1/2

1,1
< / / Is(t, %) — ms(u, -)|* dédudt
1/2 J1/2 JoB

1,1
< / / Is(t, %) — ws(t, )|* + |ms(t, -) — 7ws(u, -)|* dxdudt.
1/2J1/2 JoB

The first summand can be bounded as follows

1 p1 11
/ / |s(t, %) — 7s(t, -)|* dxdtdu < / / |Vrs(t, %)|* dxdtdu
1/2J1/2 J 4B 172 J1/2 JoB

1
< / |Vrs(t, %)|* dxdt.
1/2J 9B

The second summand can be controlled as in the usual proof of the Neumann-Poincaré inequality.
We have

|ms(t, ) — ms(u, )| =

/1 Oyms(t + v(t —u),-)dov
0

<

/0 m(9ss)(t + v(t —u),-)do

1/2
< (/01 /6B|(8ts)(t+v(t—u),fc)|2 d)?dv) .




Plugging this into the second summand and symmetry considerations yield

1,1
/ / |7s(t, ) — ms(u, -)|? didudt
1/2J1/2 /6B

1,1 pl
S / / / [(0rs)(t + v(t — u), x)|* dkdodudt
1/2J1/2J0 JoB

1
< / |0, s(t, %)|% dxdt.
1/2 JoB

This finishes the proof. O
The proof of Proposition 4.1 also uses the following observation about
§ = log(erses).
By construction, the section §, is self-adjoint with respect to H.e® as well as H,e'rs and
H,e® = (Hoen’s)egr.
Proposition 4.3. The section §, satisfies
IVesl S VeS8 s Is—Tsl,  and |[Vg§|* < 1- A5

Proof. The first two inequalities follow by elementary considerations.
Since s is bounded in L*(B), I1,s is uniformly bounded and, consequently, so is §,. By [JW18,
Proposition A.9], we have

Alsy |2 + 2|U(—§r)VHoen,s§r|2 < |Kg,es| + [Ky,enrs|

. 1 — eads,
U(—Sr) = T S End(gI(E))

H,e® is HYM,; that is: Kp,.s = 0 Since II,s is constant with respect to Vg, we have

with

Ky enrsr = iNI(e*0g,e71r%) = Ad(e"r*)Kyy,,

which is bounded. Moreover, Vg, and Vi .n,s differ by a bounded algebraic operator. Given this,
the third inequality follows using
1—e™* 1
2 b
x 1+ x|

IIKg, |lL= < ¢, which is a consequence of (2.3), and the fact that H, is HYM with respect to wp, and
the bound on |[s| established in Proposition 3.1. |

10



Proof of Proposition 4.1. Given the above discussion, the proof is very similar to that of [JW18,
Proposition C.2]. Nevertheless, for the reader’s convenience we provide the necessary details.
Define g: [0,1/2] — [0, o] by

o) = [ 1Tl
B,
We will show that
g(r) < er?,
which implies the asserted inequality.
Step 1. We haveg < c.

Fix a smooth function y: [0, c0) — [0, 1] which is equal to one on [0, 1] and vanishes outside
[0,2]. Set y,(-) = x(|-|/r). For r > &€ > 0, using Proposition 4.3 and Proposition 3.1, and with G
denoting Green’s function on B centered at 0, we have

/ 222V s < / 12227V 5, 2
B, \B. B, \B.

r £

< / 21— xe2)G(1 = Al32)
B2r\Bg/2

< / |z|72"|s — I, s|* + r* +£_2"/ |s — II,s|?
By, \B, B:\Bg2

<c.
Step 2. There are constantsy € [0,1) and A > 0 such that
g(r) < yg(2r) + Ar?.

Continuing the inequality from Step 1 using Proposition 4.2, we have

/ 222 Vsl < / 22 Vgl + 1 4 20 / Vi
Br\Bs B2r\Br BE\BS/Z

< g2r) = g(r) +7* + g(e).

By Lebesgue’s monotone convergence theorem, the last term vanishes as ¢ tends to zero; hence,
the asserted inequality follows with y = -7 and A = c.

Step 3. We have g < cr®® for some a € (0,1).
This follows from Step 1 and Step 2 and as in [JW18, Step 3 in the proof of Proposition C.2]. O

11



5 Proof of Theorem 2.4
For r > 0, define m,: C" — C" by m,(z) = rz. Set

sy = my(s|B,,\B,,) € C*(B4\By/z, isu(E,H,)) and H, , = mH,.
The metric H,, ,e* is HYM with respect to o, = r?m’w and IFH,.rllck B, < Ck-
Proposition 3.1, (2.3) and interior estimates for HYM metrics [JW18, Theorem C.1] imply that
lIsrllcx\by,) < Ck-

By Proposition 4.1, we have
||VH<>,r$r||L2(B4\Bl/2) sre.
Schematically, K, ,esr = 0 can be written as

V;Io,,VHo,rsr + B(VHOJS ® VHO,VS,«) = C(KHOJ),

where B and C are linear with coefficients depending on s, but not on its derivatives; see, e.g., [JW18,
Proposition A.1]. Since ||Kg, , |lck (s, By S Ck r?, as in [JW18, Step 3 in the proof of Proposition
5.1], standard interior estimates imply that

k
IV, srllzs\B,) < ckr®

and, hence, the asserted inequalities, for each k > 1. (The asserted inequality for k = 0 has already
be proven in Proposition 3.1.) O

6 Proof of Proposition 1.4

We will make use of the following general fact about connections over manifolds with free S~
actions.

Proposition 6.1. Let M be a manifold with a free S*—action. Denote the associated Killing field by
& € Vect(M) and let g: M — M/S* be the canonical projection. Suppose 0 € Q'(M) is such that
0(&) = 1 and £¢0 = 0. Let A be a unitary connection on a Hermitian vector bundle (E, H) over M. If
i(£)Fa = 0, then there isa k € N and, for each j € {1,...,k}, a Hermitian vector bundles (F;, K;)

over M/S' such that
k k
E=DE and H=H
=1 J=1

with E; := q"F; and H; := q"Kj; moreover, the bundles E; are parallel and, for each j € {1,...,k},
there are a unitary connection B; on F; and yi; € R such that

k
A= q'B; +ipjidg, - 0.

j=1

12



Proof. Denote by £ € Vect(U(E)) the A-horizontal lift of £. This vector field integrates to an
R-action on U(E). Thinking of A as an u(r)-valued 1-form on U(E) and F4 as an u(r)-valued
2—form on U(E), we have

LA = i(E)Fa = 0;
hence, A is invariant with respect to the R-action on U(E).

The obstruction to the R-action on U(E) inducing an S!-action is the action of 1 € R and
corresponds to a gauge transformation g4 € ¥(U(E)) fixing A. If this obstruction vanishes, i.e.,
ga = idy(g), then E = ¢*F with F = E/ S! and there is a connection Ay on F such that A = g*A,.

If the obstruction does not vanish, we can decompose E into pairwise orthogonal parallel
subbundles E; such that g4 acts on E; as multiplication with e'#/ for some y; € R. Set A=
A- @;‘;1 i idg; - 6. This connection also satisfies i(E)F ; = 0 € Q'(M, gg) and the subbundles E;
are also parallel with respect to E;. Since g ; = idg, the assertion follows. O

In the situation of Proposition 1.4, with & € 2"~ denoting the Killing field for the S'-action
we have i(£)F4, = 0; c.f,, Tian [Tiaoo, discussion after Conjecture 2]. Therefore, we can write

k
A = @ o"Bj +ipjidg; - 7°6.
j=1

Since d0 = 2z p*wrs, we have

k
Fa, = @ O'*FBj + 2mip; idEj -0 wFs.
Jj=1

Using (2.1), A« being HYM with respect to wy can be seen to be equivalent to

FOBSJ_Z =0 and iAFp, = (2n—2)7y; - idg;.

i

The isomorphism & = (E,da,) = @;{:1 p*F; with F; = (F;,dp,) is given by ¢g~' with g =

@le rHi. O
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