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Abstract

This article is concerned with the analysis of Dirac operators D twisted by ramified Eu-
clidean line bundles (Z, [)—motivated by their relation with Z/2Z harmonic spinors, which
have appeared in various context in gauge theory and calibrated geometry. The closed
extensions of D are described in terms of the Gelfand-Robbin quotient H. Assuming that
the branching locus Z is a closed cooriented codimension two submanifold, a geometric
realisation of H is constructed. This, in turn, leads to an L? regularity theory.
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1 Introduction

Let (X, g) be a closed Riemannian manifold of dimension n.

Definition 1.1 (cf. [LM89, Chapter II Definition 5.2; Bis89, §1(b)]). A Dirac bundle with skew
torsion on (X, g) consists of:

(1) a Euclidean vector bundle S over X equipped with a skew-adjoint Clifford multiplication
y: TX — 0(S); that is:
y(v)? = ~lo|* 15

for every v € TX; and

(2) an orthogonal covariant derivative V on S and a 3-form Tor € Q3(X) such that y is
parallel with respect to V and the orthogonal affine connection V' on (X, g) defined by

(VZU, w) = (VlLlCU, w) + %Tor(u, v, w).
Here VX denotes the Levi-Civita connection of (X, g). °
Definition 1.2. A ramified Euclidean line bundle over X consists of:
(1) aclosed subset Z C X, the branching locus, and
(2) a Euclidean line bundle [ over X\Z
such that
(3) if W c Z is closed and 1 extends over X\W, then W = Z. °

This article is concerned with the analysis of the Dirac operator associated with a Dirac
bundle with skew torsion (S, y, V, Tor) twisted by a ramified Euclidean line bundle [

D: HT(X\Z,S®1) = L’T(X\Z,S®1)

and its extensions.

The authors’ motivation for this stems from the following. Taubes has observed that the
failure of compactness for a wide variety of generalised Seiberg-Witten equations—e.g.: stable
flat PSL,(C)-connections in dimension three [Tau13a], anti-self-dual SL,(C)-connections in
dimension four [Tauisb], the Seiberg-Witten equation with multiple spinors [Tau16], the Vafa-
Witten equation [Tau17], and the Kapustin-Witten equation [Tauz22]— leaves behind evidence
in the form of a Z/2Z harmonic spinor. The latter is a pair (Z, [; ®) consisting of a ramified
Euclidean line bundle (Z,1) and a harmonic spinor ® € ker D. Z/2Z harmonic spinors also
appear in Donaldson’s work on adiabatic limits of coassociative Kovalev-Lefschetz fibrations



of G,—manifolds [Don17] and He’s work on branched double covers of special Lagrangian
submanifolds [He22].

In light of this, it is important to understand the universal moduli space of Z/2Z harmonic
spinors (allowing for g, y, and V to vary). The fundamental issue is that D is only left semi-
Fredholm (under mild assumptions; see Hypothesis 2.1), but not Fredholm—except in edge
cases, e.g., if Z = @ or n = 2. The naive expectation is that the co—dimensional cokernel of D
can be compensated by wiggling the branching locus Z. In his PhD thesis, Takahashi [Takis;
Tak17] has made some initial progress in this direction. Donaldson [Donz1] and Parker [Par23]
have developed a (partial) deformation theory for Z/2Z harmonic 1-forms and Z/2Z harmonic
spinors on spin 3—-manifolds respectively. There is work in progress by He, Parker and Walpuski
to address this problem a bit more systematically. The present article should be considered
infrastructure for this project (and, hopefully, other applications as well).

Here is a summary of the results contained in this article. Section 2 considers D as an
unbounded operator Dy, on LT(X\Z,S ® 1), the minimal extension, and systematically
studies its closed extensions. The adjoint Dyax = Dj,  is the maximal extension of Dp,. The
closed extensions Dp of Dy, are classified by residue conditions, that is: closed subspaces
B C H of the Gelfand—Robbin quotient

i1 dom(Dussy)
B dom(Dmin) '

Moreover, H is equipped with a symplectic form G, the Green’s form, which controls the
formation of adjoints. Within this framework it is also possible to describe which extensions
Dp are Fredholm. The entire discussion only relies on Dy, being closed, densely defined, and
symmetric as well as left semi-Fredholm. It is confined to the realm of abstract functional
analysis and its purpose is to separate what is true for formal reasons from what is true for
geometric reasons. Most of the observations in Section 2 can be found in [MSg8, Exercise 2.17;
BF98, §3; SWo8, Appendix B; BS18, Exercises 6.3.3 and 6.5.11] in some shape or form.

Assuming that Z c X is a closed (cooriented) submanifold of codimension two, Section 3
constructs an isomorphism of symplectic Hilbert spaces

res: (H,G) = (HI(Z,9),Q),

the residue map, between the Gelfand-Robbin quotient and a Hilbert space of sections of
a symplectic vector bundle over Z. The residue map extracts the leading order behavior of
¢ € dom(Dpay) Which is shown to be (at worst) comparable to z~'/? transversely to Z. With
the help of the above it is possible to define spectral residue conditions, analogous to the APS
boundary condition [APS75], as well as local residue conditions. As by product this yields
a variant of the bordism theorem, whose significance remains somewhat mysterious to the
authors. Evidently the construction in Section 3 is inspired by Bar and Ballmann’s magnificent
article [BB12] on boundary value problems for Dirac operators.

Finally, Section 4 develops an L? regularity theory on the scale of adapated Sobolev spaces
(HXT(X\Z, S ® 1)ken,- This scale is defined via the ring of differential operators generated by
conormal differential operators and the Dirac operator D. It gives rise to a graded Fréchet space



HT(X\Z,S ®I) which is tame in the sense of Hamilton [Ham82, Part II Definition 1.3.2]—a
prerequisite for using Nash—Moser theory. Moreover, spinors ¢ € H’T(X\Z,S ® [) extend
smoothly across Z after untwisting by z'/2 and, therefore, have well-behaved polyhomogeneous
expansions near Z. Crucially, it is proved that if a residue condition B ¢ HT'(Z, S) is co-regular,
then the extension Dp satisfies a variant of elliptic regularity together with elliptic estimates.
For local residue conditions B, co—regularity can be verified using straight-forward symbolic
criterion. In particular, this criterion applies to the Lagrangian local residue condition which
is secretly at the heart of [Takis; Par23]. It is quite plausible that these results can be cobbled
together using the powerful machines developed by Mazzeo [Maz91], Mazzeo and Vertman
[MV14], and Albin and Gell-Redman [AG16; AG23]. However, the arguments in Section 4 are
almost elementary and there should be some value in that.

It should be possible, with suitable modifications, to extend the work in the present article
to higher rank ramified Euclidean local systems; in particular: to flat Hermitian line bundles. In
fact, Ammann-Grofie have on-going work in progress in this direction and some instances of
this appear in Portmann, Sok, and Solovej’s work on magnetic links [PSS18b; PSS18a; PSS20].

Acknowledgements. The authors thank Siqi He and Greg Parker for helpful discussions, Jacek
Rzemieniecki for his careful proofreading an earlier version of this article, and Bernd Ammann
for discussions regarding his joint work with Grofie and pointing out the work of Portmann, Sok,
and Solovej. TW is indebted to Dietmar Salamon for teaching him about the Gelfand-Robbin
quotient almost two decades ago.

This material is based in part upon work carried while the authors were in residence at the
Simons Laufer Mathematical Sciences Institute (previously known as MSRI) Berkeley, California,
during the Fall 2022 semester.

Conventions. Choose a cut-off function y € C*([0, o0), [0, 1]) with y[{o1/4) = 1and supp(y) C
[0,1/2). The bracket (=): R — [1, ) is defined by {x) = (1 + x%)'/2.

2 The Gelfand-Robbin quotient, I: abstract theory

This section studies the closed extensions of the Dirac operator D: H'T(X\Z,S ® [) —
L?T(X\Z,S ®1), considered as an unbounded operator, following [MS98, Exercise 2.17; BF98, §3;
SWo8, Appendix B; BS18, Exercises 6.3.3 and 6.5.11]. Throughout, assume the following analytic
condition on the branching locus Z.

Hypothesis 2.1. There is anr € C*(X\Z, (0, »)), uniformly comparable to the Riemannian dis-
tance to Z, such that following borderline Hardy inequality holds: for every¢ € H'T'(X\Z, S®!),
r/l¢ e L’T(X\Z,S®1) and

7'l < g lle-

Remark 2.2. Hypothesis 2.1 holds if Z is a codimension two submanifold; see Takahashi [Takis,
Lemma 2.6] or Lemma 3.3. Moreover, it holds in the situation considered by Haydys, Mazzeo,
and Takahashi [HMT23] where Z C X is a graph embedded in a 3-manifold. *



2.1 The minimal and maximal extension

Proposition 2.3. The bounded operator D: H'T'(X\Z,S ® I) — L*T(X\Z,S ® 1) is left semi-
Fredholm; that is: ker D is finite-dimensional and im D is closed.

The proof relies on the following consequences of the borderline Hardy inequality.

Lemma 2.4. The following hold:
(1) HT(X\Z,S® 1) = HIT(X\Z S & I).
(2) The inclusion H'T'(X\Z,S ® [) — L2T'(X\Z,S ® 1) is a compact operator.

Proof. For e > 0 set y, = x(r/e). Let ¢ € H'T(X\Z,S ®I). Since |rdy,| < 1,

1/2
IV lle < 1(rdye)r " @lle + L xeVoll2 < (/ Ir¢l* + V4|
supp(dye)

Therefore, by Hypothesis 2.1 and monotone convergence,
liml|V (o) 2 = 0.
el0

This implies (1).

Let (¢,) € H'T(X\Z,S ® DN with ||¢,|lz1 = 1 for every n € N. For every ¢ > 0, a
subsequence of ((1 — y.)@,) converges in L°T'(X\Z, S ® [). By the borderline Hardy inequality,
I xednllr2 < &

Therefore, (2) follows from a diagonal sequence argument. ]
The proof of Proposition 2.3 also uses the following observation.

Proposition 2.5 (cf. Bismut [Bis89, Theorem 1.10]).

(1) D is formally self-adjoint; in fact: for every ¢,y € H!

loc

T(X,S®1I)

(D, ) — (¢, DY) = div(v) with v = Z<y<ei>¢,¢>'ei.

Here (ey, ..., e,) denotes a local orthonormal frame.

(2) D satisfies
D? = V*V + 7V + y(Fy)

witht € I'(X,Hom(T*X ® S, S)) depending linearly on Tor.

Proof. The following argument can be found in [Bis89, Proof of Theorem 1.10] and is repeated
here only for the readers’ convenience.
By direct computation,

divo = " L (v, 1) = (Dg,y) = ($, DY) + > (y(Vie$, ¥
i=1 i=1



and
(VeT,-eb -y = %Tor(ei, e;,—) =0.

This proves (1).
By direct computation,

n n
D* = 3 y(e)Ver(e)Ve, = Y v(ep)y(e))Ve,Ve, +y(ey(Vie)Ve,
ij=1 i,j=1

= V'V +y(Fy) +y(e)y(Vie)Ve,

and
T
(Veej ex) = %Tor(e,-, ej, er).

This proves (2). [ |

Proof of Proposition 2.3. By Lemma 2.4 (1) and Proposition 2.5,

(2.6) ¢l < 1Dz + (141l 2
for every ¢ € H'T'(X\Z, S ® I). Therefore and by Lemma 2.4 (2), D is left semi-Fredholm. m

With the exception of a few edge cases-e.g.: if Z = @ or Z C X is a finite subset of a surface
[DW24, §3.4.2; HMT23, §4.1-4.5]—the operator D: H'T'(X\Z,S®[) — L*I'(X\Z,S ® ) is not
Fredholm: its cokernel is co—dimensional. Therefore, it is useful to consider D as an unbounded
operator and systematically study its closed extensions; cf. [BS18, Chapter 6].

Definition 2.7. The minimal extension
Dmin: dom(Dpin) — L*T(X\Z,S®1);

is the operator D: H'T'(X\Z,S®1) — L’T(X\Z,S ® ) considered as unbounded operator on
LT(X\Z, S ® ). .

Proposition 2.8. Dy, is closed, densely defined, and symmetric.

Proof. Evidently, Dy, is densely defined. By Proposition 2.5 (1),

(D¢, ) = (¢, DY)

for every ¢, ¥ € T.(X\Z,S ® I). Therefore, by Lemma 2.4 (1) and since I.(X\Z,S® ) C
H;T(X\Z,S ®1) is dense, Dy;p, is symmetric. By (2.6) the Sobolev norm ||—||;: and the graph
norm |-[lp = (I|-|1%, + ||D—||iz)1/2 are equivalent. Therefore and since H'T'(X\Z,S ® I) is
complete, Dyiy is closed. [ ]

Definition 2.9. The maximal extension

Dimax : dom(Dpay) — LE(X\Z,S®1)



is the adjoint of Dy, in the sense of unbounded operators; that is:
dom(Dpayx) = {¢ € L’T(X\Z,S®1) : (¢, Dmnin—)12: dom(Dpyin) — Ris ||| z—bounded}
and for every ¢ € dom(Dpax) and ¢ € dom (D)

<Dmax¢, ¢> = <¢> Dmin¢>-

Dpax¢ exists by the Hahn-Banach Theorem and the Riesz Representation Theorem, and is
unique because dom(Dyy,) is dense. °

Remark 2.10. It is convenient to consider D: H I'(X\Z,S®1) — L{ T'(X\Z,S ®1). From this
perspective,

dom(Dyax) = {¢ € Hy

loc

I(X\Z,S®1):¢,Dp e L’T(X\Z,S®1)};

and it is excusable to drop the subscripts from Dpin¢, Dmax9, etc. )

2.2 Closed extensions and residue conditions

The closed extensions of Dy, can be systematically understood as follows.
Definition 2.11. The Gelfand-Robbin quotient is the Hilbert space

dom(Dmax)

H:= .
dom(Dmin)

Since Dy is closed, dom(Dyin) € dom(Dypax) is a ||—|| p—closed subspace. Denote the canonical
projection map by

[] : dom(DmaX) — H. °
Remark 2.12. H is localised on Z in the following sense: [¢] = [x(r/e)¢] for every & > 0 and
¢ € dom(Dpax)- )
Definition 2.13. A residue condition is a closed subspace B c H. °

Proposition 2.14 (closed extension=residue condition; cf. [BF98, Lemma 3.3(a)]). If B C H is a
residue condition, then

Dg = Dmaxldom(pg) with dom(Dgp) = [-]'(B)
is a closed extension of Dpi,. Moreover, every closed extension of Dy is of this form.

Proof. Let B C H be a residue condition. The canonical projection [-]: dom(Dpay) — H is
bounded. Therefore, dom(Dg) = [-]"}(B) C dom(Dyay) is a ||=||p—closed subspace; hence: Dg
is closed.

Let D be a closed extension of Dp,. Since dom(D) € dom(Dyay) is a || —||p—closed subspace,

B = [dom(D)] = dg%éﬁi)n) C His a closed subspace. Since dom(Dpi;) € dom(D), dom(D) =

[-]7Y(B); hence: D = Dg. m



2.3 The Green’s form and adjoint extensions

The Gelfand-Robbin quotient carries a symplectic structure related to the construction of adjoint
extensions.

Definition 2.15. The Green’s form G € Hom(A*H, R) is defined by

G([¢] A [Y]) = (D, ¥)12 = (¢, DY)p2. .
Proposition 2.16 (cf. [BF98, Lemma 3.1, Proposition 3.2; SWo08, Remark B.1(ii)]). G is symplectic;
that is: it induces a Hilbert space isomorphism
J: H—- H=%(HR)
[¢] = G([¢] A -).

Moreover: if§: H — H denotes the isomorphism induced by the inner product, then f o J is an
isometric complex structure.

Proof. The canonical projection induces an isometry [—]: dom(Dy)*? = H. Here 1p
indicates the orthogonal complement with respect to the graph inner product (—, —)p =
(=, —)12 + (D—, D—)2. By direct inspection,

dom(Dyin) P = {¢ € dom(Dmax) : {§, )12 + (D¢, D)1z = 0 for every ¢ € dom(Dimin) }

= {¢ € dom(Dpay) : D¢ € dom(Dpay) and D?¢p = —¢}.

Therefore, D induces an isometric complex structure D: dom(Dpy)*? — dom(Dyyi)*P.

The diagram

dom(Dyin) P —=—> dom(Dunin)*”

[—]l l[—]

H H
foJ

commutes because for every ¢,/ € dom(Dp;n)*P

G([] A [¥]) = (D@, ¥)12 = (§, DY)z = (D, )12 + (D¢, DY) 2 = (D, ).

This proves the assertion. L

Proposition 2.17 (cf. [BF98, Lemma 3.3(b)]). Let B C H be a residue condition. The adjoint Dy, of
Dg is the closed extension Dgc associated with the symplectic complement

B = {[¢] € H: G([§], [§]) = 0 for every [y/] € B}.
In particular, Dp is self-adjoint if and only if B is Lagrangian.
Proof. A moment’s thought shows that

dom(Dp) = {¢ € dom(Dpmax) : (D, )12 = (¢, DY) for every § € dom(Dp)}
= {¢ € dom(Dmax) : G([¢] A [¢]) = 0 for every [] € B}.

This proves the assertion. ]



Example 2.18. The Calderén subspace
A = [ker Dppax] C H

is a Lagrangian residue condition. Indeed, A ¢ A® because G([¢] A [¥]) = (D¢, )2 —
(¢, DY)y2 = 0 for every ¢,/ € ker Dpay. Moreover, if [¢] € AC, then D¢ 12 ker Dyay =
(im Dpn)*12; therefore, there is a € dom(Dyy,,) with DY = D¢; hence: [¢] = [p—1/] € A. &
Example 2.19. As a consequence of Proposition 2.16, the orthogonal complement of the Calderén

subspace
At =toJ(A) CH

is a Lagrangian residue condition. o

Example 2.20. Suppose that S carries a parallel orthogonal complex structure i which commutes
with y; that is: (S, y, V) is a complex Dirac bundle with skew torsion. Evidently, D is com-
plex linear and H inherits i as an isometric complex structure i. This induces an orthogonal
decomposition

H=B,®B_ with B.:={[¢] eH:H4oJ[¢]==i[¢]}.

Since i and #§ o J] commute, B, C H are complex subspaces and, therefore, B, are mutually
adjoint:
BS = Bs:. .

Remark 2.21 (defect indices). If H is a complex Hilbert space and A: dom(A) — H is a closed
and symmetric unbounded complex linear operator, then its closed complex linear extensions
traditionally are studied via von Neumann’s theory of defect subspaces and defect indices
[vNeuso, Kapitel VII; RS75, §X.1]. The defect subspaces of A are ker(A* ¥ i) and its defect indices
are n, = dimker(A* ¥ i). The maximal domain orthogonally decomposes as

dom(A*) = dom(A) @ ker(A™ — i) ® ker(A" + i)

with respect to the graph inner product. Therefore, H = %%nr;((f)) = ker(A* —i) @ ker(A* +i). In
particular, closed self-adjoint complex linear extension of A correspond to closed complex linear
Lagrangian subspaces B C ker(A* — i) @ ker(A* + i). The latter exist if and only if n, = n_. Of

course, by Zorn’s Lemma, H always has a (real) Lagrangian subspace. *

Proposition 2.22 (Spectral theory). Let B C H be a residue condition. If B ¢ H is a Lagrangian
and dom(Dg) — L’T(X\Z,S ® 1) is compact, then spec(Dp) consists only of point spectrum,
is contained in R and discrete, and for every A € spec(Dp) the eigenspace ker(Dp — A - 1) is
finite-dimensional; moreover: LT (X\Z, S ® 1) decomposes as a (Hilbert space) direct sum

LT(X\ZSel)= (P ker(Dp—1-1).
Aespec(Dp)

Proof. By assumption, Dp is self-adjoint and has compact resolvent. The assertion, therefore,
follows from the spectral theory of such operators; see, e.g., [BS18, Theorem 6.3.13]. ]



2.4 Fredholm extensions

The following characterises residue conditions B ¢ H which correspond to Fredholm extensions
Dp in terms of the relation between B and the Calderén subspace A.

Definition 2.23. Let B C H be a residue condition. Denote by
Sg: A—>H/B and 6%: B— H/A

the compositions of the canonical inclusions and projections. .

Proposition 2.24 (cf. [SWo8, Lemma B.3]). Let B C H be a residue condition. The closed extension
Dg is Fredholm if and only if 8 is Fredholm if and only if 5 is Fredholm; moreover:

index Dg = index 85 = index &5.

The proof relies on the following observation.

Lemma 2.25. For every residue condition B C H, there are short exact sequences
ker Dpin < ker Dg —» kerég  and coker 6 < coker Dg —» coker Dpax.

Proof. The Snake Lemma applied to

ker Dpin, =—— ker Dpin

S g

ker D ——— ker Doy —— H/B

yields an exact sequence

ker Dg o ker Dax N A5—B> ﬁ/B.
ker Dmin ker Dmin

This induces the first short exact sequence.
The Snake Lemma applied to

dom(Dg) ———— dom(Dpay) H/B

lDB leax

L T(X\Z,S®l) —— L T(X\Z,S®1)
yields an exact sequence

Opol— “
ker Dg < ker Dpax & H/B — coker Dg - coker Dyay.

Since coker dp o [—] = coker dp, this induces the second short exact sequence. [

10



Proof of Proposition 2.24. A moment’s thought shows that

H
kerég = ANB=ker6® and cokerds = —— = coker§>.
A+B

By Proposition 2.3, ker Dy = coker D,y is finite-dimensional. Therefore, the assertion is an
immediate consequence of Lemma 2.25. |

Example 2.26. Every complement B of the Calderdn subspace A, in particular: B = A*, produces
a Fredholm extension of index 0 because §%: B — H/A = B is an isomorphism. o

Example 2.27. The residue conditions B, defined in Example 2.20 satisfy
ker D, = ker Dpin
and, therefore, produce Fredholm extension of index 0; indeed: if ¢ € ker Dg,, then

0 = 2(D¢,i$)2 = (D, i$) 2 — {$, Dig)r2 = G([$1.i[$]) = (o J[),i[pDrz = =/ [$]N7..

The following are occasionally useful to compute or relate indices.

Proposition 2.28 (Nested Fredholm residue conditions). Let B; C B, C H be residue conditions.
If 6B,, 6B, are Fredholm, then

index Dp, = index Dp, + dim B;/B;.

Corollary 2.29. Let B C H be a residue condition. If B C BC and g is Fredholm then index Dp =
—% dim BY/B; in particular: if B is Lagrangian, then index Dg = 0. ]
Proposition 2.28 is an immediate consequence of the following.

Lemma 2.30 (Nested residue conditions). Let By C B, C H be residue conditions. There is an
exact sequence
ker 6p, < ker dp, — By/B; — coker g, - coker dp,.

Proof. The exact sequence follows from the Snake Lemma applied to

A:A

laBl lagz

Bz/Bl —> H/Bl —> H/Bz
This implies the assertion by the above proposition. ]

Proposition 2.31 (Deformation of residue conditions). Let B be a Hilbert space. Let1_: [0,1] —
Z(B,H) be a continuous path of embeddings. If Dp, with B, = 1,(B) is Fredholm for every
€ [0,1], then
index Dp, = index Dp, .

Proof. By assumption, t — 85 o 1, is a continuous path of Fredholm operators and 1,: B — B,
is an isomorphism for every t € [0, 1]; therefore: ¢ + index Dp, = index §5 = index 8% o 1, is
constant. u

11



2.5 Chirality operators

In the presence of a chirality operator the theory discussed above refines as follows.
Definition 2.32. A chirality operator on (S, y, V) is a self-adjoint parallel isometry ¢ € T'(X, O(S))

such that
ye+ey =0. U

Example 2.33. Assume that X is oriented. If dim X = 0 mod 4, then ¢ = y(voly) is a chirality
operator. If dim X = 0 mod 2 and (S, y, V) is a complex Dirac bundle as in Example 2.20, then
e = ilm*D/2ly (voly) is a chirality operator. .
Proposition 2.34 (Chirality operators induce a {+1}-grading). If € is a chirality operator for
(S,v, V), then the following hold:

(1) The subbundles S* =ker(1 + ¢) C S are parallel, S orthogonally decomposes as
S=S*eS",
andy € T'(X,Hom(TX,Hom(S*,S™) ® Hom(S™, S%))).
(2) The minimal and maximal extensions decompose as

0 Do (0 Dpu
D 0 ) and Dmax_(D* 0 )

min max

Dpyin = (

with
DE. : dom(D%, ) =H'T(X\Z,5*®1) - L*T(X\Z,ST®1) and
DE, : dom(DZ,,) = dom(Dpay) N L*T(X\Z,5* ® ) — L*T(X\Z,S* ®I).

max

(3) H orthogonally decomposes as

S ., dom(D%
Bt o with [ = S0P,
dom(D*

min

moreover, H* C H are Lagrangian. In particular, every residue condition B ¢ H decomposes
asB=B"®B".

(4) IfB* c H* is a closed subspace, a positive chirality residue condition, then there is
a unique closed subspace B~ C H™ such that B := B* @ B~ C H is a Lagrangian residue
condition.

(5) Let BY c H* be a positive chirality residue condition and B~ as above. The operator 6°
is Fredholm if and only if 55+ : B* — H*/A* is Fredholm.

Proof. (1), (2), and (3) are an immediate consequence of Definition 2.32.
A moment’s thought shows that (4) holds with B~ = (B*)° N H".

12



Evidently, §% = 6%+ @ 8B~ is Fredholm if and only if 6%+ and 6~ are Fredholm. The Green’s
form G induces isomorphisms

A = (H"/A")* and B" = (H /B")".

This identifies the dual of 65" with §g_: A~ — H~/B~. By the closed image theorem, if 55
is Fredholm, then Jp_ is Fredholm. As in the proof of Proposition 2.24, 8p_ is Fredholm if and
only if §3- is Fredholm. This proves (5). ]

3 The Gelfand—Robbin quotient, II: geometric realisation

The usefulness of the theory laid out in Section 2 hinges upon being able to understand H, e.g.,
to specify interesting residue conditions. Since H localises on Z as explained in Remark 2.12,
it is plausible that it admits a more geometric description. The purpose of this section is to
develop such a description, assuming the following geometric condition on the branching locus
Z throughout.

Hypothesis 3.1. Z C X is a closed cooriented submanifold of codimension two.

Remark 3.2. The assumption that Z is cooriented simplifies the upcoming discussion, but is not
essential. Appendix A explains how to remove it. *
Lemma 3.3 (borderline Hardy inequality; Takahashi [Takis, Lemma 2.6]). Hypothesis 3.1 implies
Hypothesis 2.1.

Proof. Let r > 0. Denote by [ the non-trivial Euclidean line bundle over rS' := {z € C : |z| = r}.
A moment’s thought and a scaling consideration show that

s < / V52
rS! rS!

for every s € T'(rS',1). This immediately implies the assertion. ]

3.1 The blow-up of X along Z
It is convenient to blow-up X along Z; that is: to replace Z c X with the following U(1)-
principal bundle.

Definition 3.4. Since Z is cooriented, its normal bundle NZ is a Hermitian line bundle over Z.
Its frame bundle is
n: F={veNZ:|v|=1} > Z

together with F O U(1) defined by v - e'® = ¢/*v. Denote the Levi-Civita connection on F by
i0 € Q'(F, iR). .
Remark 3.5. The tautological section 9, € I'(F, 7*NZ) and 9, = id, trivialise 7*NZ. )

In order to replace Z C X with F a choice is required.
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Definition 3.6. Set U := [0,1) - F € NZ. A tubular neighbourhood j: U — X of Z C X is an
embedding such that j o 0 = idz and the composition

T
NZ < 0*TNZ -5 TX|; - NZ

is the identity. Here 0: Z — NZ denotes the zero section. .
Choose a tubular neighbourhood j: U — X.
Definition 3.7. Set U := [0, 1) X F. The blow-up of X along Z is the manifold with boundary

X=UU, (X\2)

obtained by gluing U and X\Z along ;. The blow-down map : X — X is defined by f(r,v) =
J(ro) for (r,0) € U and f(x) = x for x € X\Z. .
Henceforth, identify U ¢ NZ and j(U) C X; moreover, identify X =F.

Definition 3.8. Set
S=p4S and S:=S|p=7"(S|z).

Endow S|z with the complex structure I := y(volyz) and S with the quaternionic structure
I:=y(volyz), J=y(3), and K=IJ=y(d) € [(F,End(S)).
Since X\Z < X is a homotopy-equivalence, [ extends uniquely to a Euclidean line bundle
[—X.

Set

|
Il
—>
>
[ ]

3.2 The model operator

The purpose of this subsection is to construct a model D for D near Z. This construction relies
on the following.

Definition 3.9 (Restriction of Dirac bundles). Denote the second fundamental form of Z with
respect to VI by II € I'(Z,Hom(TZ,Hom(TZ, NZ))). The restriction of (S,y, V, Tor) to Z is
the quadruple (S|z, ylrz, V|z + %y(H),Tor |z) with

n—2
y(I)(0) = Y y(()e)y(er).
i=1

Here (ey, ..., e,—2) denotes a local orthonormal frame of TZ. °

Proposition 3.10. (S|z, y|1z, VIz + %y(II), Tor |z) is a Dirac bundle with skew torsion over (Z, g|7).

Proof. Evidently, (S|z, y|rz) forms a Clifford module bundle over (Z, g|2). Denote by VIl the
orthogonal affine connection on (Z, g|z) induces by V7.
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Since (S, y, V, Tor) is a Dirac bundle with skew torsion over (X, g), for every v, w € Vect(Z)

[V, y(w)] = (V5 lw) + y(I(0)w);
moreover, by direct computation,

n—2

[y () (0), y(w)] = > [y([W(@)e:)y(es), y(w)] = Zy(ﬂ(v)e;-)(y(eﬂy(w) +y(w)y(e))

i=1

=2 YY) e w) = ~2r(T@)w).

A moment’s thought shows that if VIl the Levi-Civita connection of (Z,9|2), then
(Vulo, w) = (Vio, w) + (4 Tor | ) (u,0,w).
This proves the assertion. [

Proposition 3.11. Denote by gll = g|; and g* the Euclidean metrics on TZ and NZ induced by g.
Denote byI1: U — Z the projection map and identify TU = II"'(TZ & NZ) using the Levi-Civita
connection. Consider U C X equipped with the Riemannian metric

§=1( @g").
The quadruple (S, Y, v, Tor) consisting of
S=I(Slz), ¥=1(ylz). V=I(Viz+3y(D),
and Tor =IT* (Tor%0 +Tor;2) +rprp(dO A 0)

is a Dirac bundle with skew torsion over (U, g). Here Torg’q denotes the (p, q) component with
respect to A*(T*Z ® N*Z) = A°T*Z ® A*N*Z of the restriction of Tor to Z.

Proof. Denote by VIl and VI the orthogonal covariant derivatives on TZ and NZ induced
by V7 respectively. If v € Vect(Z) and w € T'(Z, NZ), then

[V, y(w)] = y (Vi w) = y(LL()"'w))

and, moreover,

n-2

n—2
[y (o), y(w)] = ) [y((v)e)y(e),y(w)] = Z(Y(H(U)ei))’(w) +y(w)y(Il(o)e;))y ()
i=1

i=1

-2
((v)e;, wyy(e;) = 2y(I* (v)w)
i=1

This together with the analogous computation in the proof of Proposition 3.10 proves that Y is
parallel with respect to V and IT*(VT>l @ VT:4). Therefore, it remains to identify the torsion of
vl =1 (vhl e VT4,
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Denote by *: Vect(Z) — Vect(U\Z) and *: T(Z, NZ) — Vect(U\Z) the lifting maps. For
u,0 € Vect(Z) and n,m € I'(Z, NZ), by direct computation,
VI - VI - [4,8] = Tor} (0, )" + [u, 0] - [4,]
= Tor%o(u, 0, - )" + (prpd0) (i, 0) ® dg;
moreover,
VIm—-VIi—[Am] =0 and VIi-VI5-[4,7] = Tork(v,n, —)".
This proves the assertion. L

Definition 3.12. Denote by [ the pullback of I along the projection U\Z = F x (0,1) — F. The
model Dirac operator

D: HL T(U\Z,S®1) — L2 T(U\Z,S®1)

is the Dirac operator associated with (S, v, ¥ Tor) twisted by I .
Remark 3.13. More explicity, the model Dirac operator D is of the form
) o n_2 o
D=0, —rIVs,)+Dz with Dz:= ) y(&)Ve,
i=1
with (€;, ..., é,-2) denoting the horizontal lift of a local g” —orthonormal frame. )

Choose an isometry S = S|y which agrees with idg|, over Z, and an isometry [ = | z;
moreover, henceforth, regard these as identifications.

Proposition 3.14. The error term
Err:=D-D: H. [(U\ZS®1) - [} T(U\Z,S®1)

is of the form \
Err = aV +b — 311" (y(Hz)) + 31T (y(Tor3"))

witha € T'(U,Hom(T'U ® S, S)), b el (U, End(§)), and Hz denoting the mean curvature of Z.
Moreover, a and b vanish along Z.

Proof. If (ey, ..., en—2) is a local orthonormal frame of TZ, then
1 n—2 1 n—2
~5 2 ver(e) =5 ) yey(e)y(l(ee))
i=1 i,j=1
1 1 n-2
= —2v(Hz) + 5 ) v(e)y(e) (r((ee)) — y(Ie))e)
i,j=1

1 1 2,1
= _EY(HZ) + Ey(TorZ .
Therefore, the assertion follows from the fact that
§-g V-V-iI'(y), and j-y

vanish along Z. [ ]
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3.3 The model Gelfand—Robbin quotient

By (the proof of) Proposition 2.8, the model minimal extension
Din =D dom(Dpin) = HIT(U\Z, S @ 1) — L*T(U\Z,S ® 1)

is closed, densely defined, and symmetric. A moment’s thought shows that the domain of the
model maximal extension
Dmax = Dr*nin
is . .
dom(Dpax) = {¢ € HL, T(U\Z,S®1) : ¢, D¢ € L’T(U\Z,S ®1)}.
The construction from Section 2.2 and Section 2.3 yields the following.

Definition 3.15. The model Gelfand—Robbin quotient is the Hilbert space

dom(Dinax)

H = =
dom(Dmin)

equipped with the model Green’s form Ge Hom(AZIEI, R) defined by
G([] A [Y]) = (D, )iz = (6. DY)e. .

By (the proof of) Proposition 2.16, (H, G)is a symplectic Hilbert space. In the sense of

Remark 2.12, H has contributions from {0} x F c U and {1} x F. Only the former is relevant for
the purposes of this section.

Proposition 3.16. The subspace

i, o 2(0) - dom(Dinwy) +dom(Duin) _
dom(Dmin)

is closed and symplectic.

Proof. Define the operator 7 € £ (H) by 7([¢]) = [ x(r)-¢]. Since )((r)(l—)((r))-dom(f)max) C
dom(]o)min), 7% = m; that is: 7 is a projection. Hence, H, = im 7 = ker(1 — 7) is closed.

Since (1~ x(r) = y o (1= r)) - dom(Dyax) € dom(Dyin), (1 = 1) [$] = [y 0 (1 —=7) - ¢].
Therefore,

G([¢] A YD) = G(xlg] Axly]) +G((1 =[] A (1= m) [Y]).
Hence, IEIO is symplectic. u
Proposition 3.17. There is a unique isomorphism of symplectic Hilbert spaces
cut-off: (F,G) = (Ho, C)

satisfying cut-off([#]) = [ x(r) - ¢] for every ¢ € dom(Dyay)-
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The proof requires the following preparation.
Lemma 3.18 (dom(Dyp,y) Vs. dom(f)max)). The following hold:

(1) If$ € dom(Duna). then x(r) - ¢ € dom(Dunay) and [l x(r) - $llo < 1.
(2) If p € dom(Dnax), then x(r) - ¢ € dom(]oDmaX) and || x(r) - ¢ll5 < l19llp-
Proof. Let ¢ € dom(émax). Letn € C(U\Z, [0,1]). By Proposition 2.5 (2),
/ PIV(rx(r) - ) = / D () - P
U\Z U\Z
- /U SPERCH0 91201 9+ GUErA0) - orx() )
+2 / HD(rx(r) - ). 1 dnyrx(r) - §)
U\Z
2 / 1T (r) - §).dn @ ry(r) - ).
U\Z

Therefore,

/ PIVrx(r) - HP < / D[+ (1 + [dn )G L.
Uz U\Z

Since 5, =1 — y(r/e) satisfies r|dy,| < 1,
[ ex) - oF =tim [ ER0HF < [ DR+ 9P
U\Z £l0 Ju\z U\Z

Therefore, ry(r) - ¢ € dom(ﬁmin) and

Irx(r) - dllr < M9l 5

By Proposition 3.14 and the above,

IErr x(r) - $llz < IVl + 11l < 1Dz + Il -
This implies (1). The proof of (2) is similar. [ |

Proof of Proposition 3.17. By Lemma 3.18, cut-off is an isomorphism of Hilbert spaces. To prove
that cut-off is a symplectomorphism, let ¢,y € dom(Dyy,x) and set

0= Z(y(e,-)gb, Ye; and 0= Z()o’(éi))((r) ¢, x(r) - e
i=1 i=1

with (e, ...,e,) and (éy, ..., €,) denoting local g— and g-orthonormal frames respectively.
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Assume, without loss of generality, that supp(¢) U supp(y) € (y o r)~1(1) c U\Z. With
ne as in the proof of Lemma 3.18,

(G- cut—off*é)(w)] AfY]) = / divy(v) - voly — divé(é) - voly

U\zZ
= lim Ne - (divg (o) - voly — div(9) - voly)
elo Ju\z
= —lim dne A (iyvol, — igvols).
210 Juz n ( g g)

Since r|dn.| < 1,
|d175 A (ipvoly — iz;Vol_,;)| < Byl
Therefore,

(G = cut-off G)([¢] A [Y])] < lim ¢l voly = 0. "
€19 J supp d,

3.4 Spectral decomposition

This subsection decomposes (Hy, G) into concretely understandable summands.

Definition 3.19 (I determines NZ*). The ramified Euclidean line bundle I determines the follow-
ing:

(1) The 2z-periodic vector field 9, generating F O U(1) uniquely lifts along
p: F={tel:|f|=1} > F

to a 4-periodic vector field 1dg. The 2r—periodic vector field 9 generates FQOU®Q)
with respect to which 7: F — Z is a U(1)-principal bundle.

(2) Let A € %Z. The Hermitian line bundle
NZ* = F xyq) C

arises from F via the representation U(1) O C of weight 2A. The Levi-Civita connection
on F induces a connection on F and, therefore, a unitary covariant derivative V4 on
NZ*. °

Remark 3.20. By construction (NZ', V') = (NZ, VX€) and for every A,y € 1Z
(NZH VY ®c (NZH, VH) = (NZMH V), n
Proposition 3.21. For every A € Z — 1/2 there is an isomorphism
Py: 7(NZ4 V) = (18 C, Vige +i16)

of Hermitian line bundles with unitary connections.
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Proof. Consider the U(1)—principal bundle F X(+1) U(1) — F obtained by extending the {+1}-
principal bundle F—>F along the inclusion i: {+1} < U(1). The U(1)-principal bundles
F X{z1y U(1) — F and n*F — F are isomorphic via [f, z] — [f, p(f - 2)].

Let A € Z — 1/2. The representation U(1) O C of weight 24 restricts to the usual represen-
tation {+1} O C along 1. Therefore, 7*NZ* and [ both arise from the representation of weight
2. Hence, they are isomorphic as Hermitian line bundles.

The Levi-Civita connection i on F — Z induces the connection % p*0 on F — Z. Therefore,
the induced connection on ﬁx{il}U(l) = 5*F is (the descend of) %p*9+,uU(1). Here py(1) € U(1)

denotes the Maurer—Cartan form on U(1). The connection on F X (.1} U(1) induced by the flat
connection on F — F is (the descend) of yiy(1). This implies the assertion about the covariant
derivatives. ]

Proposition 3.22 (Spectral decomposition of L*T(F, S ® I)). For every A € Z — 1/2 and y € R set
Ery={$ € L’T(F,S®1): Vo ¢ = Ap, Dz = pp} and
Eiy={§ € L’T(Z.5|z @ NZ") : Dy, eonz2$ = ).

Here Dz is as in Remark 3.13 and Dg| g N2 arises from Definition 3.9 and twisting by (NZH V),
moreover: the tensor product is with respect to the complex structure I on S|z. The following hold:

(1) ForeveryA € Z—1/2 and p € R, Py induces an isomorphism
”*E/L,u = EA,/J-
(2) The subset
o={(Ap) €(Z-1/2) xR:E,, # 0}

is discrete. Moreover, for every (A, 1) € o, Ey, is finite-dimensional.
(3) Forevery(A,u)€o
JE ;= E_(as1),—p-
(4) The Hilbert space L*T (F,S ® I) decomposes as a (Hilbert space) direct sum

LT(F,$S®D) = () Exp
(Ap)eo

Proof. By Fourier analysis, the Hilbert space L°T'(F, S ® ) decomposes as a direct sum

LI(FseD)= D E with Ey={¢ €L’ T(F.S® :IVs,¢ =19}
AEZ-1/2

By Proposition 3.21, P induces an isomorphism 7*L?T'(Z, S|, ® NZ*) = E,. By the spectral
theory of Dirac operators, for every A € Z — 1/2, spec(Dg|,g.nz2) C R is discrete and the
Hilbert space L*T(Z, S|z ® NZ*) decomposes as a direct sum finite-dimensional eigenspaces
E/Lp of Dg),g.nz2- This proves (1), (2), and (4).

(3) holds because J and Dz anti-commute and Ieaa] = —](Ieaa + 1) since %aaa, =0y N
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Since vols = dr A r6 A voly,, by Fubini’s theorem and Proposition 3.22,
LT (U\Z, $ ®1) = L2((0,1), rdr; L'T(F,S® D) = D EDLA((0,1), rdr; Ep )
AE€Z~1/2 p€ay

moreover, D,y decomposes as follows.

Definition 3.23. Choose a fundamental domain & C o for the involution (4, ) — (=(A+1), —p).

Choose a real subspace EI_{I/2 o € E—1/20 with respect to J. For every (4, 1) € & set

R R . _
Vau= E—1/2,0@]E—1/2,o if (A, ) = (=1/2,0)
! E/Lﬂ ® E—(/1+1 ) otherwise;

moreover, define DM : H} ((0,1);Vy,) — LE ((0,1);V),) by

loc
D :( 1 J(oy + 24 )
](ar - %) —H
and set . .
dom(DAH ) = {gs e HL ((0,1); Vi) : ¢, D € L2((0, 1),rdr;V,L#)}. .

Remark 3.24. The purpose of the artificial decomposition of E_; 5 is to avoid a case distinction
in the definition of D, &

Proposition 3.25 (Spectral decomposition of dom(bmax)). The following hold:

(1) The Hilbert space dom(ﬁmax) decomposes as a (Hilbert space) direct sum

o o A’
dom(Dmay) = ) dom(Djik).
(Apes

(2) The model operator]o) decomposes as

b= o

(Au)es

Proof. This is an immediate consequence of Remark 3.13 and Proposition 3.22. ]

Remark 3.26. The ordinary differential equation D# ¢ = ¢ can be solved explicitly in terms of
modified Bessel functions of the second kind or using the Hankel transform. However, none of
this is necessary for the purpose of this article. »

Finally, here is the desired decomposition of (Hy, é).
Corollary 3.27 (Spectral decomposition of (Hy, G)). The symplectic Hilbert space (Hy, G) decom-

poses as a (Hilbert space) direct sum

M o S/L o
(Hy,G) = P (H",Gap)

(Ap)es
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with

i (o) - dom(Dipty) + dom(Dun)
° dom(f)min)

Gau([9] A [9]) = (DM, )12 — (p, DMy 2. n

3.5 Leading order terms

This subsection determines (I:If}’” , (o};u,) based on the following observation.

Lemma 3.28 (Leading order terms; cf. [BS88, Lemma 2.1; DW24, Lemma 3.50]). Let A € R. Let
¢ € H ((0,1)) with ¢, (8, — A/r)¢ € L*((0,1),rdr). The following hold:

(1) IfA € (=1,0), then there is a unique a € R such thatlim, |, ¢(r) — ar* = 0.
(2) IfA =0, then ¢(r) <4 [log(r)|"/2.

(3) IfA # [-1,0), then lim, | $(r) = 0.

)

() Iflim, 1o $(r) = limy §(r) = O, then
/ 1(|ar¢|2 + i§|¢|z) ar= | 10, = AP Prar.
0 r 0

Proof. The proof is almost identical to that of [DW24, Lemma 3.50] and is repeated here only
for the readers’ convenience.

Evidently, (8, —A/r)r* = 0 and r* € L2((0, 1), rdr) ifand only if A > —1. Set / == (3, —A/r)¢.
By variation of parameters, there is a unique a € R such that

r IN sy (s)sds ifA <0

7 — —_— A ==
d(r) =¢(r) —ar {—r’l frl s WDy (s)sds if A > 0.

Of course, if A < —1, then a = 0.
If A < 0, then, by Cauchy-Schwarz and monotone convergence,

- 1 r
lp(r)|* < m/o [ (s)|*sds = 0(1) as r|O0.

If A =0, then )
16(r)I? < |10g(r)|/ [Y/(s)|? sds = O(|log(r)|) as rlo.

If A > 0, then, by Cauchy-Schwarz, forr < e < 1

T [y fsas = 10 + 110,

FOP <2 /0 (o) P sds +

By monotone convergence, lim, |, I(¢) = 0. Evidently, lim, |, II(r, &) = 0. Therefore, gzg (r)=o0(1)
as r | 0. These observations imply (1), (2), and (3).
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(4) is a consequence of
/|(ar_/1/r)¢|2rdr=/ (|9r¢|2+_2|¢|2) rdr—/l/ ol pl2dr. m
0 0 r 0

Corollary 3.29 (Identification of I:I:}’” for A # —1/2). For every (A, p) € & withA # —-1/2

S _
H;" = 0. [ |

Definition 3.30. For (-=1/2, ) € ¢ define the residue map res,: dom(lc);l;/(z’“ ) = V_ij2, by
¢ - ro1/2. res,(¢) € dom(lo)min),
and the symplectic form u € Hom(A?V_y),,,R) by
Qu(p A ) ==, ). .

Proposition 3.31 (Identification of I:Ig Yen, symplectic structure). For every (—1/2, u) € & the
residue map induces an isomorphism

res,: (I’VI(;I/Z)”, é_l/z’#) = (V—I/Z,,U’ Qu)

Proof. For ¢,y € dom(D %), by direct computation using 9, + = = r~/29,r1/2,
1
GR([p] A [Y]) = / (J@r+ ). 9) = ($. J(0r + 3)¥)) rdr
0

= / 1 - (Jr'/2g, r'/%y) dr
0
= —(Jresy([¢]). res, ([¥])) = res;, Qu([$] A [Y]).

This together with Lemma 3.28 immediately implies the assertion. |

Although res, is an isomorphism, the norms on I:I(; Y21 and V_1/2, are not uniformly
equivalent. The following discussion rectifies this.

Definition 3.32. Let (—-1/2, ) € 6.

(1) Define the branching locus operator A, : V_y/, — V_y/3, by

— 1A-1/2, 1 [0 Ju
Ay =-JD /”_a’_ﬁ_(—]p 0l

(2) Define the norm ||~||5: V_y/2, — [0, ) by

ol = (14 11D - 11 (—o0,0) (AP + (14 1) ™ - 1T[000) (A0

Here 1(_c00)(A,) and 1[g)(A,) denote the orthogonal projection to the negative and
non-negative eigenspaces of A, respectively.
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(3) Define the norm ||~||g-1/2: V_1/5, — [0, 00) by

o], = (1+ )™ - o]l .

Proposition 3.33 (Identification of I:I(; V2K, yniform norms). For every (—1/2,u) € &

lIres, ([¢D Il = A1l

The proof uses the following right inverse of res,, o[-].

Definition 3.34. For (=1/2, 1) € & define the extension map ext,: V_y/;, — dom(lo);l;)/(z’” ) by
ext, (v) = r 2ol Ly .

Evidently, ext, lifts the inverse of res, : Iv{; Vap o V_1/2,u- Therefore, Proposition 3.33 is an
immediate consequence of the following.

Lemma 3.35 (Uniform estimates for res, and ext,). Let (=1/2, i) € . The following hold:

(1) Forevery ¢ € dom(ﬁr:uli)/(z’” )
lIresu ([p Dl < 191l -

(2) Foreveryv € V_y/5,
lexty(0)llzz < llollg-12  and lext,(0)ll 5 < llollg-

Proof. Evidently, v = res,([#]) satisfies

1 1
= —/ o (r'/2e lHirgy dr = —/ P2 (=D — A, —|ul)g - eI dr
0

0

Therefore, by Cauchy-Schwarz,
1 1
11 (—oo0) (A)ol2 < [ D721 L) (A2 rdr - | e 2K dr
(=00,0)W/2p (—00,0) WAy
0 0

1
g/ e_zll’lrdr~||1(—oo,0)(A,u)¢||Zb
0

and

1 1
109 (A0l < [ (15728100 (AP + il 1100) (A1) rdr- [ ey
0 0

1
S [ T ar o (40912,
0

The estimate in (1) follows because
1
[ emirar < e and o1 + s (4091 = 912,
0

24



To prove (2), observe that

1
2 -1,-2 2 -1 2
||extu(v)||LzS/ rle o] P rdr < (14 )7 o]l
0

and
o ! 2
D72 exty (o) = [ ™2 W + Aol
0

1
B iyl 2
s/ (r 21l ™M) 211 a0y (Aol rdr
0

S P+ D)™ ol u

3.6 Assembly of the residue map

This subsection (re)assembles the summands of the decomposition Corollary 3.27 identified in
Section 3.5 in a more geometric fashion.

Definition 3.36.

(1) The residue bundle is
S = S|z ®c NZz712,

As a consequence of Proposition 3.22 (3) (or by direct inspection), S inherits the quater-
nionic structure I, J, K = IJ from S. Define the symplectic form Q € I'(Z, Hom(A?S, R))

by
Q= -21(J-,-).

(2) The branching locus operator A: T'(Z,S) — I'(Z,S) is defined by
A= —]DSV

with Dg = Dg,g.Nz-1/2 @s in Proposition 3.22. Since J and Dy anti-commute, A is
(formally) self-adjoint.

(3) Denote by 1(_«0)(A) and 1[ ) (A) the orthogonal projection to the negative and non-
negative eigenspaces of A respectively. Define the norm ||—|[5: I'(Z, S) — [0, 00) by

PNl = 111 (=e0.0) (APl /2 + [1110,00) (APl 172
and denote by HT'(Z, S) the completions of I'(Z, S) with respect to 1=l - .

Proposition 3.37. Q extends to a symplectic structure Qe (AZI:IF(Z, g),R); moreover: the
inclusion V_y 5, — T'(Z, S) assemble into an isomorphism of symplectic Hilbert spaces

B Vi -l Q) = (HT(Z,8): 0.
(-1/2,p)es
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Proof. This is an immediate consequence of Proposition 3.22, Proposition 3.31, and Proposi-
tion 3.33. The (possibly mysterious) factor 27 arises because €2, is defined using the L? inner
product on F instead of Z and vol(F) = 2zvol(Z). [ |

Definition 3.38.
(1) The residue map res: H — HI(Z,S) obtained as the composition of the following maps

. t-off < o (resy) - x
HS5 0= P i —5 B (Vpwll-llg) = HL(Z.9).
(-1/2,p)ec (-1/2,p)e5

(2) The extension map ext: HT'(Z,S) — dom(Dy,y) is obtained as the composition of the
following maps

. . (ext,) o _1/2,
HN(ZS) = P Vapwl-lp —> B  dom(Dya™)
(-1/2p)es (-1/2,p)es

> dom(Dgpay) ——> dom(Dpnay). @

Theorem 3.39. The following hold:

(1) (a) The residue map is an isomorphism of symplectic Hilbert spaces
res: (H,G) = (HT'(Z,5),Q).

(b) The subspacer™"/ 2I(X,S® f) Ndom(Dyyax) is dense in dom(Dyay); hence: the residue
map is uniquely determined by

rres[r 1%¢] = Pl g
for everyr=1/2¢ e r 121(X, S ® 1) N dom(Dyay).

(2) (a) The extension map ext: HI(Z,S) — dom(Dyay) is a right-inverse of res o[—].

(b) The extension map extends to a bounded linear map

ext: H?1(Z,8) - L*T(X\Z,S®1).

Proof. (1.a) is an immediate consequence of Proposition 3.17, Corollary 3.27, Proposition 3.31,
Proposition 3.33, and Proposition 3.37.

(1.b) is a consequence of Lemma 3.18 and Proposition 3.25.

(2.a) holds by construction and (2.b) follows from Lemma 3.35 (2). [ |

Remark 3.40. If ¢ is a chirality operator, then S orthogonally decomposes as S = S*@$~,§* c §
are Lagrangian subbundles, A preserves this splitting, HT'(Z, S) orthogonally decomposes as
HI(Z,S) = HT'(Z,5%) @ HT'(Z,S7), and the residue map restricts to isomorphism

res: H* = AHT(Z, S%). *
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3.7 Spectral and local residue conditions

Theorem 3.39 makes it possible to define a wider variety of residue conditions than those
considered in Section 2. Here are some examples.

Example 3.41. The APS residue condition is defined by
Baps = 1(—w0) (A)HY*T(Z,8) c HT(Z,$);

cf. Atiyah, Patodi, and Singer [APS75, (2.3)]. [

Proposition 3.42 (Criterion for left semi-Fredholmness). Let B € HI'(Z, S) be a residue condition.
IfB — H™'21(Z,S) is compact, then dom(Dg) < L*T(X\Z,S ® 1) is compact and Dg is left
semi-Fredholm.

Proof. By Lemma 2.4 (2), and the assumption, the composition
dom(Dg) — H'T(X\Z,S®1) ® B LT(X\Z,S® 1) @ H ’I(Z,5)
¢ = (¢ —extres[¢], res[4])

is compact. Therefore, by Theorem 3.39 (2.b), dom(Dg) — L*I'(X\Z, S ® ) is compact. Since
for every ¢ € dom(Dp)

gllp < IDPIl2 + |9l L2,
Dg is left semi-Fredholm. [ ]

Example 3.43. Since BgPS = Baps @ ker A, by Proposition 2.28 and Proposition 3.42, Dp,, is

Fredholm of index —% dimker A. In particular, dimker A is even and inherits a symplectic
structure from G. If L C ker A is Lagrangian, then Baps ® L < H~'/?T'(Z,S) is compact and
Lagrangian. In particular, Proposition 2.22 applies. )

Definition 3.44. Let V C S be a subbundle. The local residue condition associated with V is
By = HI(Z,V) c HI(Z,S). .

Proposition 3.45. Let V C S be a subbundle. Ifo2 denotes the symplectic complement of V C S,
then
G
By = Bya.

Proof. This is an immediate consequence of Proposition 2.17 and Theorem 3.39. [ |

Example 3.46. Consider the Dirac bundle (S, y, V) corresponding to the Hodge—de Rham opera-
tor d + d*; that is: S := AT*X with y(£)¢ == { A ¢ — izg¢. Decompose

S=Sve S
with Sy = Sy ® NZ~'/? and Sp = Sp ® NZ~1/2, and
Sy = (RO®A’N*Z) @ AT*Z and Sp:=N*"Z®AT*Z.

The corresponding residue conditions are Lagrangian. Q
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Example 3.47. Assume that (S, y, V) is a complex Dirac bundle. The MIT bag residue conditions
are the local residue conditions arising from the decomposition

S=St®S™ with S* =ker(17FiJ);

cf. [Joh7s]. [

Proposition 3.48 (Variation on the bordism theorem). Assume the situation of Example 3.47. The
components A* of A in the decompsition

satis
ot index A* = 0.

Proof. The following proof is essentially identical to the one presented in [BB12, §8.5]. Since
(A" =A7,
—index A~ = index A” = dimker A* — dimker A™.

For every t € [0, 1], set
Bti = ker A* ® (1 ¥ tiJ)Baps.

Since (Bj)G = B;, by Proposition 3.42, DBf is Fredholm. Moreover, by Proposition 2.28,
—index Dps = index Dps = index D(1z/if)Bps + dim ker A*.

In particular,
index A* = 2index D B: -

Therefore, it remains to prove that index Dg+ = 0. By Proposition 2.31, it suffices to prove that
index Dp: = 0. Since
B = H'’1(Z,8%),

analogous to Example 2.27, for every ¢ € ker Dp:
0 =2(D¢,ip)2 = —2m(Jres ¢, ires @) = F¥2x||res ¢||i2

Therefore, ker DBT = ker Dpyin; hence: index DBI: =0. [ ]

4 Regularity theory

This section continues to assume Hypothesis 3.1 throughout. The geometric realisation H(Z, S)
of H developed in Section 3 and suitable commutator estimates lead to the L? regularity theory
laid out in the following.
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4.1 Adapted Sobolev spaces, I: definition

Here is the scale of Sobolev spaces for which the regularity theory is developed.
Definition 4.1 (Differential operators). Denote by DiffOp* (S ® 1) the Ny—filtered ring of differ-

ential operators acting on S ® 1.

(1) A vector field v € Vect(X) is conormal if o] ax € Vect(2X). Denote the subspace of
conormal vector fields by Vect, (X\Z).

2) The filtered subring DiffOp} (S®1) c DiffOp°®(S®1) of conormal differential operators is
g Pp P P
generated by I'(X, End(S® 1)) and differential operators of the form V, with o € Vect;, (X).

(3) The filtered subring DiffOp; (S ® I) c DiffOp°®(S ® ) of adapted differential operators is
generated by DiffOp; (S ® ) and D. o

Definition 4.2 (Sobolev spaces). Let k € N.
(b) The conormal Sobolev space Hl’f I'(X\Z,S ®1) is defined by

[(X\Z,S®I):

loc

Pp € LT(X\Z,S®1) for}

H{T(X\Z,S®1) ={¢ € H
pT (XA ) {d) everyPeDiffOp’;(SQZ)I)

Choose a finite subset g’l]]‘ C DiffOp]; (S®1) which spans DiffOp]lj (S®1) over I'(X, End(S®
1)). Define the norm =1l : HFT(X\Z, S ® 1) — [0,0) by

I$l5e = D PG

PPk
(a) The adapted Sobolev space H*T'(X\Z, S ® I) is defined by

2
FX\Z 5@ Pp € LT(X\Z,S®1) for}.

every P € DiffOp’; (S®0

loc

HT(X\Z,S®1) = {qs € HF

?hoose a finite subset 9% DiffOp’ac (S®1) which spans DiffOp’; (S®1) over I'(X,End(S®
[)). Define the norm ||—||H§ . H'T(X\Z,S ® 1) — [0, ) by

19115 = D IIPGII. .

Pepk

(Hé‘F(X\Z,S ® 1), H_”Hz]f) and (HXT(X\Z,S ® 1), ||—||H§) are Hilbert spaces. Evidently,
different choices of 9”;, Pk lead to equivalent norms. The following discussion leads to
particularly convenient choices of X, Pk,

Definition 4.3 (Convenient vector fields).

(1) Denote by Vect.(X\Z) C Vect, (X) the subspace of vector fields supported in X\Z C X.
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(2) Denote by Vectb;c(U) C Vect, (X) the subspace of vector fields supported in U c X. For
v € Vecty(U), V, € DiffOp, (S ® 1).

(3) Denote by Vectb;c’o(ff) the subspace of those v € Vectb;c(f]) which are U(1)-invariant
on 9X; that is: g, 0| ,5] = 0. °

Remark 4.4. Vectb;c((:/') is generated by y(r)dy, x(r)rd,, vector field of the form y(r)o where v
is lifted from Z, and vector fields vanishing near Z. &

Lemma 4.5 (Commutation relations). The following commutation relations hold:
(1) Foreveryuv € Vect.(X\Z),k e N, and P € Diﬂ‘Op’; S®l)

[V., P] € DiffOpk(S ® 1).

(2) Foreveryuv € Vectb;c(f]), keN,andP e DiffOp’Z (eI
[V, P] € DiffOp (S @ 1).
(3) Foreveryv e Vectb;c,o(f])
[V, D] € DiffOp}, (S ® I) + Diffop)(S ® ) - D.

Proof. Ifv,w € Vect(X\Z) and T € I'(X\Z,S ® 1), then
[Vz,, T] = VUT and [Vv, Vw] = V[v,w] + Fy (U, W).

Therefore, for every k € Nand P € DiﬁOpk(S ®1), [V, P] € DinOpk (Se0).

Ifv € Vect.(X\Z), k e N,and P € Diﬂ"Op’;(S ® ), then supp([V,, P]) € X\Z; therefore
and by the above observation, [V,, P] € DiffOp’g (S ® I). This proves (1).

(2) is immediate from the above observation.

Leto € Vectb;c’o(f]). By Proposition 3.14, D — y(7) De DiffOp}) (S®1). Therefore, it suffices
to prove that

[V, x(r) - D] € DiffOp} (S ® 1) + DiffOp) (S ® 1) - x(r) - D.
By direct computation,
[%rar,%ar - r_lIeaa] = —(%ar - r_lI%aa) and [%aa, 6@ - r_lleaa] =0;
moreover, if o is the lift of a vector field along Z, then
[V Vo, —r IV, ] = 0.

By Remark 3.13, Remark 4.4 and since y(r) - Dz € DiffOp})(S ®l)and y(r)-J € Diﬂ"Opg(S ®l),
this implies (3). [ |

Corollary 4.6 (Convenient choices of 9’2‘ , 9’5).
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(1) Set 9’2 = {idsg1}. For everyk € N there is a finite subset 9’2‘ C DiffOp];(S ® 1) which spans
DiffOpllj(S ®1) overI'(X,End(S ® f)) such that g’lg_l C g’l’f and every P € 95\9’5_1 is of
the form . )

P=Vy - VyVo Vo,
with
Uy,...,up € Vecte(X\Z) and vy,...,0p_¢ € Vectb;cso(U).

(2) Letk e N. If P}, ..., @Lf are as above then

k
k= JipD" - P e FF)
=0
spans DiffOp’; (S®1) over I'(X,End(S ® f)). [

Henceforth, for every k € N, 9’5, @l’f are assumed to be chosen as in Corollary 4.6; in
particular,

k
(4.7) Il = D ID Dl
=0

Remark 4.8. Let (W, g) be a Riemannian manifold with boundary equipped with a Dirac bundle
(S, v, V). The conormal Sobolev space Hl’fF(W, S); see, e.g., [Melgs, (5.42)]; is an important tool
in the study of boundary values problems for Dirac operators. A moment’s thought with the
above discussion in mind shows that H*T'(W, S), the analogue of the adapted Sobolev space,
agrees with the usual Sobolev space H*T' (W, S). Indeed, these are the appropriate Sobolev
spaces for the L? regularity theory; see [BB12, §6.2]. *

Remark 4.9. Let k € Ny and ¢ € (L> N Hllf)c)F(X\Z, S ® 1) with supp(¢) c U\Z. Decompose

LTU\Z S8 a¢= > drue P L*((0,1),rdr;Epy)

(Ap)es (Ap)eo
as in Section 3.4. By direct inspection, ¢ € Hl’fF(X\Z, S ®1) if and only if

k

> /O 1(<A>+<u>>2“‘“’)|(rar>"¢A,,J(r>|2rdr<oo;

=0 (Ap)eo

indeed, for uniformly equivalent to ||¢|| Z - The crucial point is v is a vector field lifted from Z
b
to F, then for every ¢ € V ,

Vgl <o (IS I-

Proposition 3.25 yields an analogous characterisation of ¢ € H, !;1"(X \Z,S ® ) and description
of || - n
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4.2 Elliptic regularity and estimates

Here is the fundamental regularity result.

Theorem 4.10 (Elliptic regularity and estimates, I). For every k € Ny

loc

s k R 1
HET(X\Z,S® 1) = {¢ € H*I(X\Z.S ) : ¢, D$ € H,T'(X\Z,S®1) }

and res[¢] € H*:T(Z,$)
moreover: for every ¢ € H-'T'(X\Z,S ® )

I8l = 1Dl s + 11615 + lires[@] o

The proof relies on the following observations.

Lemma 4.11. For every k € Ny the extension map ext: H Iz, 5) — dom(Dy,yx) restricts to a
bounded injective linear map with closed image:

ext: H*'Y21(Z,8) — HF'I(X\Z, S @ 1).

Proof. By (4.7), Proposition 3.14 and Lemma 4.5, it suffices to prove that for every (-1/2, ) € &
and ¢ € V_yy,, C HI'(Z,S)

k+1 k+1

D ID ext Pl = Y ID Gy 2e MBI =i 0™ GNP =i N1 e
£=0 £=0

Let f € C*([0,1),R). By direct computation,
Veo, (F(r)r 27 gy = (rf7(r) = (L + [ulr) f(r))r Y2717 and
Vo, (f(r)r e gy = Lf(ryr 26 i1,

Therefore and by Definition 3.32,

ﬁ(f(r)r_l/ze_wh’d)) = ](a, + % +A,u)(f(i")r_1/ze_|ﬂ|r¢)
= (F/0) = (ul + A f () e I

Consequently, for every ¢,m,n € Ny
(Vo )" (Vea,)"D" (x(r)r =2 WIrg) = 270y (r)r =2 Wl g,
where f,, € C*([0, ), R) are recursively defined by

x(r) ifm=¢=0
Jme(r) =3 fr o1 () = (Il + Ap) frme—1 ifm=0and ¢ > 1
rf,;l_u,(r) - (% +ulr) fn—1e(r) ifm> 1.
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A brief computation shows that

1
| B0 ar g e
0

Therefore, if vy, . . ., v, are lifts of vector fields along Z, then
1
IV, ... Vo, (Vo) (Vr5,) "D  ext ¢||3, <o / fa e 2 Hirdr - (lIgl1* + | A1)
0

1
=y ()% /0 £2,(e M dr - (161

In light of Corollary 4.6 this proves the assertion. ]

Lemma 4.12. For every k € Ny the residue map res: dom(Dpax) — HI(Z,S) restricts to a
bounded surjective linear map

res: H*T(X\Z, S 1) — HY2r(Z,8).
Proof. Since H'T'(X\Z,S®1) — H.I'(X\Z, S®I) with closed image by (2.6), and by Lemma 4.1,
HII(X\Z,S®1) = H'T(X\Z,S ® 1) ® ext(H/?T (Z,$)).

This proves the assertion for k = 0, again by Lemma 4.11.
If ¢ € HYIT(X\Z, S®1), then y(r)A*¢ € HIT(X\Z, S®1) because y(r)AF € DiffOpk (S®1).
Evidently,
AFres[¢] = res[ y(r) A ¢];

cf. Remark 4.9. Therefore, the assertion holds for every k € Ny. [ ]

Lemma 4.13. Let k € N. Let ¢ € HF'T'(X\Z,S @ 1). If §, D$ € HET(X\Z,S ® 1) and res[¢] = 0,
then, for every P € PX, Py € H'T'(X\Z,S ).

Proof. By Lemma 4.5, P¢ € dom(Dpax). Therefore, it remains to prove that res[P¢] = 0. In fact,
by induction, it suffices to prove this for k = 1.
IfP = y(r)- 630( or P = y(r)- 60 as in Remark 4.4, then this is evident from Remark 4.9.
It remains to consider P = y(r) - ’”63, or, in fact, P = y(r) - rD. Since Q = )((r)ﬁ -D €
DiffOp, (S ® 1),
D¢ + Q¢ € dom(Dpax)-

Therefore, P¢ = r(D¢ + Q¢) € HT(X\Z,S®1). [

Proof of Theorem 4.10. Let k € Ny. By Lemma 4.12, it suffices to prove that for every ¢ €
HFIT(X\Z, S ® 1) with ¢, D € HET(X\Z,S ® 1) and res[¢] € H*'/T(Z,S)

19115 Sk 1Dt + 11815 + llres[ ]l zesnr

Since

¢ = (¢ — extres[¢]) + extres[¢]
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and by Lemma 4.11, it suffices to prove that above assuming res[¢] = 0.
Since H'T(X\Z,S ® [) — H.I'(X\Z,S ® I) and by (2.6), the assertion holds for k = 0.
Suppose that k € N. By Lemma 4.13 and Lemma 4.5, for every P € g’lg

1Pl < IDP@l 12 + [IPplirz sp (1Dl + 1Pl -
This implies the assertion. ]

For suitable residue conditions B ¢ HI'(Z,S), the term res[¢] in Theorem 4.10 can be
absorbed provided res[¢] € B.

Definition 4.14. Let B € HI'(Z,S) be a residue condition.

(1) Letk € Ng. Bis (k+ %)—regular if for every ¢ € B

@1l reerrz Sk 111 (=c0,0) ()Pl sz + NIl -

(2) Bis co—regular if it is (k + 1/2)-regular for every k € Nj. °

Example 4.15. The APS residue condition Baps is co—regular. °

Theorem 4.16 (Elliptic regularity and estimates, II). Let k € Ny. Let B be a (k + 3)-regular residue
condition. If ¢ € H'T(X\Z,S ® 1) satisfies p, D¢ € HT(X\Z,S ® 1) and res[$] € B, then

loc

¢ € HHT(X\Z,S® 1) and

11l g =Bk 1DPl e + 1Bl 2

The proof requires the following preparation.

Lemma 4.17. For every k € Ny and ¢ € dom(Dyay)
11(~c00) (A) res[]l| girrrz Sk (1Dt + I -
Proof. Since reso[-]: dom(Dyayx) — HT(Z,S) is bounded and y(r)A* € DiffOp’;(S ®1),

11 (o) (A) res[@lgeore S 4 res[9] 7 = lIresLx(r) - A1l
S x(r) - Aglp <k 1D lge + 191l

by Corollary 4.6. |

Proof of Theorem 4.16. By Lemma 4.17 and since B is (k + %)—regular, for every ¢ € dom(Dp)

l[res[1llrerrz Spk 11 (-co0) (A) res[ @]z + llres[P]ll gz Sk 1Dl gk + I g

This together with Theorem 4.16 implies the assertion. ]
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4.3 Fredholm extensions in higher regularity

The following is a consequence of Proposition 3.42.

Corollary 4.18 (%—regular implies left semi-Fredholm). Let B ¢ HT'(Z,S) be a residue condition.
If B is 3 —regular, then Dy is left semi-Fredholm. ]

The discussion in Section 4.2 leads to the following observation.

Definition 4.19. Let k € N,. Let B ¢ HI'(Z,S) be a residue condition. Consider the closed
subspace
HMIT(X\Z,S® ;B) = {¢ € H''I'(X\Z,S ®1) : res[¢] € B}

and the restriction of D to
Dpj: HT(X\Z,S®;B) — HT(X\Z,S®1). .

Proposition 4.20. Let k € No. Let B € HT(Z,S) is a (k + %)—regular residue condition, then Dp i
is left semi-Fredholm; in fact:
ker Dgy = ker Dp

and the canonical map
coker Dg . — coker Dp = (ker Dgc)*

is an isomorphism; moreover, if ker Dgc C HXT'(X\Z,S ® 1), then the latter L? orthogonally
decomposes as
HT(X\Z,S®1) = im Dg @ ker Dgo.

Proof. The proof is identical to the one of [DW24, Theorem 3.57], but repeated here for the
readers’ convenience. By Theorem 4.16, ker D = ker Dp; moreover: the linear map
dom(Dp) LT(X\Z,S®]1)
ﬁ
HMT(X\Z,S®1;B)  HFT(X\Z,S®1)

induced by Dg is injective. Therefore, by the Snake Lemma, the canonical map
coker D — coker Dg

is injective.
Since HT'(X\Z,S ® 1) is dense in L’T'(X\Z, S ® ) the map

H*T(X\Z,S®1) — (ker Dge)* = coker Dp
is surjective. Since it factors through coker Dg; — coker Dp, the latter must be surjective. m
Proposition 4.21. For every k € Ny the restriction of D to

Di: HY'I(X\Z,$® 1) = H'T(X\Z,5®1)

is right semi-Fredholm; that is: im Dy, is closed and coker Dy is finite-dimensional; moreover:
HKT(X\Z,S ® 1) L? orthogonally decomposes as

H*T'(X\Z,S ® 1) = im Dy @ ker Dpyip.
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Proof. Since ker Dp,,, is finite-dimensional, there is a 7 < 0 such that the projection

res(ker Dp,,,) — @ ker(A — A1)
A€[2,0)

is injective. The residue conditions
B; = 1(—wr) (A)H?T(Z,5) c HT(Z,S)
and BY are co-regular. Therefore, by Proposition 4.20,
HAT(X\Z,S ®1) = im Do ;. & ker Dp_.
By construction, ker Dg_j = ker Dpn. Moreover, since im Dy L ker Dyjp, im DB?,k =imDg. =

4.4 Adapted Sobolev spaces, II: Morrey embedding and polyhomogeneity

The purpose of the upcoming two subsections is to further understand the scale of adapted
Sobolev spaces (HKT'(X\Z, S ® 1), ||-|| HE)keNy- A crucial observation is that the singularities in

the elements of HXT'(X\Z, S ® [) can be removed after untwisting in the following sense.

Definition 4.22. Define the twist z2~/2 € T(U\Z, Homc (IT*S, $ ® 1)) by
2_1/2¢ = r_l/ZP_1/2¢

with P_;/, as in Proposition 3.21. °

Lemma 4.23 (Removable singularities after untwisting). For every k € Ny the restriction map
HT(X\Z,591) — Hllfml"(U\Z, S ® 1) factors through

zV2HFT (U, TI*S) € HE T(U\Z, S ® ).
Proof. Letk € Ny and ¢ € H*T'(X\Z,S ® I). Set
=229 € HE T(U\Z,1I*S).

Since |z!/?| is bounded, ¢ € r'/2L?T (U, IT*S). This proves the assertion for k = 0.
Henceforth, suppose that k € N. Consider the differential operators d,: H}

L T(U,II*S) —
L*T(U,11*$) and b, : H. [(U\Z, S ® 1) — L*T(U\Z,$ ® I) defined by
b, =J(3 —r IV,,) and d,=J(d —r 'IV,).

The difference D — toiz is a first order conormal differential operator; see the proof of Lemma 4.5.
If v is the lift of a vector field on Z, then

Vo =2/%Vy¢ and b,y =z"%0,¢

on U\Z.
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A moment’s thought shows that Vi = z'/ Zevqﬂ holds on U in the sense of distributions. In
fact, b,y = zl 2d,¢ also holds on U in the sense of distributions. To see this let 5, be a suitable
cut-off function and 7 a test section. By direct computation,

/ (et . = / (02T ) + {on. (dne) . ¥
U U

and

/ (o, (dno)r. )| <2 / P2 dn 2] <y / rldne .
U U U

Since 7, can be chosen so that d7, is supported in B,.(Z) and r|dn.| < 1, it follows that

[ v = @inpy=tim [ o - @ingn o,
By induction, it follows that if vy, . . ., vg_, are lifts of vector fields on Z, then
Vo ... Vo Dy =272V, ...V, 0
holds on U in the sense of distributions; in particular:
Vo, - Vo Dy € rLT(U, TT*S).

This implies that iy € H*T'(U,II*S) because

/ (V)P = / 10 G 2+ 721 o, G P + Ol D). .
U U

Set
HYT(X\Z,S®1) = | HET(X\Z S & ).
k'EN()

Corollary 4.24 (Smooth after untwisting). The restriction map H'T'(X\Z,S®1) — I'(U\Z, S® i)
factors through
21U, II*S) c T(U\Z,S ®1). n

Remark 4.25 (Polyhomogeneous expansion). Every ¢ € I'(U, IT*S) has a Taylor expansion

Y~ > 2, with i, € IT(Z,8 @ NZF)
k,£=0
at Z. Herez € I'(U,Hom¢(IT*NZ, C)) and z € T (U, Homc (IT*"NZ ™!, C)) denote the tautological

sections. Therefore, by Corollary 4.24, every ¢ € H’T'(X\Z, S ® I) has a polyhomogeneous
expansion

p~ > TG, with fre € IT(Z,S @c NZ5)
k,t=0

at Z with zk=1/2 == zkz71/2_ Moreover, a moment’s thought shows that if D¢ = 0, then the
leading order term is of the form z¥~/2¢; ¢ for some k € Nj. *
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Corollary 4.26. For every k € N withk > n/2
H'T(X\Z,5®1) c r V2L°T(X\Z, S ® 1). m

The above observation leads to the following “poor man’s Weyl law”.

Proposition 4.27 (Growth of eigenvalues). Let k € No with k > n/2. IfB ¢ H['(X\Z,S® 1) is
a(k+ %)—regular Lagrangian residue condition, then the counting function N: [0,00) — Ny

defined by
N(A) = dimEcy with Ecp = @ ker(Dp — A - 1)
AE[-AA]
satisfies
N(A) Sk (A).

Proof. The following argument is due to Li [Li8o, Lemma 11]. Choose an L? orthonormal basis
(¢1,. .., PN (n)) of E<p. The density d € C*(X\Z, [0, c0) defined by

N(A)

d= Z |2

does not depend on the choice of L? orthonormal basis. By construction

1
NA) =—— [ d < ||rd||~.
) = i 4% Il

Choose an x € X with ||rd||L~ < 2|rd|(x). Since evy: E<x — (S ® I), has rank at most
rk S, without loss of generality,

rk S

Irdl(x) = " rlgil* (x).

i=1

By Theorem 4.16 and Corollary 4.26

2 k k
Ir il < ill e Bk ID*@illr2 + llgillzz < (A"
This implies the assertion. ]

Corollary 4.28. Let k € Ng withk > n/2. IfB c HT'(X\Z,S®]1) isa (k + %)—regularLagmngian
residue condition, then for every t € (0, 0) the heat operator h; = exp(—tD3%) is trace class.

Remark 4.29. Assume the situation of Corollary 4.28. If ¢ is a chirality operator, then for every
>0
index Dy, = dimker Df, — dimker Dy = str, h;.

Here str, denotes the super trace with respect to ¢ of the heat operator hy; cf. [BGV92, §1.3]. For
suitable choices of B an analysis of the asymptotic behaviour of the kernel attached to h; as
t | 0 should result in index formulae analogous to the one established by Atiyah, Patodi, and
Singer [APS75, Theorems 3.10 and 4.2]. It would be interesting to work this out in detail. Also,
it should be mentioned that part of the unpublished PhD thesis [Yano7, Theorems 1.0.3 and
2.3.4] discusses such index formulae. )
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4.5 Adapted Sobolev spaces, III: spectral description and tameness
Proposition 4.30. The graded Fréchet space (H,'T' (X\Z,S ® 1), (||—||H§)keN0) is tame.

Proof. Consider the co—regular Lagrangian residue condition B := Baps ® L with L C ker A a
Lagrangian subspace as discussed in Example 3.43. The operator Dg is self-adjoint and Fredholm,
and Proposition 2.22 applies. The graded Fréchet space (H;’T'(X\Z,S ® I; B), (”_HHZ;)kGNo) is
tame in the sense of [Ham82, Part Il Definition 1.3.2]. This can be seen as follows. Consider the
graded Fréchet space (Z(L*T(X\Z,S ®1)), (||-|lx)ken,) of exponentially decreasing sequences
defined by

S(LT(X\Z, S ® 1)) = {(yp) € L’T(X\Z,S ® DN : ||yg]lx < oo for every k € Ny}

with

IWIE = > e Pligpll2.;
=0
cf. Hamilton [Ham82, Part II Example 1.1.4(b) with ¢ = 2].
Let (¢¢)aeN, be an L? orthonormal basis of L*T'(X\Z, S®I) consisting of eigenspinors for D

and denote by (A¢)qen, the corresponding sequence of eigenvalues. Define i: HT'(X\Z,S ®
;B) » X(L*T(X\Z,S®1)) and p: (L T(X\Z,S® 1)) > HT(X\Z,S® [; B) by

(i9)p = > Apepermy (D) $adizde and  p(Wp) = > s ety () (Y, 12

a,f=0

A moment’s thought shows that p o i = id; moreover, by Theorem 4.16:

l@IE = D" e Plid)pl. < Y (Aa)™ (B padle Sk 1Ml
p=0 a=0

and

W) 2 Sk DA™ (P (¥p), d)’
a=0

= D )1 s o) (M) (U $) < € )" Pyl 2,
a,f=0 p=0
Therefore, (H’T'(X\Z,S®L; B), (|| _”H];)keNo) is a tame direct summand in the sense of [Ham82,
Part II Definition 1.3.1]) of (Z(L*T(X\Z,S ® ), (I~ Ik )keN,)-

A similar argument, using an L? orthonormal basis of JB consisting of eigenspinors for A in
the definition of i and p, proves that the graded Fréchet space (JB NT(Z,S), (1=l gk ) ken, ) is a
tame direct summand of (2(L(Z, S)), (=11x)ken,)-

Finally, by Lemma 4.1 and Theorem 4.10, (H’T(X\Z,S ® 1), (||= |l g« )ken,) is tamely iso-
morphic to ‘

HXT(X\Z,S®1) = H’T(X\Z,S®;B) & (JBNT(Z,S))

and, therefore, by the above it is tame. ]
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4.6 Symbolic criterion for co—regularity

Proposition 4.31 (symbolic criterion for co-regularity). Let V C S be a subbundle. If
YOV v =gV
for every & € T*Z\{0}, then By is co—regular.

Proof. The proof relies on the following observation which is already implicit in [FS98, Lemma
2]. Denote by pry, : S — S the orthogonal projection onto V. The operator pryApry, is a 0-th
order differential operator, because for every f € C*(Z)

[pryApry, f1 = —pry Jy(df)pry = 0.

Let k € Ny. Since pry Apry, is a 0—th order differential operator, pry,A**!pr,, is a 2k—th
order differential operator. Therefore, for every ¢ € T'(Z,V) and e > 0

k k
(A9, §)pe = (pry A pry g, )iz Spyk 170
S NPl llBllpgronre < € NGl crse + el Pl anes

moreover, by direct inspection,
(AP0, )10 = = (A2 Lo 0y (A) P12, + A 2110 o) (A) B2

As a consequence, for every ¢ € By,

B e S8k 11 (o) (DB s + I e
By induction, By is (k + 1/2)-regular for every k € Ny; hence: co-regular. [ |

Corollary 4.32. Let V C S be a subbundle. If

y(V =Jv+

for every & € T*Z\{0}, then By and B‘(,; are co—regular and Fredholm. ]

Example 4.33. The local residue conditions defined in Example 3.46 satisfy the criterion in
Corollary 4.32. o

Example 4.34. If L
L € T'(Z,Homc(NZ,S))
is nowhere-vanishing, then
V=imLc$

is a rank one complex subbundle. Therefore and since Jy(&) and IJy(¢) are skew-adjoint,
y(&)V C JV* for every ¢ € T*Z\{0}; that is: V satisfies the criterion in Proposition 4.31.
Moreover: if rkc S = 2, then Jy(£)V = V* and By is self-adjoint. L
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Remark 4.35. Suppose that (Z, [; @) is a Z/2Z harmonic spinor whose branching locus Z satisfies
Hypothesis 3.1. Since ® € ker Dy, by Remark 4.25, the polyhomogeneous expansion of ® at Z
is of the form

(o8]
D~ 21/2&)1,0 + Z fk_l/zzfci)k,g.

k,t=0
k+6>2

The leading coefficient <i>1,0 determines an Ly € I'(Z,Homc(NZ,S)). If tkS = 4 and <i>1,0 is
nowhere vanishing, then this produces an co-regular Lagrangian local residue condition. This
is the residue condition behind the scenes in [Takis; Par23]. )

Remark 4.36. In the presence of a chirality operator ¢ the above discussion refines as follows:

(1) Let V* c S* be subbundle. If
Y@V =JvH*tns

for every £ € T*Z\{0}, then V := V* @V~ with V~ := J(V*)L NS~ satisfies the condition
in Corollary 4.32.

(2) If rkS™ =4 and —
L € I'(Z, Homc(NZ, %))

is nowhere vanishing, then V* := im L satisfies the above condition.

(3) AsinRemark 4.35, the leading coefficient of the polyhomogeneous expansion of a positive
Z./2Z harmonic spinor ® determines a Ly € I'(Z, Homc(NZ, $*)). *

A Non-coorientable branching loci

The following discussion explains what changes need to be made in Section 3 and Section 4 if
Z C X is a closed submanifold of codimension two, but not cooriented or even coorientable.
The coorientation bundle
p=ANZ—>Z

is a Euclidean line bundle and its unique orthogonal connection is flat. The Euclidean metric on
NZ identifies o with the bundle of skew-adjoint endomorphisms of NZ. The evaluation map
defines a isometry

I: 0o® NZ — NZ.

A moment’s thought shows that the diagram

NZ —=5 o®2gNz 2L, vy Nz —L > NZ

\/

-1

commutes. A trivialisation o = R enhances I to an orthogonal almost complex structure on NZ;
that is: a coorientation of Z enhances NZ to a Hermitian line bundle.
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The canonical isomorphism 0®? = R produces the flat bundle

A=R®di-0—> 7

of normed R-algebras whose fibres are isomorphic to C, canonically up to complex conjugation.
The above discussion reveals NZ to be a bundle of Euclidean A-modules of rank one. System-
atically replacing C by A and tracking the use of o in Section 3 and Section 4 removes the need
for a coorientation of Z:

The frame bundle 7: F — Z defined in Definition 3.4 is not U(1)—-principal. Its vertical
tangent bundle ker Tx is canonically isomorphic to iz*o. Therefore, the Levi-Civita
connection defines i§ € Q!(F, ix*0); moreover, 9, € T'(F, 7*(0 ® NZ)).

Definition 3.8 reveals S|z to be an A-module and defines J € T'(F,End(S)) and LK =
I] e T(F, 7*0 ® End(S)). The sign ambiguities in the term IV, appearing in Remark 3.13,
Proposition 3.22, and the proof of Lemma 4.23 cancel.

Definition 3.19 constructs NZ?* as an A-module. Remark 3.20, Proposition 3.21, Proposi-
tion 3.22 hold with C replaced by A. This can be seen, e.g., by passing to the double cover
Z — Z defined by o.

In the definition of the residue bundle S and the branching locus operator A in Defini-
tion 3.36 the appearances of C need to be replaced by A. S inherits J € T'(Z,End(S)) and
LK =1I] € T(Z,0®End(S)).

C needs to be replaced by A in Example 3.46, Definition 4.22, Remark 4.25.
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