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Abstract

Motivated by counting pseudo-holomorphic curves in symplectic Calabi-Yau 3—folds, this
article studies a chamber structure in the space of real Cauchy-Riemann operators on a
Riemann surface, and constructs three chambered invariants associated with such operators:
npl, N1z, Na1. The first of these invariants is defined by counting pseudo-holomorphic
sections of bundles whose fibres are modeled on the blow-up of C?/{+1}. The other two
are defined by counting solutions to the ADHM vortex equations. The authors believe that
ny2 and ny are related to putative symplectic invariants generalizing the Pandharipande-
Thomas and rank 2 Donaldson-Thomas invariants of projective Calabi—Yau 3—folds.

1 Introduction

This article is motivated by counting pseudo-holomorphic curves in symplectic Calabi-Yau
3—folds; that is: symplectic manifolds (X, ) with dimgp X = 6 and ¢;(X,®) = 0. The usual
approach in symplectic geometry is through Gromov-Witten theory [LT98; FOg99; Ruagg; Par16].
If ] € (X, w) is an almost complex structure on X tamed by w, then the Gromov-Witten
invariant GW 4 4(X, w;J) € Q is the virtual count of %A,g(X, J), the moduli space of stable
nodal J-holomorphic maps representing A € Hy(X;Z) and of genus g € Ny:

GWag(X, w5 ]) = ([ M ag(X, )], 1).

This is an invariant of # (X, w) in the sense that GW 4 4(X, w; -) is constant on paths in 7 (X, »);
in fact: it is independent of J because (X, w) is path-connected.

In comparison, algebraic geometry abounds with curve counting theories: besides Gromov-
Witten theory [BMo6; BF97; Behg7] there are various approaches using sheaf theory, e.g.,
Donaldson-Thomas theory [MNOPo6a; MNOPo6b] and Pandharipande-Thomas theory [PTog].
Physics also suggests the existence of other curve counting invariants such as Gopakumar—Vafa’s
BPS counts [GV98a; GV98b], whose direct mathematical construction remains elusive—despite
numerous efforts [HSTo1; Kato8; KL12; MT18].

The sheaf-theoretic methods used in algebraic geometry have no obvious counterpart
in symplectic geometry. Nevertheless, the authors believe that there should be symplectic
analogues of Donaldson-Thomas and Pandharipande-Thomas invariants as well as a direct
definition of Gopakumar-Vafa’s BPS count for symplectic Calabi-Yau 3-folds. This belief goes
back to [DT98; DS11] and is supported by the recent proof of the MNOP conjecture [Par23] which



establishes an equivalence between Gromov-Witten and Donaldson/Pandharipande-Thomas
theories for projective Calabi-Yau 3—folds.

By analogy with algebraic geometry, it is expected that the symplectic analogues of these
invariants should count J-holomorphic curves (equivalently: simple J-holomorphic maps) deco-
rated with additional geometric data for generic J € £ (X, w). In fact: interpreting Gopakumar-
Vafa’s BPS count BPS4 4(X, @) through the lens of Gromov-Witten theory, Zinger [Zin11, Theo-
rem 1.5 and footnote 11] proved that for primitive A € Hy(X;Z) and generic J € £ (X, ) it is
equal to the signed count of simple J-holomorphic maps

BPSa4(X, 0) = #M3 (X, ]).

If A is not primitive, then the signed count on the right-hand side is a only chambered invariant
of #(X,w): it is constant on a generic paths in # (X, w) that avoid the wall of failure of super-
rigidity Wo C JF (X, w); otherwise: multiple-cover phenomena might cause jumps [Wenig].
The wall #, is defined as follows. The deformation theory of a J-holomorphic curve C c X
is governed by a differential operator bg ;: I(C,NC) — Q%1(C, NC) with NC denoting the
normal bundle of C. This is a real Cauchy—Riemann operator in the sense that its the sum of
a C-linear Dolbeault operator and a C-anti-linear operator of order zero. A J-holomorphic
curve C fails to be super-rigid if there is a branched cover 7: C — C such that the pull-back
*DN has non-trivial kernel; see Remark 3.18. The wall %4, consists of those J € £ (X, w) for
Wthh there exists a J-holomorphic curve which fails to be super-rigid.
The authors envision that the putative invariants counting decorated curves take the shape

Vo= 33N S mol o

A€H, (X.Z) 920 [Clets) ,(X.]) k=1

for generic J € 7 (X, w). The weights nj themselves are chambered invariants of € % (NC), the
space of real Cauchy—Riemann operators on NC, and should arise from counting geometric data
associated with hg . For example, the weight n; for Pandharipande-Thomas theory counts pairs
(&, s) consisting of a holomorphic line bundle £ over C and a non-zero holomorphic section
s; see [PToo, (4.4); PT10, §3.1; DW19, §7.4]. To obtain an invariant of # (X, w) from the above
ansatz the wall-crossing formulae of the ny and the wall-crossing arising from multiple-cover
phenomena need to cancel precisely.

The above ansatz is inspired by similar suggestions in the context of gauge theory in higher
dimension [DS11, §6.2; Wali3, Chapter 6; HW15; Hay17]. Along similar lines actual invariants of
3-manifolds have been obtained, e.g., in [BH¢8; BHKo1; CLMoz; Limoo; Limo3s; BZ20]. More
importantly, in the context of the present article, Taubes’ Gromov invariant for symplectic
4-manifolds [Taug6] is of the above form with a judicious choice of weights.

Recently, Bai and Swaminathan [BS23] extended Taubes’ Gromov invariant to symplectic
Calabi-Yau 3-folds and homology classes of the form 2A for primitive A € H,(X; Z)/Tor. Their
invariant BSz44(X, w) € Z is of the form

9
BSaag(X,0) = Ml (X, ))+ Y > bsyy(d))
=0 [Cleut), (X.))



for generic J € #(X,w); that is: it counts J-holomorphic curves representing 2A and of
genus g with the usual signs +1 as well as J-holomorphic curves representing A and of genus
h €{0,..., g} with weights bs; g(b ) € Z. Their weight bs, g(b ) is defined as the intersection
number of a generic path in %%(N C) from bN to a Dolbeault operator with the wall of failure
of (2, g)-rigidity 75 4. Here (2, g)-rigidity is a Varlant of super-rigidity obtained by considering
only branched covers 7: C — C of degree 2 and with C of genus ¢. [BS23, Conjecture 1.10]
suggests that BS;4 4(X, ©) may agree with the virtual count of elementary clusters ez44(X, ®)
defined by Ionel and Parker [IP18, Theorem 8.3].

The Donaldson-Thomas and Pandharipande-Thomas invariants in algebraic geometry are
graded by A € Hy(X;Z) and the Euler characteristic of the sheaves under consideration, instead
of the genus of the corresponding curves. As a consequence, to construct their symplectic
counterparts, it seems necessary to understand how generic paths in (X, w) intersect the
wall of failure of super-rigidity, without assuming a genus bound—in contrast to the situations
considered by Taubes, and Bai and Swaminathan. The authors believe that these intersections
are finite and, therefore, manageable. Unfortunately, this does not follow from Wendl’s proof of
the super-rigidity conjecture [Wenig], even when combined with the techniques of geometric
measure theory used to prove similar statements in [DW21a; DIW21]. This finiteness conjecture
appears challenging to prove with current methods, reflecting fundamental gaps in present
understanding of degenerations of J-holomorphic curves to multiple covers without assuming
a genus bound.

The first result of this article is a localised version of this conjecture, simplified by considering
G R(NC) instead of (X, w) and the wall of failure of 2-rigidity %> = U;’;O W54 instead of
super-rigidity.

Theorem 1.1 (see Theorem 3.40). Let C be a closed connected Riemann surface. Let V be a complex
vector bundle over C with
2degV +rkc V- y(C) =0.

The wall of failure of 2—rigidity W C € R(V) is a proper wall (in the sense of Definition 2.6); in
particular: a generic path intersects %5 in finitely many points.

The significance of the above is that 7 is a countable union of walls 75 4; therefore, a
priori, generic paths might intersect %, in a countable dense set. The proof of Theorem 1.1
builds on ideas from [DW21a; DW23a; DIW21] and combines transversality techniques and
geometric measure theory [All72; DSS18; DSS17a; DSS20].

The remainder of this article is concerned with the construction of three chambered invari-
ants

np;, niz and ng

of € %2 (V) with potential wall-crossing in 73 assuming that
tkeV=2 and degV+ y(C)=0.

These hypotheses are satisfied if V' is the normal bundle of a 2—dimensional symplectic sub-
manifold C of a symplectic Calabi—Yau 3-fold (X, ). If 9 is a Dolbeault operator on V, then
it induces a holomorphic vector bundle 7" over C of rank 2 with det7” = Kc. In algebraic



geometry, this is referred to as a local Calabi—Yau 3—fold and it is possible to study the invariants
mentioned above for these. The chambered invariants ng, ny 2, and ny; should be regarded as
the local counterparts of the putative global invariants that motivated this article.

The chambered invariant ng) counts pseudo-holomorphic sections of q: Opy(—2) — C, the

blow-up of the C?/{+1}-bundle p: V/{+1} — C.

Theorem 1.2 (see Section 4). There is a chambered invariant ng; € H (€ R(V)\W4; Z[[x]]) such
that for genericd € € R(V)\W> and generic ] € 0.1 (D) C Fo(Opy(-2))

ny(d) = Y #l(J,d) - x*,

dEN()

Here fy(Opy (—2)), the space of admissible almost complex structures of Opy (—2), and the map
Vo : Ju(Opy(—2)) = GER(V) are as explained in Section 4.2, and My (], d) denotes the space of
J—holomorphic sections of q of degree d.

This is reminiscent of the construction of Gromov-Witten invariants of fibrations in [MS12,
§8.6]. However, a substantial novel complication arises because Opy (—2) is non-compact and
there are no a priori C° or energy bounds for J-holomorphic sections. Indeed, sequences of
J-holomorphic sections can escape to infinity, introducing a non-compactness phenomenon in
Mg (], d) different from the familiar bubbling phenomenon. At the heart of Theorem 1.2 lies an
argument that proves that this escape to infinity produces evidence for the failure of 2-rigidity;
in particular: it cannot occur if d ¢ %5. Of course, this relies on extracting a convergent rescaled
subsequence. Since the rescaling causes the almost complex structure to degenerate, Gromov’s
compactness theorem cannot be applied. The proof uses a combination of geometric measure
theory and a twist on Radd’s theorem in complex analysis [Rad24].

The degree d mentioned in Theorem 1.2 does relate to the genus of a branched double cover
of C (see Remark 4.5). Therefore, ng; might be connected to Gopakumar-Vafa’s BPS count, Bai
and Swaminathan’s invariant or, indeed, something completely different.

The chambered invariants n; » and ny; are constructed in a different way using gauge theory.
They are virtual counts of solutions of the (r, k) ADHM vortex equation for (r, k) = (1, 2) and
(r,k) = (2,1) respectively. For every r,k € N, the (r, k) ADHM vortex equation is a system
of partial differential equations for a U(k) connection and a Higgs field on a Riemann surface.
For r = k = 1 this is the vortex equation studied by Noguchi [Nog87], Bradlow [Brago], and
Garcia-Prada [Garg3]. In general, it shares many features with the vortex equation and Hitchin
equation and can be thought of as a generalization of the two. The Higgs field takes values in a
vector bundle associated with the quaternionic representation

U(k) O St = Homc(C™, H ®c C) @ H @ u(k).

This representation appears in Atiyah, Drinfeld, Hitchin, and Manin’s construction of instantons.
For r > 2 its hyperkéhler quotient is the Uhlenbeck completion of the moduli space of SU(r)
ASD instantons of charge k € N on R* [ADHM?78; DKgo, §3.3]. For r = 1 it is the k—fold
symmetric product Sym* H [Nakgo, Proposition 2.9].

The (r, k) ADHM vortex equations depend on a choice of d € €% (V) as well as an auxilliary
U(k) bundle determined by its degree d € Z. For reasons that shall be explained in Section 5



it is convenient to choose a Kc—valued complex symplectic form Q: ALV — K¢ and restrict
attention to €% (V,y), the subspace of those real Cauchy-Riemann operators which are self-
adjoint with respect to the isomorphism y: V = V* ®c¢ K¢ induced by Q. The hypotheses
on V guarantee the existence of Q and that the appropriate variant of Theorem 1.1 holds; see
Theorem 3.41.

The moduli spaces ./, ;. (9, d) of solutions to the (r, k) ADHM vortex equation are of vir-
tual dimension zero, but possibly plagued by reducibles and non-compactness. Morally, non-
compactness is expected to arise from pseudo-holomorphic sections of bundles with fibres
modeled on the hyperkahler quotient S, s /U(k) [Hay12]. If (r,k) = (1,2) or (r,k) = (2,1),
then S, //U(k) = Sym?H and, therefore, one might expect a relation with the failure of 2—
rigidity. Indeed, in both cases, a variation of the compactness theorem in [WZ21] explained in
Appendix D confirms this expectation. In both cases, reducibles can be dealt with by appropriate
perturbations provided the genus of C satisfies g(C) > 1. The case g(C) = 0 is more involved
and discussed in Section 5.

Theorem 1.3 (see Theorem 5.35). Assume that g(C) > 1. There is a chambered invariant
niz2 € H(BR(V, y)\ W2, Z[[x,x~']])

such that for everyd € € R(V,y)\W:

mia(d) = ) #ully5(d,d) - x*
deZ
with #4l1 (D, d) denoting a virtual count of M1 2(d,d).

The count being virtual has to do with the fact ./ ,(d,d) is only compact and of virtual
dimension zero, but possibly obstructed and containing reducibles. The authors believe that
ny 2 is the weight n, for the putative symplectic Pandharipande-Thomas theory. In fact, if d lies
in the chamber containing Dolbeault operators, then the correspondence between (1,2) ADHM
vortices and stable ADHM bundles [BGMo3; AGo3s; DW19, §7] and the correspondence between
stable ADHM sheaves and stable pairs [Diai2, Theorem 1.9] indicate that n; 5(d) should agree
with the degree 2 part of the local Pandhariphande-Thomas invariant of C.

There is an analogous result for the (2, 1) ADHM vortex equation, with the case g(C) = 0
again being deferred to Section s5.

Theorem 1.4 (see Theorem 5.45). Assume that g(C) > 1. There is a chambered invariant
nz1 € H(BR(V,y)\ 2, Z[ [x,x7']])

such that for everyd € € (V,y)\W>

ny1(d) = Z #M 21 (D, d) - x?
deZ

with #.M,1(D, d) denoting a virtual count of M1 (D,d).

The authors believe that n,; is related to a putative symplectic version of Donaldson-
Thomas theory counting rank 2 instantons on symplectic Calabi-Yau 3—folds; this connection



to 6—dimensional gauge theory is discussed in [DS11; Wal13; Hay17]. When b is a Dolbeault
operator, ny1(d, d) has been computed in various examples in [Doa17]. The precise relation of
ny2 and ng; to algebro-geometric invariants of Calabi—Yau 3-folds will be explored in future
articles.

In addition to potential connections to enumerative geometry, the motivation for Theo-
rem 1.3 and Theorem 1.4 comes from gauge theory and low-dimensional topology. The (r, k)
ADHM vortex equations are dimensional reductions of generalized Seiberg—Witten equations on
manifolds of dimension 3 and 4. The study of these equations has been an active area of research
starting with Taubes’s work on the compactness problem for the moduli space of flat PSL,(C)
connections [Tau13a] and subsequent work [Tauiszb; HW1s5; Tau16; Taui7; WZ21]. The picture
emerging from this work is that the count of solutions to generalized Seiberg-Witten invariant
is not a topological invariant. This is in stark contrast to the well-studied invariants defined
using moduli spaces of instantons and Seiberg-Witten monopoles. Instead, this counts depends
on the Riemannian metric on the manifold as well as other perturbations of the equations. In
dimension 3 and 4, it is an open problem to show that in the space of such perturbations &
there is a proper wall 7" c & such that the count of solutions is invariant in each connected
component of P\#". Theorem 1.1, Theorem 1.3, and Theorem 1.4 establish this conjectural
picture in dimension 2 for the Seiberg—Witten equations associated with the (1, 2) and (2, 1)
ADHM representations.
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2 Chambered invariants and wall-crossing formulae

The following concept is pervasive in many areas of geometry, especially gauge theory and
symplectic topology.

Definition 2.1. Let G be an abelian group. Let & be a topological space. A G-valued invariant
of & is an element

I € H(%;G) = Hom(1y(2); G) € Map(P;G). .

Of course, if & is path-connected, then H*(%;G) = G; therefore: a posteriori, I € G.
Typically, a choice of p € 9 determines an elliptic partial differential equation and I(p) is
extracted from the moduli space of solutions. Here is an abstract caricature.

Example 2.2. Let /#, & be a Banach manifolds. Let 7: .# — 9 be a proper Fredholm map
of index d € Ny together with an orientation of its index bundle. Denote by QZO the oriented
bordism group (of a point) in dimension d. There is a unique

1e H (2050 with 1(p) = [n7'(p)]

for every p € P\x(Crit(r)). If /4 C X, then this can be promoted to I € H(%; QZO(SZ)) and
combined with any « € Hom(QZO((%), G) to obtain I € H*(%;G). o



In order to implement the above in relevant geometric situations, issues with transversality,
compactness, and symmetries need to be overcome. Sometimes this is not quite possible, but
one can still obtain the following.

Definition 2.3. Let G be an abelian group. Let & be a topological space.

(1) A G-valued chambered invariant of & consists of a subset, " C %, the wall, and an
element

Cl e H(P\7';G).
(2) The wall-crossing formula of CI € H’(%\%'; G) is the equivalence class

[CI] € WCF(P,#'; G) = coker(H*(P;G) — H (P\U'; G)). °

A chambered invariant lifts to an invariant if and only if its wall-crossing formula vanishes.
This applies, in particular, to the sum of two chambered invariants with opposite wall-crossing
formulae.

The space of wall-crossing formulae WCF(2, #"; G) depends on the intersection behavior
of 7" and paths p: [0,1] — 2. Indeed, the long exact sequence of relative cohomology induces
an isomorphism

A: WCE(P, W ;G) = ker(H (P, P\W';G) — H'(P;G))

such that
A([CID([p]) = CI(p(1)) — CI(p(0)),

identifying H (2, 2\%;G) = Hom(H, (P, P\¥'); G) via the universal coefficient theorem.

Example 2.4. Let " C 9 is a closed subset and a codimension 1 submanifold. Denote by o the
coorientation local system of 7.

(1) There is a homomorphism
#: H(7';G ®z 0) —» Hom(H (P, P\W'),G) = H'(P, P\W ;G)

such that if p: [0,1] — £ is a C! path with p(0), p(1) ¢ 7 and transverse to 7, then
(2:5) f@lpl= ), alp().
tep~ Y (W)

This sum is finite because W is closed. Here «a is evaluated at p(¢) using the coorientation
of 7" induced by p(t).

(2) If 7 is a closed tubular neighborhood 7, then excision and direct inspection produce an
injective homomorphism

AOC
WCF(P, W';G) = WCFK(T, W';G) = H"(W';G &7 0).



(This is an elementary instance of the Thom isomorphism.) These assemble into the
commutative diagram

WCF(P,W';G) —2» HYW'; G ® 0)

T

HY(P, P\U'; G).

(3) As a consequence of the above, there is a short exact sequence

AOC
WCF(P, U';G) = HY(W';G ®7 0) A H(2;G). .

Unfortunately, %" C & rarely is a codimension 1 submanifold. The following weaker
condition is a reasonable substitute and does hold in the situation considered in this article.

Definition 2.6. Let & be a Banach manifold. A subset 77" C & is a proper wall in & if the
following hold:

(1) W c P is a closed subset.
(2) There are a Banach manifold & and a Fredholm map 7: & — & of index at most —1 with
W =imm.
Moreover:

(a) The map r is essentially injective; that is: there are a Banach manifold /" and a
Fredholm map v: // — & of index at most —1 such that

Tlg\imv: E\imv — P\im(r o v)
is injective.
(b) The map = is essentially proper; that is: there are a Banach manifold & and a
Fredholm map 0: & — & of index at most —1 such that

7%\ (im wimo) : 6 \(imv Uimo) — P\ (im(xr o v) Uim(x o o))
is proper. °

Proposition 2.7. Assume the situation of Definition 2.6. If p: [0,1] — P is a C' path with
p(0),p(1) € W and transverse to x, w o v, and & o o, then p*& is a finite set and the map
p*€ — (0,1) is injective; that is: along p (potential) wall-crossing occurs in a finite subset
{t1,...,tn} € (0,1).

Proof. Since p is transverse to 7, p*& is a 0-dimensional manifold. Since p is transverse to
movandmov,itp'& — [0,1] is injective and proper. In particular, p*& is compact; hence:
finite. -

Appendix B explains the analogue of Example 2.4 if #" is a proper wall.



3 The wall of failure of 2-rigidity

The purpose of this section is to recall (or introduce) the notion of 2-rigidity, define the wall of
failure of 2-rigidity in the space of real Cauchy—-Riemann operators, and to prove that it is a
proper wall in the sense of Definition 2.6.

Much of the material in this section is similar to the discussion in [Wen19; DW23b], which
itself is inspired by [Taug6; Eft16]. The essential technical novelty is contained in establishing
properties (1) and (2.b) in Definition 2.6. This is achieved using tools from geometric measure
theory: an idea already employed in [DW21a; DIW21].

3.1 Real Cauchy-Riemann operators

Let C be a Riemann surface. Let V be a complex vector bundle over C.

Definition 3.1. A real Cauchy-Riemann operator on V is an R-linear differential operator
»: I'(C,V) = Q*(C,V) =T(C,V & K¢)

satisfying

D(f-s)=s®cof +f-bs
for every f € C°(C,R) and s € T'(C, V). Here K¢ = Hom¢(TC, C) and of = %(df+ i-dfoj)
with j denoting the complex structure on C. .

Remark 3.2. A Dolbeault operator on V is a real Cauchy-Riemann operator 9 on V which is
also C-linear. The Koszul-Malgrange theorem [KM58] establishes a correspondence between
holomorphic vector bundles 7" over C and pairs (V, 9) consisting of a complex vector bundle V
over C and a Dolbeault operator d on V. If d is a real Cauchy-Riemann operator on V, then

- -1 1
dD=0+a with a:=§(h—ibi) and a:=5(b+ibi).

By construction, d is Dolbeault operator, and a € T'(C, Homc (V, V ®c fc)). )
Proposition 3.3. The subspace

ER(V) c Hom(T'(C, V), Q% (C,V))
of real Cauchy—Riemann operators on'V is an affine subspace modelled on
L(C,Z(V)) with (V) :=Hom(V,V &cKc). n

Remark 3.4. If C is closed, then b extends to a Fredholm operator d: WI'(C,V) — L2Q%!(C, V)
with

indexd = 2degV +rkc V- x(C)
by Riemann-Roch. Here W2 and L? are with respect to arbitrary (and immaterial) choices of a

Riemannian metric on C and a Hermitian inner product and a unitary covariant derivative on
V. *



Set
V' := Home(V,K¢e) = V* ®c Ke

and K¢ == Hom¢(TC, C). The isomorphism K¢ ®c Kc = A’T*C ® C induces (complex) perfect
pairings

(35) ()y: (VI®@cKe)® V — A’T*C®C and (,-): VI ®c (V&cKc) —» A’T*C®C

with respect to which 3 3
(A&c {,0) =(Lovec )
for every A € Vvioev, andZ € Ke.

Definition 3.6. The adjoint of a real Cauchy-Riemann operator d on V is the real Cauchy—
Riemann operator ' on V' over C characterised by

/CRe(b%s, t) :/CRe(s,bt>

for every s € T,(C,V') and t € I(C, V). °

Proposition 3.7. The map
T ®R(V) > €RVH

is an isomorphism of affine spaces; in fact: (d")" = d with respect to the identification (V)T =
V®cKé®cKC=V. |

The bulk of this article is concerned with the case
indexd = 2degV +rkc V- y(C) = 0.

This is equivalent to deg(V) = deg(V"); hence: V = V7.
Definition 3.8. Let y: V = V' be an isomorphism. A real Cauchy-Riemann operator d on V
over C is y—self-adjoint if

bfsz = ()’®C 1EC)ODOY_1' °

Proposition 3.9. Lety: V = V' be an isomorphism. The subspace
ER(V,y) c Hom(T'(C, V), Q" (C,V))
of y—self-adjoint real Cauchy-Riemann operators on 'V is an affine subspace modelled on
I(C#(V,y)) with F((V,y)={aeZ(V):a' =a’}.

Proof. In light of Proposition 3.3 it suffices to prove that € % (V, y) is non-empty. A moment’s
thought shows that if d € €% (V), then %(b +(yo IEC)_I od' oy) is y—self-adjoint. In particular,
CR(V,y) + 2. [

10



Remark 3.10. The isomorphism y induces an isomorphism V ®c Ke = Vi®cKe = V*® A2T*C.
This, in turn, induces an isomorphism

H(V,y) = S*V* @ A°T*C.

Here S?V* denotes the second symmetric power of V*. *

Remark 3.11. Let X be a Calabi-Yau 3—fold together with a choice of holomorphic volume form
0 € Q*(X,C). If C C X is a holomorphic curve, then p = Re @ induces an isomorphism
y: NC = NC' and the Dolbeault operator dyc governing the infinitesimal deformation theory
of C is y—self-adjoint. In fact, dnc is the (formal) Hessian at C of the (real part) of the Chern—
Simons functional ¥ mentioned in [DT98, §8].

If (X,]) is an almost complex 3-fold with ¢;(X, J) = 0, then there is a definite 3—form
p € Q3(X) in the sense of [Doni8, Definition 1]; this amounts to a reduction of structure
group along SL3(C) — GL3(C). If C c X is a J-holomorphic curve, then p induces an
isomorphism y: NC = NC' and the corresponding real Cauchy-Riemann operator dyc on NC
is y-self-adjoint. If p is closed, then dyc is self-adjoint and Re ¥ is defined.

Typically, p cannot be arranged to be to be closed. However, there is an h-principle for
closed definite 3—forms [Doni8, §4; May23, Theorem 7.2]. In particular, there is a closed definite
3—form p’ isotopic to p. Unfortunately, the C°~dense version of this h—principle does not hold.
In particular, if (X, ) is a symplectic Calabi-Yau 3—fold, then it is not clear whether or not
a closed definite 3—form tamed by w exists. It would be interesting to better understand this
issue. *

3.2 Homogeneous almost complex structures

This section reviews the correspondence between real Cauchy—Riemann operators on V and
homogeneous almost complex structures on the total space of V. Denote by p: V' — C the
projection map.

Definition 3.12. An almost complex structure J € I'(V,End(TV)) on the total space of V is
homogeneous if:

(1) The linear maps
PVSTV and TV S p1C

are complex linear.

(2) Forevery A € Rthelinearmap A: V — V given by multiplication with A is J-holomorphic.
o

Lemma 3.13. Denote by € T(V, p*V) the tautological section
7(v) = o.

Let W be a vector bundle over C. Lets € I'(V, p*W). The following are equivalent:

11



(1) The section s is homogeneous; that is: for every A € R
As=2As
with respect to the identification T'(V,A*p*W) =T (V, p*W) induced by p o A = p.
(2) Thereisans e I'(X,Hom(V, W)) such that for everyv € V
s(v) = $(p(0))(0);

that is:
s € im[(p*-, 7): ['(X,Hom(V,W)) < ['(V,p*W)].

Proof. Evidently, (2) implies (1).
To prove that (1) implies (2) it suffices to consider V. = C" and W = R’ by locality. If
s € C*(C x C",R’) is homogeneous, then

s(x,0) = d(x,0)5(0).
Therefore, s € im(p*-, 7). ]
Lemma 3.13 and the inclusion
p*(Ke ®c V) € p* Hom(TC, V) 2 End(TV)

induce an inclusion _
I'(C,Hom(V,V ®c K¢)) < I'(V,End(TV)).

Proposition 3.14. The subspace
Jn(V) € T(V,End(TV))

of homogeneous almost complex structures on the total space of V is an affine subspace modelled
onT(C,Hom(V,V ®c K¢)).

Proof. Evidently, #,(V) is non-empty. _
A moment’s thought shows that if J; € #(V) and a € T'(C,Hom(V,V ®c K¢)), then

Jo+ae 7, (V).

Let Jo,J € (V). Seta = J—Jy € T'(V,End(TV)). By Definition 3.12 (1), a € T'(V, p* Hom(TC, V)).
Since J? = (Jo+a)? and also using Definition 3.12 (1), a € T(V, p*(V®cK¢)). By Definition 3.12 (2),
a is homogeneous. Therefore, by Lemma 3.13, a € I'(C, Hom(V,V ®c K¢)). [ |

Proposition 3.15. There is an isomorphism of affine spaces
.: Jp(V) > CR(V)
such that for every ] € #, ands e T'(C,V)
bys=1(Ts—JoTsoj) e Q*(C,V) c Q% (C,s'TV);

in particular: s € ker d; if and only if s is J—holomorphic.

12



Proof. Lets € T(C,V). Define f)]s € LT (C,s*TV ®c K¢) by the above formula.

By Definition 3.12 (1), p is J~holomorphic. Therefore and since p o s = id¢, dys € T'(C,V ®c
Ke). i

To show that d; is a real Cauchy-Riemann operator, by locality, it suffices to consider
V = C’. In this case, TV = p*(TC @ V) and, by Proposition 3.14,

(70
J= (a i) :
A direct computation shows that d; = d — 1a.
This constructs the map J +— d;. Evidently, it is affine and its underlying linear map is the

isomorphism —%. ]

3.3 Four perspectives on 2-rigidity

The purpose of this section is to introduce the concept of 2-rigidity and present four points of
view on it. Henceforth, assume that C is closed and connected (unless said otherwise). Moreover,
choose a Hermitian metric on V.

Proposition 3.16. Let d be a real Cauchy-Riemann operator on V. Let C be a Riemann surface. Let
m: C — C be a holomorphic map. There is a unique real Cauchy—Riemann operator £*d on n*V,
the pull-back of d along =, such that the diagram

T(C,V) —>— Q%(C,V)

| |

TG n'V) =2 Q%(C, 1*V)
commutes.

Proof. By locality, it suffices to prove this for V = C. In this case, 7*V = C" and the assertion
is a consequence of the isomorphism C*(C, C") ®c(c) C*(C) = C*(C,C"). [ |

Definition 3.17. Suppose that C is closed. A real Cauchy-Riemann operator d on V is 2-rigid
if for every closed, connected Riemann surface C and every non-constant holomorphic map
n: C — C of degree at most two

ker 7°d = 0. o

Remark 3.18. There are, of course, concepts of k-rigidity for k € N U {co}; cf. [BPo1, Definition
1.6; Eft16, §1; Wenig]. Remark 3.74 contains an attempt to justify the restriction to k = 2 in the
present article. *

The second perspective on 2-rigidity is a translation of the above into homogeneous almost
complex structures using the correspondence reviewed in Section 3.2.

Proposition 3.19. Let | € #,(V). Let x: C — C be holomorphic. The following hold:

(1) 7'V c Cx V is an almost complex submanifold, and 7*J = (j X J)| v is homogeneous.

13



(2) b,r*] = JI*D].

Proof. Since p is J-holomorphic and 7 is holomorphic, 7*V < C X V is an almost complex
submanifold. Since J is homogeneous, so is 7*J. This proves (1).
Let s € I'(C, V). Inspection of the commutative diagram

%1

Q<—<
\J

reveals that
Tp*mo (Tn's—n*JoTr*soj)=(Ts—JoTso j)oTn.

This proves (2). [
Corollary 3.20. Let ] € #,(V). Setd == d;. The following hold:
1) Ifr: C — C is holomorphic and s € ker 7*d, thenu = (p*mw)os: C — V is J—holomorphic.

2) Ifu: C — V is J—holomorphic, then = = p o u is holomorphic and s = (idg u) €
ker ™. |

The above directly leads to the third perspective, since J-holomorphic maps induce J-
holomorphic cycles. This is spelled out in detail in [DW21a, §4, §5]. Here is a brief summary.

Definition 3.21. Let X be a smooth manifold equipped with an almost complex structure J,
a Hermitian form o, and the Riemannian metric g == o(-, J-). A J-holomorphic cycle is a
closed integral 2—current T € Hom(Q2?(X), R) which is semi-calibrated by o and has finite mass:
M(T) < co. °
Remark 3.22. The choice of a Hermitian form o is somewhat of a red herring: if o, ¢’ are
Hermitian forms (with respect to J), then T € Hom(Q2(X), R) is a closed integral current which
is semi-calibrated by o if and only if the same holds for ¢’. However, the mass M(T) depends
on o. *

Remark 3.23. A J-holomorphic cycle T with compact support supp(T) represents a homology
class [T] € Hy(X,Z). If X is the total space of V, then H,(V,Z) = H,(C,Z) = Z is generated
by [0], the fundamental class of the zero section. Therefore, [T] is determined by

deg(T) = [T]/[0] € Z. *

Proposition 3.24. Let X be a smooth manifold equipped with an almost complex structure J and
a Hermitian form o. If C is a not necessarily closed Riemann surface andu: C — X is a proper
J—holomorphic map, then the closed integral 2—current T, € Hom(QZ%(X),R) defined by

T.(a) ::/Cu*a

14



is a J—holomorphic cycle with
M(T,) =T,(o) and supp(T,) =imuy;

moreover, if C is closed, then [T,] = u.[C]. [

Theorem 3.25 (De Lellis, Spadaro, and Spolaor [DSS17b; DSS18; DSS17a; DSS20]; cf. [DW21a,
Lemma 5.5]). Let X be a smooth manifold equipped with an almost complex structure J and a
Hermitian form o. If T is a J-holomorphic cycle, then there are a not necessarily closed Riemann
surface C and a proper J—holomorphic map u: C — X with T = T,; moreover: if supp T is
compact, then C is closed. ]

Here is the fourth, more involved, perspective on 2-rigidity. It is based on the following
concept.

Definition 3.26. A ramified Euclidean line bundle over C consists of:
(1) afinite subset Br(l) C C, the branching locus, and
(2) a Euclidean line bundle [ over C= C\Br(I)

such that:

(3) the monodromy representation y: 7[1(060‘, x) — O(1) = {£1} restricts to a non-trivial
homomorphism on ker(7;(C, %) — m1(C U {b}, *)) = Z for every b € Br(l). °

Remark 3.27. By Seifert-van Kampen,

ﬂl(é,*) = (o, f1, - ,ag,ﬂg,xl,...,xk | [et1, 1] -+ [ag!ﬁg] =X Xk)

3o

with g denoting the genus of C and k = #Br(1). In particular, (3) enforces that #Br(I) is even.

Definition 3.28. Two ramified Euclidean line bunodles I4,1; over C are isomorphic if Br(I;) =
Br(l,) and [; = [, as Euclidean line bundles over C. °

Remark 3.29. If 4, [; are Euclidean line bundles over C, then they are isomorphic if and only
if their monodromy representations p(I;) € Hom(irl(é, x), {x1}) or, equivalently, their first
Stiefel-Whitney classes

wi(l) € H(C, Z/2Z)

agree. »

Proposition 3.30. Let d be a real Cauchy—Riemann operator on'V. Let | be a ramified Euclidean
line bundle over C. There is a unique real Cauchy—Riemann operator

' TGVl - QN VeI
onV & overC, the twist of d by |, satisfying
(s@t)=ds®t+(s® Vi)

foreverys € F(C°, V) andt € F(é, [). Here V denotes the unique orthogonal covariant derivative
onl.

15



Proof. By locality, it suffices to consider [ = R. In this case V ® [ = V and d' = d. |
Remark 3.31. Evidently, the restriction of ' to Fc(é, V ® 1) extends to a bounded linear operator
(3.32) ' WHT(GV eI — L2 (G, Vel).

Here W12 and L? are with respect to (immaterial) choices of a Riemannian metric on C, a
Hermitian inner product and a unitary covariant derivative on V; and the Euclidean inner
product and unique orthogonal covariant derivative on . In fact, d' is Fredholm; cf. Section 3.4.2.

*

Proposition 3.33. If| is a ramified Euclidean line bundle over C, then the following hold:

(1) The smooth map
i C={(x,0)el: o] =1} > C

is a {+1}—principal covering map, and 1 = C X+1} R

(2) The covering map 7 extends to a holomorphic map m: C — C (unique up to unique
biholomorphism).

Moreover, every holomorphic map : C — C of degree two arises in this way.

Proof. Let | be a ramified Euclidean line bundle over C. (1) is obvious. To verify (2) it suffices to
consider the following ramified Euclidean line bundle over D == {z € C : |z| < 1}:

(3.34) m:={(z,w) € DxC:we Ryo -z} — D= D\{0}

with the Euclidean inner product ((z, w;), (z, w2)) := wiwoz~ 1. For [ = m,
C={(zw) e DxD:w?= z} and 7(z,w)=wi

Since C = D via (z, w) — w, the double cover r: € = D — D extends to the holomorphic map
2

m: D— Dwt—> we
Let 7: C — C be a holomorphic map of degree two. Denote by Br(I) c C the set of critical
values of 7. Set C = C\Br(I) and C = n_l(Co). The restriction 7 = 7T|é¢ ¢ — Cis a double

covering; hence, a {+1}-principal covering map. The associated Euclidean line bundle

[ = (CxR)/{+1}

is a ramified Euclidean line bundle over C with branching locus Br(I). Evidently, the above
construction applied to [ yields 7: C — C. [ ]

Remark 3.35. Assume the situation of Proposition 3.33. Let b € Br(I). The Euclidean line bundle
[ determines a square root of T, C:
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Set {b} := 7~ 1(b). Denote by Oy, and Oj, the local ring of germs of holomorphic functions
atbe Candb e C respectively. Denote by m;, C 0, and m; C O; the maximal ideals

(of germs of holomorphic functions vanishing at b € C and b € C respectively). The
holomorphic map 7 induces an injective ring homomorphism 7*: 0, — 0; satisfying
Timy, = mf;. Therefore,

IR

* my mg &2 #
T,C =my Qp, (Op/my) = — (—127) = (TE C)®2.
mb ml;
Set
(I1® C(=b))p = lim L"H’(U\{b}.1® C)
Usb
with L°H° denoting bounded holomorphic sections. (In the situation discussed in the
proof of Proposition 3.33, such a section has an asymptotic expansion aoz'/? + a,z23/? + ...
at 0.) (I ® C(—b))p is an Op—module. Define the %—jet space of [ ® C at b by

1,18 C) = (18 C(=b)); ®a, (Op/my).

The canonical isomorphism [®? = R induces a canonical isomorphism (I®C(—b))§’2 = my,.
Therefore, (J)*(1® C))®? = T;C.

Of course, these constructions are related. The holomorphic map 7 induces an Op-module
isomorphism 7*: (1 ® C), = m;; therefore:

Iaec) = 1;C. *
Remark 3.36. The notation (I ® C(-b)), is motivated by Proposition A.2. )

Proposition 3.37. Assume the situation of Proposition 3.33. Let d be a real Cauchy—Riemann
operator on V. The following hold:

(1) The pull-back *d is {+1}—equivariant. In particular,

ker 7°d = (ker 7°0)* @ (ker 7°D)~

with (1)* and ()~ denoting the invariant and anti-invariant subspaces respectively.

2) The isomorphism n*: T(C,V) = T(C, #*V)* induces an isomorphism
P P

7*: kerd = (ker 7d)".

(3) The inclusion m: T(C,7*V)~ — Wl’zl"(é, V ®1) induces an isomorphism

e (ker 7°d)” = kerd'.

Here (and in the following) ker d' denotes the kernel of the extension (3.32).
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Proof. (1) and (2) are immediate from Proposition 3.16.
A moment’s thought shows that if s € (kerd)~, then its descend ms € W?T'(C,V ® I) and
satisfies d'ms = 0; therefore, s € kerd!. Hence, 7 induces an inclusion 7,: (ker 7*d)~ <

ker d'.
Let s € kerd. By elliptic regularity, s € I“(Co, V ® 1); indeed, for Bg(x) C CwithR < 1

sP(x) < R / 2.
Br(x)

It follows from Definition 3.26 (3) that if Bg(b) C C with Bg(b) N Br(l) = {b} and R <« 1, then

R ks [
9BRr(b) 9BRr(b)
and, therefore,

(3:38) / d(-b) 25 < / 195
Br(b) Br(b)

Consequently, s € L°°F(C°’, Vel).

Evidently, #*s satisfies (779)(7*s) = 0 on C. Since 7*s € L®T'(C, #*V), it also satisfies
(7*d)(*s) = 0 in the sense of distributions. Therefore, by elliptic regularity, 7*s € (ker 7*d)~.
This finishes the proof of (3). [

Remark 3.39. As a consequence of (3.38), Wl’zf(é, Vel = Wol’zr(é, Vel). )

To summarise the above discussion, the following four are equivalent pieces of evidence for
the failure of 2-rigidity of a real Cauchy-Riemann operator » = d; on V:

(1) A closed Riemann surface C, a holomorphic map 7: C — C of degree at most two, and
s € ker 70\ {0}.

(2) A closed Riemann surface C and a J-holomorphic map u: C — V which does not factor
through the zero section and with 7 o u of degree at most two.

(3) A J-holomorphic cycle T in V whose support is not contained in the zero section and
with deg(T) at most two.

(4) A ramified Euclidean line bundle [ over C and s € ker d'\{0}.

3.4 W is aproper wall

Recall the standing assumption that C is closed and connected. Henceforth, assume that
2degV +rkc V- y(C) =0.

The aim of the upcoming sections is to prove that wall of failure of 2-rigidity, defined by

W = {b € €R(V) : b fails to be 2—rigid},
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is a proper wall in the sense of Definition 2.6.
Of course, €% (V) is not a Banach manifold but an affine space modelled on the Frechet
space T'(C, % (V)); see Proposition 3.3. To rectify this, choose K > 1 and set

CKGR (V) = €R(V) + CXT(C,Homc(TC, C)),

and similarly define CK€%(V,y) and CK_#,(V). The results discussed so far continue to hold
with these spaces—with minimal cosmetic modifications. To ease notation, henceforth, the
prefix CX shall be omitted; in other words, % (V), €#(V,y), and %,(V) are redefined to be
the aforementioned spaces. With this technicality out of the way, the aim of the remainder of
this section is to prove the following.

Theorem 3.40. The wall of failure of 2—rigidity W' is a proper wall in € R(V).
The upcoming discussion also establishes the following variant.
Theorem 3.41. Ify: V = V7 is an isomorphism, then W NE R (V,y) is a proper wall in ER(V, y).

3.41 W is closed
Proposition 3.42. The wall of failure of 2-rigidity W c € R (V) is closed.

The proof of Proposition 3.42 relies on the following.

Theorem 3.43 (Federer and Fleming [FF60, §8]; [Fed69, §4.2.17; Sim83, Theorem 27.3; Whi89]).
Let (X, g) be a Riemannian manifold. Let (T,,) be a sequence of closed integral k—currents. If there
isa A > 0 such that

M(T,) < A

then a subsequence of (T,,) converges to a closed integral k—current T, in the weak—x—topology. ®m

Proof of Proposition 3.42. Suppose that (d,) € #'N converges to d., € €% (V). Forn € NU {0}
set J, = Jy,. Define p? € C*(V) by p*(v) = |v|* (with respect to the chosen Hermitian metric).
For every n € N choose a J,~holomorphic cycle T,, in V whose support is not contained in the
zero section and with deg(T,,) at most two; and, moreover:

max p2 =1
supp T,

SetU = {v € V: |v] < 2}. Choose a Kihler form wc on C. For A > 1, for every n € NU{co},
on = A wc - 1d(dp? o ) € QX(U)

is symplectic and tames J,|y; that is: 0, = %[wn + wp(Ju+, Jne)] is a Hermitian form; cf. [DW21a,
Proof of Lemma 3.6 (5)]. Since T,, is J,-holomorphic, M(T,,) = T,(o,); therefore,

M(T,) = Tu(0n) = Tu(wn) < 2A([C], [wc]).

By Theorem 3.43, after passing to a subsequence, (T,,) converges to a closed integral 2—-
current T, in the weak—*—topology. Since J, — J» (and 0, = 0w), T is a Joo—holomorphic
cycle. Moreover, T, is of degree

deg(Tw) = Too(we) = lim T,(wc) = lim deg(T,)
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at most two. By the monotonicity formula (cf. [DW21a, Lemma 5.6]), (supp T,;) converges to
supp Te in the Hausdorff distance; hence: the support of T., is not contained in the zero section.
Therefore, o, € #'. [ ]

3.4.2 Fredholm extensions and index formulae

This section provides an elementary and self-contained proof of the following result and its
higher regularity analogue Theorem 3.58. Of course, these results could be derived from [Wenio,
Theorem 4.1] or [DW23b, Proposition 2.8.6]. They are needed in the construction of the Fredholm
maps 7, v, and o in Definition 2.6.

Theorem 3.44. Ifd is a real Cauchy—Riemann operator on'V and 1 is a ramified Euclidean line
bundle over C, then d': W“T'(C,V ® 1) — L2Q%'(C,V ® 1) is Fredholm with

indexd' = —#Br(l) - rk¢ V.

Remark 3.45. Theorem 3.44 assumes 2 deg V +1kc V - y(C) = 0. The operator d' continues to be
Fredholm if this assumption is dropped, but indexd' = 2deg V + rk¢ V - y(C) — #Br(I) - rke V;
see Theorem A.1. )

Throughout the remainder of the section, assume the situation of Theorem 3.44.

Proposition 3.46. d' is left semi-Fredholm; that is: dimker d' < co and imd' c L?Q%(C,V &)
is closed.

Proof. If'V is the unitary covariant derivative on V ® [ from Proposition 3.30, then, by the Kahler
identities,
2(VO)*vO! = V*V — jAFy.

Therefore,
|Vs||* = 2||V0’ls||i2 — (iAFys, s)12

for every s € W"*(C,V ®1). Since d' = V%! + a with a € L¥T(C, Z(V)),
lIsllwz < 110]lze + IIs]| e

By Rellich’s Theorem and (3.38), WOI’ZI“(CO‘, Vel) — sz(é, V ® 1) is compact. Therefore,
by [BS18, Lemma 4.3.9], it follows that d' is left-semi-Fredholm. [ |

Consider the extension
dL: LT(C VeI —» W Q" (G Vel).

Because of Remark 3.39, DZ}I is the adjoint of d'. In particular,

ker DZ’ZI ~ (coker d')*.
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Therefore, it remains to prove that ker DZ’ZI is finite-dimensional, and to determine index d' =

dimker d' — dim ker DZ’ZI (for a judicious choice of d € €X(V)). The key to the former is to
understand
coker(ker d' < ker DILZ).

To this end, it is useful to extract the leading order terms at b € Br(I) of elements of the following
superspace of ker DII}:

dom(d},,) = {s e L'T(C,V ®1) : b5 € L*Q*(C,V ® )}

max

This is, of course, the domain of the maximal extension of d' considered as an unbounded
operator LT'(C,V ® ) — L*Q%(C,V ® ).
Definition 3.47. Let b € Br(I). Set

— 13 21710
(18 Q) = E_r)rll,L HY(U\{b},1® C)
El

with L?H° denoting L? holomorphic sections. (In the situation discussed in the proof of Proposi-
tion 3.33, such a section has an asymptotic expansion apz~ /% + a;z'/% + ... at 0.) (I® C), is an
Op-module. The %—residue spaceof I® Cat b is

Ry () = (1® C)p ®p, (Op/myp). .

Remark 3.48. The pairing (I ® C(=b)); ®4, (I ® C), — Op induces an isomorphism Ry (1) =
(U (1e ). &
Proposition 3.49. Let b € Br(l). There is a unique linear map

Resp: dom(dl ) — Ry(L,V) = Ry (1) ¢ Vp,

max

the residue at b, such that the following holds: if s € dom(d!,,), Resy(s) = [p] ®c v with

max

pE LZHO([},I ®C) andv € V, andt: U XV, — Vly is an isometry with 1, = idy,, then
S—T0Q®cpE WLZI‘([}, Vel).

The proof reduces to the following model case.
Proposition 3.50. Consider the raomiﬁed Euclidean line bundle m over D defined in (3.34). Choose
z Y2 e I(D,C®m). Ifs € LT (D, C" ® m) satisfies 0™s € L*T'(D, C" ® m), then there is a unique
v € C" such that .

s—o®cz Ve Wl’z(%D, C"@m).

Here %D ={zeC:0< |z| <1/2}.

The proof relies on the following elementary observation.
Lemma 3.51. Let A € Z + % Let ¢ € L((0,1),rdr) with (9, — A/r)¢ € L*((0,1), rdr).

(1) IfA = —1/2, then there is a unique a € R such that ¢(r) = ar "> + 0(1) asr | 0.
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(2) IfA # —1/2, then ¢(r) = o(1) asr | 0.
Proof. Set = (9, — A/r)¢. There is a unique a € R such that

r for sy (s)sds  ifA <0

b(r) = ¢(r) — ar* =
P(r) =9(r) {—r/1 frl s~y (s)sds  if A > 0.

If A < 0, then, by Cauchy-Schwarz and monotone convergence,

- 1 r
16(r)I” < m/o ¥ ()I” sds = o(1).

Moreover, if 1 < —1, then a = 0 because ¢ € L2((0,1), rdr).
If A > 0, then, by Cauchy—-Schwarz, forr < e < 1

(r//i)m /1|¢(s)|28ds = 1(e) +1I(r, ).

. 1 [t
FIF < 5 [ Wk sis+

0
By monotone convergence, lim, |, I(¢) = 0. Evidently, lim, |, II(r, ) = 0. Therefore, g{; (r)=o0(1)
asr | 0. [ |
Proof of Proposition 3.50. In polar coordinates z = re'®,

IMf= (0 +irt-VIHf- 2(dr —ir - da).
By Fubini’s theorem,

L2T(D,C" ® m) = L2((0, 1), rdr; L*T(S}, C" ® m)).

s= Z sy (r)eit®

1
AEZ+5

By Fourier analysis,

with s;, (9, + A/r)s) € L2((0,1), rdr;C").
By Lemma 3.51,
S_1/2 = or 1% 4 o(1),
and sy = o(1) for every A # —%. Since v ®c z~ '/ € ker 9™, s may be replaced by s — v ®c z7/2.
Therefore, without loss of generality s)(0) = s3(1) = 0 forevery A € Z + %
It remains to prove that s € Wl’zl“(lo), C" ® m). By direct computation,

1
2 [0 rarda= 3 [0+ blrar
D 0

1
A€Z+5
1

2
= > | (9rsalPr + Elsal* + 20 ]sa|?)dr
0

AeZ+1
1
= > (ol + Vs rdr
0
AeZ+}
= V™s|? rdrda. ]
N
D
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Proof of Proposition 3.49. Since d = d + a with |a| € L*(C), the assertion follows from Proposi-
tion 3.50. |

The maps Res;, constructed in Proposition 3.49 assemble into

Res: dom(dl,) = R(LV) = P Ry(LV)
beB

The following is immediate from the construction.

Corollary 3.52. The sequence

WY2L(C,V @ 1) < dom(d',) > R(LV)

is exact. In particular,
kerd' = ker(Res: ker DILZ — R(LV)). ]

Proof of Theorem 3.44: Fredholm property. By Proposition 3.46 and the discussion following its

proof, to prove that d' is Fredholm it remains to establish that ker bz;l is finite-dimensional. This,

however, is a consequence of Corollary 3.52 since R(1, V) and ker d"! are finite-dimensional. m

The proof of the index formula assuming V = V7 relies on the following.

Proposition 3.53. Lety: V = V' be an isomorphism.

(1) There is a non-degenerate alternating form G € Hom(A*R (I, V),R) on R(L, V), the Green’s
form, such that

/CRe<(y ®1) od's,t) —Re(s, (y ® 1) o d't) = G(Res(s), Res(t))

foreverys,t € dom(ble).
(2) The subspace im(Res: ker b;z — R(L,V)) c R, V) is Lagrangian with respect to G.
Proof. The unbounded operator (y®1)od': W2I'(C, V®l) c L2T(C, Vel) — L2Q% (G, Viel)
is symmetric (with respect to the perfect pairings induced by (3.5)) and closed. Its maximal

extension is (y ® 1) o d': dom(bILz) CLT(C,VRI) — L2Q*(C,VI®I).
By [MS98, Exercise 2.17], the Green’s form Ge Hom(Azdom(b}JZ), R) defined by

G(s, t) = /CRe((y ®1) od's,t) —Re(s, (y ® 1) o d't)

descends to a symplectic form on the Gelfand—Robbin quotient

dom(d.,) /WM (G, V &1) = R(L V),

This proves (1).
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It immedately follows that im(Res: ker b}:z — R(L,V)) is isotropic. To prove that it is
coisotropic, let v € R(I, V) such that G(v, w) = 0 for every w € im(Res: ker DILZ - R, V)).
Construct sy € dom(bILz) with Res(sg) = v. Since

G(so, 1) = /CRe((y ®1)odlsy,t) =0

for every t € ker bILZ, DILst € imd'. Choose s; € V\/'Ol’zr(é,V ® ) with d's; = —bizso. Finally,

s =so+5s; € ker bIL2 and Res(s) = Res(sg) = v. This proves (2). [ |

Proof of Theorem 3.44: index formula. Choose y: V = V'. By Proposition 3.3 and Proposi-
tion 3.9, it suffices to prove the index formula for d € €% (V, y). In this case,

indexd' = dimkerd' — dimker d},

1
= —dimim(Res: ker bILZ - RL,V)) = -3 dimR([,V) = —#Br(l) - rkc V
by Proposition 3.53. [ |

For parts of the discussion in Section 3.4.6 a higher regularity version of Theorem 3.44
is necessary. It turns out that the correct generalisation of W2 is not W*2 but instead the
following variant.

Definition 3.54. Denote by r: C— (0, o0) the distance to Br(I). Set gcy1 = r~?g. Let k € N. For
S € W"’Zr(c",v ® 1) set

loc

i 1/2
lIs|l k2 = Z/|v"s|2 vol :
"chl e é gcyl eyl

This defines a complete norm on

WET(C Vel = {s e WHT(CV ) : Isllyee < oo}.
Similarly, define Wcl;lz Q¥ (C,VeI) using the Euclidean inner product on K¢ induced by Jeyl.  ®

Remark 3.55. If r = e, then
dr? + r’da? = r¥(dt? + da?).

Therefore, with respect to gy every puncture b € Br(I) corresponds to an asymptotically

cylindrical end of ¢ *
The following is an immediate consequence of (3.38) and conformal invariance.

Proposition 3.56. W"T'(C,V®I) = V\Qly’f(c, Vel and PQ% (C Vel =12 Q(CVel). =

The bounded operator d': W2T'(C,V & ) — L2Q%!(C,V ® I) (co)restricts to a bounded
operator . .
B A N (SR T ) wc’;’f(c, Vel.

wkrz© eyl
cyl
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Proposition 3.57. For every k € {0,...,K} ifs € L*T(C,V ® 1), d's € V\Q];’fr(é,V ® 1), and
K120
Res(s) = 0, then s € WClerl T(C,V®]I) and

I
lIsllyyrsz Sk [10°slly ke + [ls]l 2.
cyl cyl
Proof. For k = 0, this is a consequence of Proposition 3.49; in particular:
[
lIsllizz < 10°sllzz +[lsllze.
cyl cyl

By interior elliptic regularity and estimates, if s € Lgylr(é, V®l)andd's € V\/'cli;leo’l (C, Vel),
thens € WC’;TI’ZF(C, Ve®l) and

lsllygisz Sk 10"l ez + llslg .
cyl cyl cyl

This proves the assertion. ]

Theorem 3.58. Letk € {0,...,K}. Ifd is a real Cauchy—Riemann operator on'V and1 is a ramified
Euclidean line bundle over C, then d' is Fredholm with

k+1,2
cyl

index DLV"“'Z = —#Br(l) - rtkc V;
cyl

moreover,

ker bIWkH,Z = kerd'
cyl

and the map

coker blw,m,2 — cokerd' = (ker b}:’;)*
cyl

is an isomorphism.

Proof. By Proposition 3.57, ker blwkﬂ’z = ker d'; moreover: the linear map

cyl

WL (C,V ®1) L2Q%(C,V & 1)
—
k+1, : k, :
WM T(CVeD) Wi (CVel

1

induced by d' is injective. Therefore, by the Snake Lemma, the canonical map

coker d! — coker d!

Wk+l
cyl

is injective. . .
Since WCI;IZF(C, V ®1) is dense in L’T'(C, V ® I), the map
WST(CV @) — (kerdy)”

is surjective. Since it factors through coker d' — coker d', the latter must be surjective. m

k+1,2
cyl
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3.4.3 The space of ramified Euclidean line bundles

The following preparation is needed in the construction of the Banach manifolds &, /4", and &
which appear in Definition 2.6.

Definition 3.59. The space of ramified Euclidean line bundles over C is constructed as follows:

(1) The configuration space is the smooth manifold

Conf(C) = ]_[ Confi(C) with Confi(C) = (C*\Ax)/Sk
keNy

and Ag = {(xy,...,x¢) € C* : #{xy,...,x¢} < k}. Identify [xy,...,x;] € Conf(C) with
{x1,...,xx}, and regard Conf(C) as the space of finite subsets of C.

(2) Denote by RamLinBun(C) the set of equivalence classes of ramified Euclidean line bundles
over C. Consider the map Br: RamLinBun(C) — Conf(C).

(3) For every open subset U C C, denote by % < Conf(C) the open subset of those B C
U such that H!(C\U,Z/2Z) — H'(C\B,Z/2Z) is an isomorphism. The monodromy
representation defines an injection 7y : Br (%) — % xH!(C\U, Z/2Z); cf. Remark 3.27.

(4) Equip RamLinBun(C) with the coarsest topology with respect to which the maps 7y are
continuous. .

Proposition 3.60. The map Br: RamLinBun(C) — Conf(C) is a covering map with finite fibers.
In particular, RamLinBun(C) inherits the structure of a smooth manifold from Conf(C).

Proof. To prove that Br is a covering map it suffices to verify that the transition maps rl}l o

v: (UNTY)XH(C\U,Z/2Z) — (%4 N 7') x H(C\V,Z/2Z) are continuous. This is an easy
exercise; cf. [tDieo8, Proof of (3.3.2) Theorem].

Since Br~!(B) is in bijection with a subset the finite set H;(C\B, Z/2Z), Br has finite fibers.

|

Proposition 3.61. RamLinBun(C) carries a twisted universal ramified Euclidean line bundle
in the following sense:

(1) Consider the universal punctured curve
@ = {(B,x) € Conf(C) X C: x ¢ B}.
The projection map P: € — Conf(C) is a fibre bundle.

(2) Denote by {%; : i € I} the set of open subsets % C Conf(C) such that Py : %|% — U is
trivial. Set 7; = Br~Y(%). Consider Br*P: Br*€ — RamLinBun(C).

For every i € I there are a Euclidean line bundle &; over Br*‘%l% and for every ramified
Euclidean local system 1 with Br(1) € %; an isomorphism

Liliyxc\sry) =1
unique up to Aut(l) = {£1}.
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(3) There are a Cech 2—cocycle A € C*({%; : i € I}, {1}) and, for everyi, j € I, an isomorphism

b @l e = 8] such that
¢] l|B1‘ %|<yim7/j J |Br (g|740‘71

(Br*P)" Ay = ¢F 419t € CO(Br* €losn;nai. {21)).

Proof. (1) is an easy exercise.

(2) is trivial, and so is the existence of the isomorphisms in (3). A priori, these define a
cocycle le Cz({Br*%lcy iel}, {+1}) However, since Br*P has connected fibres, A descends
to L. ]

Remark 3.62. The use of twisted universal objects goes back (at least to) Cildararu [Caloo]. &
Of course, [A] € H?(RamLinBun(C), {+1}) is the obstruction to {€; : i € I} gluing to

a universal ramified Euclidean line bundle £ over Br*‘c%. If 8 did exists, then it would be
straight-forward to construct Hilbert space bundles E, F over RamLinBun(C) such that

E[I] = E = Wl’zr(é, V ®r I) and F[[] = Fp = LZQO’l(é, V ®r I)

These in turn would give rise to the relative Grassmann bundle Gry(E) of d-planes in Ey,
a Banach space bundle Z(E,F) of bounded linear maps from E[fj to Fj, etc. Although E,
F do not exist in an untwisted sense, various objects derived from E and F do. Indeed, the
construction of these objects over 7; as in Proposition 3.61 is straight-forward. The induced
2-cocycles measuring the obstruction to gluing are induced by A. Indeed, by the nature of the
objects to be constructed, these cocycles are obtained from A via the trivial homomorphism
(-)%: {#1} — {#1}. Therefore, the obstruction vanishes. An alternative way to understand
this is that the automorphism group Aut(l) = {£1} acts trivially on Gry(E;), &£ (E;, Fy), etc.
3.4.4 Failure of 2-rigidity: construction of x

Proposition 3.63. Let d € {1,2}. Consider the Grassmann bundle Gry(E) over RamLinBun(C).
The following hold:

(1) There are a Hilbert space bundle Hom(S,F) — € R (V)X Gry(E) and for every (d; [, A]) €
G R (V) X Gryq(E) canonical isomorphisms

Noaa) : Hom(S, F) 1)) = Hom(A, Fy).
(2) Hom(S,F) — €R(V) X Gryg(E) has a smooth section TwistResy such that

TwistResq(d; [1, A]) = nya, (0'1)-

(3) TwistResq(d; [, A]) = 0 if and only if A C kerd'.
(4) TwistResy intersects the zero section transversely; in particular,
&g = TWistRes;ll(O)

is a Banach submanifold.
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(5) The projection map ng: ;3 — € R(V) is Fredholm of index
(2-d-1kcV) - #Br(l) - d*
at (d; [ A]).

The extension of Proposition 3.63 to d € N does hold, but the above is sufficient for the
purpose of this article. The restriction to d € {1, 2} allows for a drastic simplification of the
proof: it can be based on the following observation instead of the the subtle results on Petri’s
condition obtained in [Wen19, Section 5].

Proposition 3.64 (cf. [Eft16, Proof of Lemma 4.4]). Let d be a real Cauchy—Riemann operator on
V over C. If sy, sz € kerd are linearly-independent, then

U = {x € C : s1(x), s2(x) are linearly-independent}

is open and dense.

Proof. Since C\U = {x € C : dimR(s1(x), s2(x)) < 1} is closed, U is open.

To prove that U is dense, assume (by contradiction) that C\U contains a non-empty open
subset O. By unique continuation, neither s; nor s; can vanish on O. Without loss of generality,
s1(x) # 0 for every x € O. Therefore and since O € C\U s; = f - s1. Since ds; = ds; = 0, f is
holomorphic. In fact, f is constant because it is R-valued. By unique continuation, s, — fs;
vanishes on C—a contradiction. ]

Proof of Proposition 3.63. (1) and (2) are evident from the discussion in Section 3.4.3. (3) holds by
construction.

(4) asserts that for every (b; [, A]) € TwistRes‘;1 (0) the composition

T(b;[[)AJ)TWiStReSd
LhER(V) ® Tjia) Grg(E) ——— T(o,[1.4];0) Hom(S, F) - Hom(A, Fy)

is surjective. By Proposition 3.3, HTER(V) = CKT(C, # (V)). Furthermore, Tji,a) Gra(E) fits
into the short exact sequence

Hom(A, E[/A) =Ty Grd(E)I — T[[’A] Grd(E) - TBr([)COI’lf(C).

A moment’s thought shows that the above composition restricts to the map L: CKT(C, % (V))®
Hom(A, E{/A) — Hom(A, Fy) defined by

L(a, M)s = (a ® idy)s + d'(Ms).

Therefore, it suffices to show that L is surjective.
Since cokerd' = (ker DZ’ZI)*, L is surjective if and only if the map M: CKT'(C, % (V)) —
(A®kerd!))* defined by
M(a)(s ®t) = (t, (a ® idy)s)
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is surjective. M is surjective if and only if the Petri map @: A ® ker DI’ZI — Llr(é, VeV

defined by
o(s®1t)(x) =s(x) ® t(x)

is injective. Since d € {1, 2}, by Proposition 3.64, @ is injective. This proves (4).

To prove (5), consider the projection 74: & — ER(V) X Conf(C). Evidently, n, is
Fredholm if and only if 74 is, and

index T(y;[1,A])7Ta = index T(y,[1A]) g + dim T, (1) Conf (C) = index T(y,[1a])7Tq + 24Br(l).

The Snake Lemma applied to

To(1.0]) a © CKT(C, % (V)) & Ty a) Gra(E) ——> Hom(A, Fy)
lT(D;[I,A])E i
CKT(C, % (V)) & T, (1)Conf (C) == CKT(C, 7 (V)) & Ty(1)Conf(C)

yields an exact sequence

— dlo- —
ker Tey;[a1)7Ta — Hom(A, E{/A) — Hom(A, Fy) - coker T(y,[1,a]) 7a-

By Theorem 3.44, ®' is Fredholm of index —#Br(I) - rkc V. Therefore, d' o -: Hom(A, E{/A) —
Hom(A, Fy) is Fredholm of index d - (—#Br(l) - tkc V' — d). This proves (5). [ |

Set
& = gl and 7= Jq.

The wall of failure of 2-rigidity is parameterised as

W =imrr.

3.4.5 Failure of injectivity: construction of v

Here is the proof that = is essentially injective; that is: Definition 2.6 (2.a) holds. The map
m: & — GR(V) fails to be injective if there are distinct (b, [I;,A;]) € € (i=1,2). Ifl; =1, =1,
then (9, [I, A1 + Az]) € &,. The following describes these failures of injectivity.

Proposition 3.65. Consider the flag manifold bundle Fl, ;(E) over RamLinBun(C). Ford € {1, 2}
consider the projection maps pg: Fly 2(E) — Gry(E). Set

./Vz = (ld sz)*g2 (- %%(V) X Fll’g(E).
The map vy : Ny — & induced by p, is Fredholm of index
—1kc V - #Br(1) — 2.

Proof. The map p: N, — &, induced by p, is Fredholm of index 1. Therefore, by Proposi-
tion 3.63, 7 © p = my © vz is Fredholm of index (2 — 2 - rkc V) - #Br(I) — 3. This implies the
assertion. |
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Failures of injectivity with [; # [, are described as follows.

Proposition 3.66. Set RamLinBun(® := RamLinBun?®\A (with A denoting the diagonal). Con-

sider pry Gr (E) X pr;, Gr;(E) over RamLinBun® . Denote by TwistResgz) the smooth section of

pr; Hom(S$, F) @ pr; Hom(S$,F) — €%(V) x pr] Gri(E) x pr; Gr;(E) induced by TwistRes;.
The following hold:

(1) TwistRes\” (0; [11, As]; [T, Az]) = 0 if and only if A; C kerdY (i = 1,2).
(2) TwistResiz) intersects the zero section transversely.

(3) The projection JTI(Z) : %1(2) = (TwistResiz))_l(O) — BR(V) is Fredholm of index

(2=rkc V) - (#Br(l;) + #Br(1y)) — 2
at (05 [11, Aq]; [Tz, Az]).
Proposition 3.67. Set ./Vl(z) = %1(2). The map vl(z) : /Vl(z) — &) is Fredholm of index
(2—r1kcV) - #Br(l) — 1
Proof. The proof is straight-forward and similar to that of Proposition 3.65. ]

The proof of Proposition 3.66 requires the following preparation.

Proposition 3.68. Let d be a real Cauchy—Riemann operator on V. Let 1; be a ramified Euclidean
line bundle over C and s; € ker d\{0} (i = 1,2). If1; and 1, are not isomorphic, then there are a
non-empty open subset U C C\(Br(l;) UBr(ly)) and trivialisations 7;: l;ly = R (i = 1,2) such
that 1151, 7252 € ker |y are linearly-independent.

Proof. Suppose not. Choose a open cover (Uy)qyea of C\(Br(1;) U Br(l,)) and trivialisations
¥ lily, = R(i=1,2, a € A). Define A, € R* by T3Sy = Ag - T{'s1. A moment’s thought shows
that

(t) T odgord = (Tf)_l oAgo Tlﬁ
on U, NUg. Therefore, [; = I, as line bundles over C\ (Br(I;) UBr(I3)). This implies that [; = I,
as ramified Euclidean line bundles over C. [ |

Proof of Proposition 3.66. (1) is obvious.
As in the proof of Proposition 3.63, (2) reduces to proving that the Petri map @: A; ®
kerd!)' ® A, ® kerd,* — L'I'(C,V ® V') defined by

(51 ® 11,52 ® 1) (x) = 51(x) ® t1(x) + 55(x) ® ta2(x)

is injective. This is a consequence of Proposition 3.68 and Proposition 3.64.
The proof of (3) is similar to that of Proposition 3.63 (5) and, therefore, omitted. [ |

Set /' = W5 1 ./Vl(z) and v = vy, I Viz). The above discussion shows that v: #/ — & is
Fredholm of index at most —1 and 7|g\jm: &\imv — %  is injective.
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3.4.6 Failure of smoothness: construction of o

The crucial step in the proof of Theorem 3.40 is to establish that  is essentially proper; that is:
Definition 2.6 (2.b) holds. A naive hope might be that Theorem 3.43 implies outright properness.
Indeed: if (0,; [1n, An = (sn)]) € &N is such that (b,) € #'N converges to d., € 7/, then it can be
arranged that the sequence of pseudo-holomorphic cycles (T,,) corresponding to (s,) converges
to a Joo—holomorphic cycle T,,. This, however, does not imply that ([I,, A,]) converges to
[Teo, Aco] —unless: T, is smooth and 771 (de) = {[leo, Ao = (Sw0)]}. Fortunately, it is straight-
forward to describe when T, fails to be smooth or, equivalently, when the corresponding
Joo—holomorphic map ue: C — V fails to be an injective immersion.

Definition 3.69. Assume the situation of Proposition 3.33. Let b € Br(I). Set ];/2(V ®l) =

Vp ®c ];/2(1 ® C). Set {b} := 771(b). Denote by 7*: ];/Z(V Q1) =V, Q¢ T;‘é the isomorphism

induced by 7 (see Remark 3.35). The %—jet evaluation map at b is the linear map j;/ ?: kerd' —

];/Z(V ® 1) defined by

ﬂ*j;/z(s) = Jpu € V, ®c Té*é

with u: C — V denoting the J-holomorphic map corresponding to s (according to Section 3.3).
L]

Proposition 3.70. Let [ be a ramified Euclidean line bundle. Let s € kerd'. Letu: C — V be the
corresponding J—holomorphic map (according to Section 3.3). The following are equivalent:

(1) The map u: C — V is an injective immersion.
(2) The section s is nowhere vanishing in the following sense:

(a) Foreveryx € C, evye(s) =s(x) # 0.

(b) Foreveryb € Br(l), j;/z(s) #0.

Proof. The map u is injective if and only if (2.a) holds. Tzu # 0 for every x € C.Ifben! (Br(I)),
then Tyu = dju. Therefore, u is an immersion if and only only if (2.b) holds. ]

The failure of (2.a) is described by the following.
Proposition 3.71. Consider the fibre product & Xcont(c) @. The following hold:

(1) There are a vector bundle Hom(S,V ® £) — & Xconf(0) € and for every (b; [I, A];x) €
& Xconf(c) € (canonical) isomorphisms

N(o;LAx) Hom(S,V ® ﬂ)(b;[I,A];x) = Hom(A, V, ® I,).

(2) Hom(S,V ® £) — & Xconf(0) @ has a C' section ev such that

(ev(d; [LAL;x)) = U(_DI;I,A;x) (evy)

with evy, € Hom(A, Vy ® l,) defined by evy(s) == s(x).
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(3) ev(®d; [LR(s)],x) = 0 if and only if s(x) = 0.

(4) ev intersects the zero section transversely; in particular, S*°® = ev=1(0) is a Banach sub-
manifold.

(5) The projection map o%€: $¥€ — & is Fredholm of index

2—-rkV.

Proof. (1) and (2) are evident from the discussion in Section 3.4.3. (3) holds by construction.

To prove (4) it suffices to show that for (9, [I, R(s)], x) € ev™!(0) the map
eve: ker(WHT(C VD) @ CKT(X, 7 (V) = L2Q* (CVeI) - V, ® 1,

is surjective. Let k € {1,-- -, K}. By Proposition 3.57,

ker(WYT'(C,V®1) ® CKT(X, # (V) — L2Q*(C,V ® 1))

= ker(Wc’;}“r(é, Vel e T(X,%(V)) — wc’;fQOJ(é, vel).

The significance of the above is that WC];TLZF(CO’, Vel) — ck—lr(é, V ®1); hence, ev, is defined

on Wk+1’2F(C°‘, V ®I). By the Snake Lemma, it suffices to prove that the map L: Wk+1’2r(é, Ve
cyl ] cyl

)@ CKT(X, Z(V)) — wc’;fgo’l(c, V®l) @V ® I, defined by

L(3,a) = (05 + (a ®idy)s, §(x))

is surjective. Choose B C F(é, V ® 1) such that ev,: B — (V ® ), is an isomorphism. It
suffices to prove that the map

M: CKT(X, Z(V)) — coker(blwkﬂ,zz Bt — wc’;fgo’l(c", Vel) = (kerdly +2'(B))"

cyl

defined by
(M(a), t) = (t, (a ®idy)s)

is surjective. M is surjective, because the Petri map @: ker bz’; +d(B) — Llr(é, Ve vh
defined by @(t) = s ® t is injective.
(5) is obvious. [ |

The failure of (2.b) is described by the following.

Proposition 3.72. Consider the universal branch points
P = {(B,b) € Conf(C) xC : b € B}.

Consider the fibre product & Xcont(c) B. The following hold:

32



(1) There are a vector bundle Hom(S, J1/2(VeQ)) — &Xconf(c) B and for every (b; [, A]; b) €
& Xconf(c) P (canonical) isomorphisms

Noaap : Hom(S, J'/*(V © 2) ypiage) = Hom(A, J,/*(V @1)).

(2) Hom(S, JY/2(V ® 8)) — & Xcont(C) B has a C' section j? such that

(203 [L AL D)) = Ny ey Uy -

(3) jY%(d; [, R(s)],b) = 0 if and only ifj;/2 (s) =0.

(4) j'/? intersects the zero section transversely; in particular, S® = (j'/2)~1(0) is a Banach
submanifold.

(5) The projection map o : 8B — & is Fredholm of index

- I‘kc V.

Proof. The crucial point is to extend j;/z from ker d' to Wl’zr(é, V ®1). By Remark 3.35 (2) and
Remark 3.48, (J, 1/2(1 ® C))®% = T, C and Ry (1) = (J, 1/2(1 ® C))*. Therefore,

T (1@ C) = Ry(1) ®c T, C.

Let { € C*(C,C) with {~ 1(0) = {b}, To{ # 0, and 9| < |{]. Since WLT(CV @ 1) —
rLz(C V ®]l), for every s € Wt 2F(C V®l), " 's € dom(d. . ); moreover: if s € ker d', then

Resp({™'s) @c 9l = j, " (s).

This provides the extension of j;/ 2
The remainder of the proof is analogous to that of that of Proposition 3.71 and, therefore,
omitted. ]

Set & = SR [ §B and o := 688 I ¢®'. The above discussion shows that 0: & — & is
Fredholm of index at most —1.

3.4.7 Proofs of Theorem 3.40 and Theorem 3.41

Here is the final ingredient for the proofs.
Proposition 3.73. The map

7%\ (im wime) : E\(imv Uimo) — FR(V)\(im(x o v) Uim(rx o o))

is proper.
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Proof. Let (dp; [Ln, An = (su)]) € (&\(imv U imo))N. Suppose that (d,) converges to D, €
ER(V)\(im(r o v) Uim(r 0 0)). Set (Doo; [loos An = {Se0)]) = 771 (Deo). For n € NU {oo} set
Jn =, and denote by u,,: C, — V the Jn—holomorphic map corresponding to s,, normalised
such that
max p2 ou, = 1.
Cn

As in the proof of Proposition 3.42, after passing to a subsequence, (T, = T,,,) converges to
a Jo—holomorphic cycle T, in the weak—+—topology. By injectivity, T, = T,,_..

Since u, (n € N U {oo}) is an injective immersion, it follows from [DIW21, Corollary 2.29]
that (u,) converges to u.; therefore, ([I,, A,]) converges to (I, Ax). (The proof of [DIW21,
Corollary 2.29] itself relies crucially on an observation due to White [Whios] regarding a simple
version of Allard’s Regularity Theorem [All72].) [ |

Proof of Theorem 3.40. This is an immediate consequence of the above discussion. ]

Proof of Theorem 3.41. The proof is nearly identical to that of Theorem 3.40. The constructions
of 7, v, and o have to be adapted sightly to account for the y-self-adjointness; cf. [DW23b, §1.A].
As a result of this index formula in Proposition 3.63 (5) changes to

(2—d-rkCV)-#Br(I)—(d;’l). n

Remark 3.74. The astute reader may have noticed that for most of section the restriction to
k-rigidity with k = 2 was unnecessary. Here is why this restriction was made. For k > 2 the
translation between the perspectives laid out in Section 3.3 becomes more subtle. In particular,
if € is a higher rank branched local system, then s € ker ®* does not directly correspond to a
J-holomorphic map : C — V;cf. [DW23b, §15]. Asa consequence of this, evidence of the
failure of k-rigidity in the form of a J-holomorphic map u: C — V no longer typically is an
injective immersion (except for rather small k and/or under additional hypothesis). This breaks
the above proof strategy.

Nevertheless, the restriction to k = 2 may not be necessary. Moreover, the use of Allard’s
Regularity Theorem and the perspective of J-holomorphic maps u: C — V might well be red
herring. Roughly speaking, the above argument proceeds as follows. Equip & with a topology
that is coarser than the one discussed in Section 3.4.3. The coarse topology on & allows for the
branch locus of the Euclidean local system [ to jump. This is an essential ingredient to prove that
the coarse topology has better compactness properties. The existence of a non-zero s € ker d'
tames [. A typical s € kerd' vanishes only where geometry forces it to. As a consequence,
typical sequences with typical limits in the coarse topology converge in the fine topology. Its
possible that this strategy extends to branched local systems £ of higher rank, provided an
appropriate extension of the coarser topology to this situation is found. &

4 Chambered invariants from blow-ups

Let C be a closed connected Riemann surface. Let V be a complex vector bundle over C with

tkeV=2 and 2degV+rkcV - y(C) =0.
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This section constructs a chambered invariant
ng € H(ER(V)\W; Z[[x]])

by counting J-holomorphic sections of g: Opy(—2) — C, the blow-up of the C?/{+1}-bundle
p: V/{£1} — C, with respect to an admissible almost complex structure on Opy (—2) which is
homogeneous near infinity and, therefore, induces a real Cauchy-Riemann operator on V.

The construction of ng| is reminiscent of the construction in [MS12, §8.6]. In fact, various
aspects are simpler in the present situation. However, a substantial novel complication arises
because Opy (—2) is non-compact: sequences of J-holomorphic sections might escape to infinity.
A combination of geometric measure theory (again) and a twist on Radé’s theorem in complex
analysis are used to prove that this phenomenon can only occur if the real Cauchy-Riemann
operator associated with J fails to be 2-rigid.

4.1 The blow-up: Opy(-2)

Here is a summary of the construction of the blow-up of p: V/{x1} — C, and some of its
properties relevant to the further discussion.

Definition 4.1. The blow-up of p: V/{+1} — C is constructed as follows:
(1) The projectivisation of V is the CP'-bundle
@: PV =V*/C* = C.

Here V* := V\0 and C* acts with weight 1.

(2) Consider the complex line bundle
¢: Opy(-2) = (V*xC)/C* - PV
with C* acting with weight (1, —2). The blow-up of p: V/{£1} — C is the fibre bundle
q=oog¢: Opy(-2) — C.

(3) The blow-down map is the continuous map f: Opy(—2) — V/{x1} defined by

([0 A]) = [£V2o]. .

Of course, the blow-down map f satisfies g = p o f8, and induces a diffeomorphism
Opy (=2)™ = Opy (=2)\0 = V*/{x1}.
This shall be regarded as an identification.

IfI € #,(V) is C*—invariant, then it is integrable, and descends to a complex structure |
on V*/{+1}; moreover: I extends to a complex structure I on Gpy(=2). (If J € % (V) is not
C*-invariant, then J does not extend from V*/{%1} to Opy (-2).)

Choose a Hermitian metric on V. Define p? € C®(V) by p?(v) = |v|%. Denote the induced
smooth maps on V*/{+1} and Opy (—2) by p? and p? respectively.
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Proposition 4.2. The complex fibre bundle q: Opy(—2) — C admits the following family of
fibrewise Kdhler forms:

(1) Lett > 0. Define f € C*(Rsy) by
fi(u) = Vu2 + t* + t* logu — t* log(Vu? + t* + t%)

and set .
Qpp = —2dld(fi 0 p%) 0 1] € Q*(V7).

Qr; is {+1}—invariant and descends to Qp, € Q*(V*/{x}); moreover: Q1 extends to a
closed 2—form
Qrs € Q*(Opv(-2)).

(2) (a) Foreveryt > 0, Qp, is a fiberwise Kiihler form with respect to I; that is: for every
x € C, Qrtl|opy, (~2) is a Kdhler form with respect to I|py, (~2); moreover: Qp|py, is a
positive multiple of the Fubini—Study form on PV,.

(b) Qi is a fibrewise Kdhler form with respect to I on V*; moreover: the fibrewise Kéhler
metric is the one induced by the Hermitian metricon V.

(3) Foreveryt > 0 andR > 0,
R?-R*Qr; = Qry/r-

Proof. (1) and (2.a) are verified by straight-forward computations. Indeed, this is nothing but (a
family version of) the construction due to Eguchi and Hanson [EH79]; cf. [Lye23].
(2.b) and (3) are obvious. [

Here are two observations regarding the topology of Opy (—2), which are required in the
following.

Proposition 4.3. The vertical tangent bundle T Opy (-2) = ker Tq C TOpy (—2) satisfies
c1 (T Opy (-2)) = q"c1 (V).

Proof. Since
¢ Opy (=2) — TV Opy(-2) » TPV

is exact,
c1(TV" Opy (=2)) = ¢ (c1(T"PV) — 2¢1(Opy (1))).

Since the (relative) Euler sequence
Opy — Opy (1) Q¢ @'V = TPV

is exact,
c1 (TY*™PV) = rkc V - ¢1(Opy (1)) + @ c1 (V).

Since rkc V' = 2, these combine to prove the assertion. ]
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Proposition 4.4. Ifs: C — Opy(-2) isasection ofq: Opy(—2) — C, thens.[C] € Hyo(Opy (-2);Z)
is determined by the degree

deg(s) = (s¢"c1(Opv (1)), [C]) € Z;

indeed:
$«[C] =S+ (degV +deg(s)) - F € Hy(PV;Z) = Hy(Opy (—2); Z)

with S := PD[c;(Opy(1))] and F denoting the homology class of a fibre of PV.
Proof. Hy(PV;Z) = (S, F) with
S:S=—-degV, S-F=1, and F-F=0.

Since
s«[C] - S =deg(s) and s.[C]-F=1,

the assertion follows. [}

Remark 4.5. Let s: C — Opy(—2) be a section of q. Define 7 : C—-C by the pullback diagram

T ,C

<

— V/{x1}.

If s is transverse to PV C Opy (—2), then 7: C — C is a double cover branched over s~!(PV).
Therefore, by the Riemann-Hurwitz formula,

g9(C) =29(C) =1+ s (PV)].

If, moreover, s intersects PV positively, then |s™!(PV)| = deg(s). In this sense, deg(s) relates to
the genus of C. *

4.2 Admissible almost complex structures on Opy (—2)

Here is a description of the subspace of # (Opy (—2)), the space of CX almost complex structures
on Opy (—2) employed in the construction of ng).

Proposition 4.6. Let wc be a Kdhler form on C. There are a subspace fy(Opy (—2)) C F (Opy (-2)),
the structure of a Banach manifold on %y (Opy(—2)), and a submersion

Do S (Opv(-2)) > CR(V)
such that the following hold:
(1) Every ] € Jo(Opy(-2)) is admissible; that is: the following hold:

(@) The map q: Opy(—2) — C is J—holomorphic.
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(b) Ifd = b (J), then
TJ=h on {p*>1}={p"> 1} C Opy(-2)* = V*/{x1}.
(c) Thereisa A = A(J) > 0 such that for every R > 0 the restriction of
Q;, + A1 +R%) - q*we

to {p? < 2R*} C Opy(—2) is symplectic and tames J. Here I = J; with d denoting the
Dolbeault operator induced by d.

(2) Foreveryd € €R(V), d 1 (D) is contractible; in particular: non-empty.
(3) Forevery] € Fy(Opy(-2)) thereisane = e(J) > 0 such that if
a € B;(0) € CKT(Gpy (2), Endc(TOpy (-2), )
satisfies Tq o a = 0 and vanishes on {p? > 1} C Opy(-2), then
J(@) = (1+3Ja)J(1+3]a) " € Fo(Opv(-2));
moreover: a +— J(a) is smooth.

Proof. Letd € €R(V). Denote by 9 the Dolbeault operator induced by d. Set I := J; and a = J;.
Let y € C*([0, 00),0) with x|[o1/2] = 0 and y|[1,c0) = 1. The almost complex structure

J=I+(xop?) - a

is {#1}-invariant, and ]v;( extends to an almost complex structure j;( on Opy (-2).

By construction, ]N;( satisfies (1.a) and (1.b) with De, (]N;( ) := d. Moreover, it satisfies (1.c);
indeed: for A >y 1,

[Qf,l +A(1 +p2) : q*wc] (U,]N;(z)) >0

for every non-zero v € TOpy (—2); cf. [DW21a, Proof of Lemma 3.6 (5)].
Evidently, for ¢ <; 1 and a as in (3), ];( (a) satisfies (1). The choice of ¢ = £(b) can be
arranged to depend continuously on d € €% (V). Set

Jo(Opy(-2)) = {j;((a) D €ECA(V),aasin(3) withe =¢(d)}

and define b ( j;( (a)) = 0. There is an obvious Banach manifold structure on % (Opy (—2))
with respect to which the above assertions hold. ]

For the remainder of this section choose an incarnation of Do : Fo (Opy (—2)) — CR(V) as
in Proposition 4.6.
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4.3 The space of pseudo-holomorphic sections

Set

Fo(Opv (=2))" = Ju(Opv (=2)\D ().
The chambered invariant ng; is extracted from the following space of pseudo-holomorphic
sections.

Proposition 4.7. Let p > 2. Denote by B = WHT(C, Opy (—2)) the Banach manifold of WP sec-
tions of the fibre bundle q: Opy(—2) — C. Denote by & — 4 (Opy(—2))* X % the Banach space
bundle whose fibre over (J,s) € JFy(Opy(=2))*R is LPQY1(C, s* TV Opy (-2)). The following
hold:

(1) The section 0 of & defined by d(J,s) = 9d;s intersects the zero section transversely; in
particular, # = 3(0) is a Banach submanifold.

(2) The map w: d~1(0) — Fo(Opy(-2))* is Fredholm of index 0.

Proof. If (J,s) € 871(0), then im s must intersect {p? < 1} C Opy(-2); otherwise: s defines a
Jo—holomorphic section of V*/{£1} for d = de(J), contradicting J, ¢ % . Therefore and by
Proposition 4.6 (3), the transversality argument from the proof of [MS12, Theorem 8.3.1] carries
over to prove (1).
The Snake Lemma implies that index T} s agrees with the index of a real Cauchy-Riemann
operator
b: WHT(C, s* T " Opy (-2)) — L2Q%(C, s* T "' Opy (-2)).

By Riemann-Roch and Proposition 4.3, and since rke TV Opy (—2) = rkc V = 2 and 2deg V +
tke V- x(C) =0,

index d = 2deg(s* TV Op(—2)) + rkc V - x(C)
=2(rkc V —2) - deg(s) = 0.
This proves (2). [
The index bundle of 7: # — F¢(Opy(—2))* is oriented in the standard fashion; cf. [MSiz2,
Theorem 8.3.1].
4.4 (m,deg) is essentially proper

Proposition 4.8. There are a Banach manifold 8 and a Fredholm map o: & — JFo(Opy(—2))* of
index at most —2 such that

(r,deg): M\x"'(imo) — (Fu(Opy(-2))*\imo) X Z

is proper.
There are two potential source of non-properness of (7, deg): the formation of bubbles and
the non-compactness of Opy (—2). Here is how to deal with the former.
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Proposition 4.9. Define max p*: . — [0, c0) by max p*(s) = maxc p? o s. There are a Banach
manifold 8§ and a Fredholm map o: & — f¢(Opy(—2))* of index at most —2 such that

(7, deg, max p?): M \x"'(im o) — (Fw(Opy(—2))*\imo) X Z X [0, c0)
is proper.

Proof. Letd € Zand R > 0. Let (J,, sn) € AN with J, — Je, degs, = d and maxc p? os < R.
By Proposition 4.6 (1.c), for every n € N U {oo} there is a symplectic form o, taming J, on
{p? < R} C Opy(-2) with w, — . Therefore, by Gromov compactness, a subsequence of
(sn) converges (a priori) to a stable nodal J.,—holomorphic map

Seo V \/ by: CV \/ CP! = Opy(-2).

aeT aeT

Here s is a Jo—holomorphic section of q: Opy(—2) — C, and every bubble b, of the bubble
tree T maps into a fibre of q.

The appearance of a non-trivial bubble tree is a codimension two phenomenon. This is a
consequence of the discussion in [MS12, §8.4 and §8.5]. The salient point is that the existence of a
(simple) J-holomorphic sphere in a fibre of g is a codimension zero phenomenon and, therefore,
such a sphere intersecting a J-holomorphic section of q is a codimension two phenomenon. =

Proposition 4.10. Letd € Z. If (J, sn) € M withdegs, =d and J,, — ], then

supmax p% o s, < oo,
neN

Proof. If not, then, after passing to a subsequence,
R: = méaxﬁz oSy — 0.

The following five steps lead to a contradiction.

Step 1. There is a proper jy—holomorphic mapu: C* — V*/{x1} satisfying

%2
[e] =
rré:ix prou=1

and such that, after passing to a subsequence, for every a € Q2(V*/{£1})

n—oo

/ ua=lim [ si(R,")a
CX
For every n € N, T, € Hom(QZ(V*/{%1}),R) defined by
Ta(a) = / sp(Ry)
C

is a (Ry)«Jn—holomorphic cycle in V* /{£1}.
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By Proposition 4.6 (1.c), for A > 1, n € N,
wn = RPRL[Q; |+ A(1+R) - g wc]

is symplectic and tames (R,).J, on {p? < 2} C Opy(—2). By Proposition 4.6 (1.b), (Ry)«Jn
converges to J, with d := D (Joo) on compact subsets of V*/{£1}. By Proposition 4.2 (2.b) and
(3), w,, converges to a symplectic form we on compact subsets of {? < 2}; moreover: w. tames
]},. Since

sup M(T,,) < sup/ sE (R wn < oo,
neN neNJC

by Theorem 3.43, after passing to a subsequence, (T,) converges to a jy—holomorphic cycle
T € Hom(QZ(V*/{£1}),R).

Since maxgpp 7, P> = 1, by the monotonicity formula [DW21a, Lemma 5.6], maxgupp 7 p* = 1.
The assertion follows from Theorem 3.25.

Step 2. The holomorphic map 1= pou: C* — C is open.

Since ¢ is holomorphic, if its fails to be open, then it is constant on a component of C*.
Therefore, by Step 1, u exhibits a bounded proper holomorphic map from this component to
C?/{+1}. This contradicts the maximum principle.

Step 3. The holomorphic map 1= p ou: C* — C is an embedding; in particular: 1 identifies C*
with the open subset im: C C.

By Step 2, 1: C* — im is a finite branched covering map. If z € im is not a branch point,
then it admits an open neighborhood U C im such that :: 1~!(U) — U is a covering map and
K =171(U) c V*/{£1} is compact. Choose 1 € Q2(U) with fU n=1and y € CX(V*/{x1})
with y|x = 1. By Step 1 and since s, is a section of g,

deg, 1 = / wptn = /C w(x-pm)=T(x-p'n)
—lim [ SR (-5 = lim / SR T
n—oo C n—oo C

:/77:1,
C

Therefore, deg: = 1 and : is an embedding.

Step 4. The map p? ou: C* — (0, 1] extends to a continuous function C — [0, 0] vanishing on
B:=C\C*.

Since u is proper, for every ¢ > 0, K, = {p? ou > e} c C* C C is compact; hence:
BU {p?ou < e} = C\K, is open.

Step 5. ® fails to be 2—rigid: the desired contradiction.
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Set B := C\C*. By the discussion in Section 3.3, u defines a Euclidean line bundle [ over
C\B and a non-zero s € kerd'. If B was finite, then [ is (or extends to) a ramified Euclidean
line bundle over C; therefore: d fails to be 2-rigid. Indeed, B is finite because |s| extends to a
continuous map on C vanishing on B. This is proved as Proposition 4.11 below. ]

Proof of Proposition 4.8. This is an immediate consequence of Proposition 4.9 and Proposi-
tion 4.10. [ |

4.5 A twist on Radd’s theorem

Proposition 4.11. Let ® be a real Cauchy—Riemann operator on'V. Let B C C be a closed subset.
Let | — C\B be a Euclidean line bundle. If s € T(C\B,V ® ) is non-vanishing, satisfies d's = 0,
and |s| extends to a continuous map on C vanishing on B, then B is finite.

Since no a priori control on the size of B is assumed, this cannot be derived via the usual
removable singularity methods (at least those known to the authors). Instead, the proof relies
on the following classical result in complex analysis.

Theorem 4.12 (Rad6 [Rad24], Behnke and Stein [BS51, Satz 1], Cartan [Cars2]; [Heis6; Rud87,
Theorem 12.14]). Let C be a Riemann surface. If f: C — C is a continuous map which is
holomorphic on C\f~1(0), then f is holomorphic. ]

Proof of Proposition 4.11. If ® = 9 is a Dolbeault operator, then s ®: s € T'(C\B,V ®c V) is
holomorphic, and extends to a continuous section of V ®¢ V vanishing on B. By Theorem 4.12,
s ®c s is holomorphic. Therefore, |s|~1(0) = (s ®c s)1(0) is finite.

If d is a real Cauchy-Riemann operator, then the assertion follows from the above and the
Carleman similarity principle [MS12, §2.3]. Decompose d = 9 + a as in Remark 3.2 and define
d € L*(C,Homc(V,V ®c K¢)) by

a(x) = {as -|s|7*(s,-) ifx ¢ B,

if x € B.

By construction (3 + @)'s = 0. Let p > 2. By [MSi12, Step 3 in the proof of Theorem 2.3.5], for
every x € C there are § > 0 and a g € W' (Bs(x),Endc(V)) satisfying g(d + @)g~! = 9; in
particular: 8'(gs) = 0.

Therefore, |s|~1(0) D B is discrete; hence: finite. [ |

4.6 Construction of ng;

The construction of ng is now straight-forward; cf. Example 2.2. By Proposition 4.7 and
Proposition 4.9, if ] € Zy(Opy(—2))\d'(7) is a regular value of 7 and J ¢ im o, then for
everyd € Z

M (], d) = (7, deg) " (J,d)

is a compact oriented 0-manifold. By Sard—Smale, the subset of these J is comeager. Also by
Proposition 4.7, Proposition 4.9, and Sard—Smale, the oriented bordism class

[Mr1(J,d)] € Q°
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only depends of the path-component of .y (Opy (—2))\Deo (7). Since Q3© = Z, therefore, there
is an invariant
n1 € H(Jo (Opy (=2))\0oo (7); Z[ [x]])
with
() = ) #l(J,d) - x%,

dEN()

Since D, has path-connected fibres,
by, H(GR(V\7Z[[x]]) — H(Fw (Gpy (-2)\0 () Z[[x]])

is an isomorphism. Therefore, ng| descends to the desired ng;.
Remark 4.13. If d € —N, then [.#g;(J,d)] = 0. This can be proved by a suitable choice of J. &

Remark 4.14. There is a variant of the above construction for rkc V > 2. The essential difference
is that sz in Proposition 4.7 (2) is Fredholm of index 2(rk¢c V—-2)-deg(s) at (J, d). As a consequence,
the variant of np) is constructed using .#g;(J, 0) only and, therefore, Z-valued. )

5 Chambered invariants from gauge theory

This section constructs chambered invariants of real Cauchy—-Riemann operators by counting
solutions to the quaternionic vortex equations: gauge-theoretic equations on Riemann sur-
faces associated with quaternionic representations. These equations arise from a dimensional
reduction of generalized Seiberg-Witten equations introduced in [Taugg; Pido4] and studied in
[Tau13a; Taui6; HW15; DW20; DW21b; WZ21].

We focus on the (r, k) ADHM vortex equations associated with the quaternionic represen-
tations appearing in the ADHM construction of instantons on R*. Non-compactness phenomena
for the (r, k) = (2,1) and (r, k) = (1, 2) versions of the equations are closely related to 2-rigidity
of real Cauchy—-Riemann operators. These equations are used to construct chambered invariants
from Theorem 1.3 and Theorem 1.4.

5.1 Quaternionic vortex equations

Definition 5.1. Let G be a compact connected Lie group. Let V a quaternionic vector space
equipped with a Euclidean inner product with respect to which unit quaternions act by isometries.
Denote by Sp(V) the group of quaternion-linear isometries of V. A quaternionic representation
of G on V is a homomorphism p: G — Sp(V). .

Let g be the Lie algebra of G. By abuse of notation we denote the action of g on V by p.
Choose a G-invariant inner product of g.

Definition 5.2. Let p: G — Sp(V) be a quaternionic representation. Define moment maps
His Hjs Hi V- g by

(ki(9), &) = (ip(£)4. 4),
i (). &) = (ip(5)¢. $),
(1 (9), &) = (kp(£) ¢, $)
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for all € V and & € g. The Sp(1)—equivariant hyperkihler moment map is
p= (i o i) : V— g ® R,
The hyperkihler quotient of V by G is the hyperkéhler variety defined by
X = p~1(0)/G. o

The complex structures i, j, k and the Euclidean metric induce three non-degenerate 2—forms
wj, Wj, W, on V. From now on, we think of V as a complex vector space with a distinguished
complex structure given by multiplication by i. The remaining complex structures j and k are
equivalent to an i-bilinear 2-form

Q=w;+iowg.

With respect to the splitting R* =R & C,
M= HR ® pc

where pr = y; is the real moment map and pc = p; + iy is the complex moment map. The
latter is the moment map for the action of the complex group G¢ on the complex symplectic
vector space (V, i, Q).

In what follows, consider the following situation.

Hypothesis 5.3. Let p: G — Sp(V) be a quaternionic representation. Assume that the center of G
contains a subgroup isomorphic to {1} such that p(-1) = —id.

In the situation of Hypothesis 5.3, let
Spin“(2) = Spin(2) X (1} G,
so that p extends to a unitary representation
p: Spin©(2) — U(V)

by

p([A gl)v = Ap(g)o.
We have isomorphisms Spin(2) = U(1) and SO(2) = U(1) under which Spin(2) — SO(2)
is given by z > z%. Let L = C be the standard representation of U(1), so that the induced
representation of Spin(2) is L. The maps Q and pc are Spin®(2)-equivariant maps

§2:A2CV—>L2 and pc:V — L* ®c ¢°.

Let C be a surface equipped with a Riemannian metric. Let w — C be a principal Spin©(2)
bundle together with an isomorphism of the frame bundle of K¢, the canonical bundle of C,
with the principal U(1) bundle induced by w and homomorphism Spin®(2) — U(1). Denote by
P the G/{+1}-principal bundle associated with w and the projection Spin®(2) — G/{+1}. Let

V =W XSpinG(Z) V
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be the associated vector bundle with complex structure induced by i. The algebraic structures
associated with p gives rise to the following bundle structures: the real and complex moment
maps

pr: V—> AdP and puc:V — Ke ®c Ad P,

where Ad P¢ is the complexification of Ad P, and the complex symplectic form
Q: ALV - Ko,

which induces an isomorphism y: V = VI = V* ®c K¢ as in Section 3.1.

For every connection A on P there is a unique connection on w such that the induced
connections on K¢ and P are the Levi-Civita connection and A. Thus, for every A we have the
induced Cauchy-Riemann operator

da: T(V) - Q% (C,V).
This operator is self-adjoint with respect to Q in the sense of Definition 3.8:
af _ 3
9y =9y
or equivalently
/ Q(IDAY) = / Q(® A 0aY) forall®, ¥ e T(V).
c c
Definition 5.4. The quaternionic vortex equation for a connection A on P and a section
Y eTl(V)is
A¥ =0,
(5:5) pe(¥) =0,
Fa+#pr(¥) =0.

Let &/ (P) be the space of connections on P. The gauge group & (P) of P acts on &/ (P) X T'(V)
preserving the quaternionic vortex equations. .

Remark 5.6. Solutions to the quaternionic vortex equations are critical points of a holomorphic
functional on &f (P) XT'(V). The space of connections & (P) is an affine space over Q!(C, Ad P) =
Q%1(C, Ad Pc) where Pc is the complexification of P. This makes the configuration space
& (P) x T'(V) into an infinite-dimensional Kdhler manifold with a Hamiltonian action of the
gauge group & (P). The moment map for this action is
m: o (P) xT(V) — T'(AdP),
m(A, \P) =xFs+ ,LIR(‘I’)
We also have the action of the complex gauge group &¢(P) which preserves the complex

structure but not the symplectic form on &/(P) X I'(V). The holomorphic Chern-Simons
functional

F . (P)xT(V) - C,

F(A V) = /CQ(éA‘If AF)
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is invariant under the action of €¢(P). The equation for critical points is

o4¥ =0,
pe(¥) = 0.

Therefore, the quaternionic vortex equation can be interpreted as the critical point equation for
F , together with the moment map equation m(A, ¥) = 0. The Hitchin-Kobayashi correspon-
dence implies that the & (P) orbits of solutions correspond to &¢(P) orbits of solutions to the
critical point equation satisfying an appropriate stability condition. *

5.2 Generalizations

The main results on counting solutions to quaternionic vortex equations Theorem 5.35 and
Theorem 5.45, concern certain modifications to these equations. The first modification is to
allow what physicists refer to as flavor symmetry.

Hypothesis 5.7. Let H be a compact Lie group. Assume that G is a normal subgroup of H and that
p: G — Sp(V) extends to a quaternionic representation p: H — Sp(V) satisfying Hypothesis 5.3.

In this situation, G is called the gauge symmetry group and I = H/G the flavor symmetry
group. As before, extend p: H — Sp(V) to a unitary representation

p: Spin’(2) — U(V).

Let w — C be a principal Spin'?(2) bundle together with an isomorphism between the frame
bundle of K¢ and the principal U(1) bundle induced by w and homomorphism Spin'?(2) — U(1).
Define

V=w xSpinH(z) V.

We have a short exact sequence

(5.8) 1 G H I 1

so that w induces a principal I-bundle Q — C. Fix a connection on Q. If H = G X [ is a
product, then there is a G/{*1} principal bundle P — C associated with w. In that case, given
a connection A € o/ (P), there is a unique connection on w which induces A on P, the fixed
connection on I, and the Levi—Civita connection on K¢. This connection induces a twisted
Dolbeault operator

da: T(V) = Q% (C, V),

and we can consider the quaternionic vortex equation (5.5) with respect to this operator.

In general, if (5.8) does not split, such a bundle P might not exist. However, we can still
consider the space of Spin'!(2) connections on w which induce the given connection on Q
and the Levi-Civita connection on Kc. By abuse of notation, denote this space by &/ (P) as
before. Moreover, the associated bundle of Lie algebras Ad(P) and the group of G—gauge
transformations & (P) still exist. With this adjustment of notation, we define d4 and consider
(5.5) in the general case.
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The second modification is to allow zeroth order perturbations of the Cauchy-Riemann
operator. For the discussion of compactness, it is important to restrict ourselves to perturbations
which are compatible with the hyperkéhler quotient construction.

Definition 5.9. Let # (V, y) be the vector spaces modeling the affine space of y—self-adjoint
real Cauchy—-Riemann operators on V, see Proposition 3.9. Denote by #Z'(V, p) € # (V,y) the
subbundle of those a € Z'(V, y) which commute with G-automorphisms of V and for every
® € V with p(®) =0,

a® € kerdgp N (p(g)®)".

A homogeneous perturbaton is a section Y € I'(#(V, p)). Given such Y, define
éA,Y = éA +7: F(V) - QO’I(C,V)_ °

Remark 5.10. We can interpret elements of 7 (V, p) as linear vector fields on V which descend
to a vector field on the hyperkihler quotient z~1(0)/G. *

Remark 5.11. In the situation of Hypothesis 5.7, varying the I-connection on the flavor symmetry
bundle Q can be incorporated into a homogeneous perturbation. &

The third modification is to allow inhomogeneous perturbations. As in classical Seiberg-
Witten theory, such perturbations are useful for ruling out reducible solutions

Definition 5.12. An inhomogeneous perturbation is a pair = (5¢, yr) where
(1) ne: A(P) xT(V) = QL(C, Ad Pc) is an & (P)-equivariant map satisfying
da(nc(A¥)) =0,

(2) nr: 4 (P) xT(V) = Q%C, Ad P) is an &(P)-equivariant map,

such that the linearizations of 1 and 7 are pseudo-differential operators of order zero. °

For example, ¢ and g can be holonomy perturbations, or can be independent of (A, ¥)
and take values in the center of g.
Definition 5.13. Assume Hypothesis 5.3 and Hypothesis 5.7. Fix a Riemannian metric on C and a
connection on the flavor symmetry bundle Q. Let Y and 1 be homogeneous and inhomogeneous
perturbations. The (Y, )—pertubed quaternionic vortex equation for A € &/ (P) and ¥ € T'(V)
is

dax¥ =0,
(5.14) pe(¥) = nc(A,Y),
#Fa + pr(¥) = nr(A, P).

[ ]

Remark 5.15. The assumptions that Y is y—self-adjoint and 7c satisfies danc = 0 are technical
and probably not necessary. However, without these assumptions (5.14) has to be replaced by
more general equations (5.18) to make the equations elliptic, see Proposition 5.19 below. It is
likely that compactness theory for generalized Seiberg-Witten equations can be extended to
(5.18) but we will not consider this question here. *
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5.3 Moduli spaces of quaternionic vortices

Definition 5.16. In the situation of Definition 5.13, the moduli space of (Y, 7)-perturbed quater-
nionic vortices is

M(Y,n) = {(A,¥) € A (P)xT(V) : (A ¥) satisfies (5.14)} /€ (P).

Equip . (Y, ) with the topology of C* convergence. .

Remark 5.17. In practice, it is convenient to consider perturbations Y, ng, 5c of lower regularity.
In that case, we consider solutions to (5.14) of lower regularity, such as CX for some K € N, and
equip the moduli space with the CX topology. *

Equation (5.14) arises from gauge theory over the 3-manifold C x S! (this is explained in
Appendix D). Therefore, deformation theory of solutions to (5.14) should be controlled by an
elliptic complex of index zero. The first and third equation in (5.14) already form an elliptic
system modulo gauge. However, the index of the linearization of this elliptic is not zero. To
obtain correct deformation theory with index zero, introduce the following extension of (5.14).
Denote by

7: Vo VecKkp:

the complex anti-linear map obtained by composing y: V — V* ®c K¢ with the anti-linear
isomorphism V*®c Kc — V®c K. given by the Hermitian inner product. Consider the following
equations for a triple (A, ¥, {) where { € I'(Ad Pc):

(Gax +7(p(H)¥) =0,
(5.18) ¢ + pc(¥) = nc(A,9),
*FA + yR(\F) = I]R(A, \P)

The next proposition, which follows from a standard calculation in Seiberg-Witten theory, see
Proposition D.4, shows that the additional field { can be ignored.

Proposition 5.19. If (A, ¥, {) is a solution to (5.18), then
04 =0 and p()¥ =0.

In particular, if the stabilizer of (A, ¥) in & is trivial, then { = 0.

By linearizing (5.18) at (A, ¥, 0) modulo the action of & (P), we associate with the solution
an elliptic deformation complex:

Q°(AdP) —— Q°(AdPC) ® QY (AdP) ® (V) —— Q?(AdP) @ Q*(AdP¢) @ Q*1(V).
We have real isomorphisms
Q%(C,C) = QY(C,R) and Q°%C,C) = Q°C,R) ® Q*(C,R),
with respect to which the map

d+d*: Q' (C,R) — Q°(C,R) ® Q*(C,R)
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is identified with

*: Q% (c,c) —» Q°C, ).
We also use the real isomorphism y: T'(V) = Q%!(V). Under these identifications, the operator
associated with the deformation complex is

Lay: Q" (AdPc) ®T(V) — Q" (AdPc) ® T(V),
3_A + 3_2 r\;
Iy 7 'oax

Law = ( ) +Tawn

where Q% = Q° @ Q%! the map Ty: Q**(Ad Pc) — V is defined by
Ly(é+a) = p(O)Y +7 ' (p(a)¥) forée AdPc and ac K; ® Ad Pc,

and Ty 7 is the derivative of (A, ¥) at (A, ¥). The operator L4 v is a compact perturbation of
the self-adjoint elliptic operator

éA + é:‘ 0
0 )_/_la_A,r )
Therefore, Ly is elliptic and index(L4 y) = 0.

Remark 5.20. An alternative way to obtain the deformation operator is to consider the equation
for citical points of the complex Chern—Simons functional modulo the complex gauge group
©C(P). (We assume here that Y is C-linear so that the complex Chern-Simons functional is
©C(P)-invariant.) A finite-dimensional analog is the deformation complex associated with
a critical point of a holomorphic Morse function invariant under the action of a complex Lie
group. From this point of view, the deformation complex is

Q°(AdPc) —— QU1 (AdPc) @ T(V) —— QM0(AdPc) & Q% (V) —— QLI(AdPe).

The first map is the linearization of the €¢(P) action, the second map is the linearization of the
equation with a complex co-gauge condition, and the remaining two maps are complex dual to
the first two over C. Observe that Q0 is dual to Q®! and Q° is dual to Q%! using the wedge
product and integration, and similarly Q%!(V) is dual to I'(V) by the pairing

aecQ"(V), Bel(V)m / Q(a A P).
b

With respect to these identifications, the above complex is self-dual over C. Under the isomor-
phisms

Q%AdP) ® Q*(AdP) = Q°(AdPc), QYAdP) = Q*(AdPc), T(V) = Q%(V)

the operator associated with the above complex agrees with L y. &

The following is a standard application of the implicit function theorem and the existence
of slices for the action of the gauge group.

Definition 5.21. A solution (A, ¥) to (5.14) is irreducible if the stabilizer of (A, ¥) in & is trivial,
and unobstructed if coker Ly y = {0}) (equivalently, ker L4 v = {0}). °
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Proposition 5.22. Let (A, V) be a solution to (5.14) and let G4y be the stabilizer of (A, ¥) in G(P).
The operator Lay is Ga w—equivariant and there exist

(1) an open neighborhood U of [A, Y] in A (Y, 1),
(2) a Gaw—equivariant open neihborhood U of 0 in ker L4y,
(3) a Gay—equivariant smooth mapk: U — U

such that U is homeomorphic tok™'(0)/Ga . In particular, if every [A, ¥] € 4 (Y, n) is irreducible
and unobstructed, then 4 (Y, n) is a discrete space.

The determinant line bundle of the family of operators Ly y over &/ (P) X T'(V) is & (P)-
equivariantly trivial because the & (P)-equivariant homotopy

éA + (’;Z tI“\;‘,

tly )_/_1(§A +tY i Tawn

Law: =

connects Lay = La .1 with Ly, which is the sum of a C-linear and C-antilinear operator.
For every irreducible unobstructed solution [A, ¥] € .# (Y, n), define sign(A, ¥) € {-1,1} by
orientation transport from det L4 y,o to det L4 y.;.

Definition 5.23. Suppose that . (Y, ) is compact and all solutions in .Z (Y, ) are irreducible
and unobstructed. Define

(5.24) #M (X, n) = Z sign(A, 7).
[A¥]ed (Y.n)
[}

General Fredholm theory allows us to extend this definition to the case when the moduli
space is compact but possibly obstructed; see [CGMSo2, Theorem 2.7], [Brug6, Proposition 14].

Proposition 5.25. For every (Y, ) such that 4 (Y, n) is compact and consists of irreducible solutions
we can associate then #4( (Y, n) € Z in such a way that:

(1) If all solutions in M (Y, n) are unobstructed, then #.4 (X, n) agrees with (5.24).

(2) If (X, mt)tefo1] is a continuous path such that M (Y, n;) is compact and consists of irreducible
solutions for allt € [0, 1], then

#ﬂ(Yo, 7]0) = #%(Yl, I]l)

In general, the moduli space .# (Y, n) may be non-compact. This phenomenon was studied
in [Tauisb; HWi15; WZ21]. The known compactness results assume the following algebraic
property of the quaternionic representation p: G — V.

Hypothesis 5.26. Given ® € V definely: InH® g — V byTy(q ® &) = qp(&)V. Suppose that
there exist constants &, ¢ > 0 such that for every ¥ € V with |¥| = 1 and |p(¥) < 6

()| < c[Typ(¥)].
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Definition 5.27. Let Y be a homogeneous perturbation. An Y-limiting configuration is a triple
(B, A, ¥) consisting of

« anowhere dense closed subset B C C,
+ a G-connection A on P|c\p,

« asection ¥ € T'(C\B,V) with ||¥]|;2 = 1 and ||VA¥]|;2 < oo,

such that
dax?¥ =0,
pc(¥) =0,
Hr(¥) =0,
and |¥| extends to a Hélder continuous function on C such that |¥|~1(0) = B. °

The following is an adaptation of a compactness theorem for generalized Seiberg-Witten
equations [WZ21]. The proof is postponed until Appendix D.

Theorem 5.28. Assume that the quaternionic representation p: G — Sp(V) satisfies Hypothe-
sis 5.26. Let (Ap, ¥) be a sequence of solutions to the (X, ) —perturbed quaternionic vortex equation
such that |n(An, ¥u)l, |Va,n(An, ¥p)| are uniformly bounded.

(1) Iflimsup,_, |[¥nllr2 < oo, then after passing to a subsequence and applying gauge trans-
formations (A, ¥,) converges in C* to a solution (A, V).

2 imsup,_, . ||¥allz = oo, then there exists an Y-limiting configuration (B, A, ¥) suc
(2) Iflimsup, ., 1% hen there exists an Y~limiting configuration (B, A,¥) such
that after passing to a subsequence and applying gauge transformations over C\B
(@) |¥n|/|I'¥allz2 converges to |¥| in the C™* topology over C for some a € (0, 1),
(b) A, converges to A in the weak W? topology over compact subsets of C\B,
(¢) ¥u/Il'¥,ll 2 converges to'¥ in the weak W>? topology over compact subsets of C\B.

5.4 ADHM vortex equations

The moduli space M, ; of framed instantons on R* with structure group SU(r) and charge
k is a hyperkéhler orbifold. The ADHM construction exhibits M, ; as a finite-dimensional
hyperkahler quotient of a quaternionic representation of U(k). In this section we discuss the
quaternionic vortex equations associated with this representations. These equations were
proposed by Haydys—Walpuski in relation to gauge theory on special holonomy manifolds
[HW15]; for related discussion see [DW19].

Let G = U(k) and

V = (H ®c End(CF)) ® (H ®c Hom¢(C", CF)).

Define a quaternionic structure on V by left quaternionic multiplication on H. Define a quater-
nionic representation p: H — Sp(V) by the adjoint action of G on End(C¥) and the standard
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action on C¥, and by K acting by right quaternionic multiplication on the first summand, and
trivially on the second summand. The quaternionic moment map for the G action is

V- R @u(k),
H(EW) = [EAET + (PF),.

The first term combines the wedge product and the Lie bracket on 1(k) with the projection
A’R* — A'R* = R®. The second term involves projecting ¥¥* on su(2) ¢ End(R*) and
identification su(2) = A*R* = R? using the Clifford multiplication. Let ¥ = (a, *) under
identification H = C2, where a € Homc¢(C’, ck )and ff € Homc(Ck, C"). The complex and real
moment maps (multiplied by i) are

pe (8 W) = [EAE] +ap,
pR(EY) = [£87] +aa” - f7P,

where in the first formula we identify A2C? = C.

Theorem 5.29 (Atiyah-Hitchin-Drinfeld-Manin). The hyperkdhler quotient of V by G is isomor-
phic to M, ¢ ifr > 2 and to Sym* H ifr = 1.

The ADHM representation has a natural flavor symmetry as in Hypothesis 5.7. Let
K=Sp(1) xSU(r) and H=G XK.

The action of G extends to an action of Spin (2) with the action of K preserving the quaternionic
structure and commuting with G. The action of Sp(1) on V is by right quaternionic multiplication
q-o—og L.

The resulting quaternionic vortex equation (5.5) is concretely described as follows. We start
with the following data:

« a Riemann surface C,
« a Hermitian vector bundle N — C of rank two, equipped with a U(2) connection,
« a covariantly constant isomorphism AZN = K¢,

+ a Hermitian vector bundle E — C of rank r and trivial determinant line bundle, equipped
with an SU(r) connection, and

« a Hermitian vector bundle H — C of rank k.

The equation involves a U(k) connection A on U and a section ¥ of
(5.30) V = (N ®c EndH) ® (Hom¢ (E, H) (&(Hom¢ (H, E) ® K).
If¥Y = (& a, ), where

£eT(N®EndH), «aeTl(Homc(E H)), Be Q' (C Home(H,E))),
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then the (unperturbed) (r, k) ADHM vortex equation is

éAa =0, 5Aﬁ =0, 5A§ =0,
(5.31) [EANEl+af =0,
i*Fa+ [£E)+aa” —«p"f=0.

In the second equation, [£ A €] combines the wedge product N@ N — AZN with the commutator
on End H, followed by the isomorphism AZN = T*C. In the third equation, [£, £*] combines
the Hermitian inner product on N with the commutator on End H, so that it takes place in
I'(End H). The equation is equivariant with respect to the action of the group €(H) of unitary
gauge transformations of H.

Our goal is to consider a perturbation of (5.31) of the form Definition 5.16, for a suitable
class of T and 71, and use them to define chambered invariants of (Y, 7). We expect that this
is possible for all values of (r, k). However, the known compactness results for quaternionic
vortex equations require the technical assumption from Hypothesis 5.26, which is satisfied only
for (r,k) = (1,2) and (r, k) = (k, 2). We focus on these two cases.

5.5 The (1,2) ADHM vortex equation

In this section we define chambered invariants of real Cauchy-Riemann operators using the
ADHM vortex equation (5.31) with r = 1 and k = 2.

Let C be a compact Riemann surface. Let H be a Hermitian vector bundle of rank 2. Let
N — C be a Hermitian vector bundle of rank 2 equipped with an isomorphism y: N = N7,
where N' = N ®c K{. Denote by € Z(N, y) the space of real Cauchy-Riemann operator which
are self-adjoint with respect to y. Every such operator can be written as

b=(§N+Y

where dy is a fixed self-adjoint Cauchy-Riemann operator on N and Y € T'(#(N,y)), see
Proposition 3.9. For every Y as above and U(2) connection A on H denote by

day = Ona+ Y ®id: T(N ®c Endc H) — Q%(C, N ®c Endc H)

the induced real Cauchy—-Riemann operator on N ®c End¢ H.

Definition 5.32. Let Y € T'(#(N,y)) and n = (5c,nr) € H*°(C) x R. The (Y, n)-perturbed
(1,2) ADHM vortex equation for

Aed(H), £eT(N®cEndcH), acTl(H), peQ(H"
reads
daa =0, 0af =0, 0daxé=0,

(5:33) [ A&l +af =nc ®c idn,
ixFa+[EE]+aa” —+p"f = (nr + mdeg(H))idy.
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Remark 5.34. This is the ADHM vortex equation (5.31) for (r, k) = (1, 2) with homogeneous
and inhomogeneous pertubations, as in (5.14). We consider here the subset of homogeneous
perturbations given by sections of Z° (N, y) rather than the full Z°(V, p). *
Let W C €% (N,y) be the wall of failure of 2-rigidity defined in Section 3.3.
Theorem 5.35. Let ® = oy + Y and n € HY(C) x R. Suppose that d € CR(N,S)\W and
n ¢ {0} X (/2)Z. The signed count of solutions #.1,(d, n, d) to the (Y, n)-perturbed (1, 2) ADHM
equation for the bundle H with deg(H) = d is well-defined, as in Proposition 5.25, and defines an
element

« #M15(-,d) € H(ER(N,y)\W';Z) if the genus of C is positive,
« #M15(-,d) € H((ER(N,y)\W') x (R\(7/2)Z);Z) if the genus of C is zero.

We begin with a description of limiting configurations for the (1, 2) ADHM vortex equation
(in the sense of Definition 5.27).

Proposition 5.36. Let d = oy + Y. If (B, A, ¥) is an Y-limiting configuration for the (1,2) ADHM
vortex equation (5.33), then there exist a Euclidean line bundle 1 over C\B, a bundle inclusion

p: 1®C = (Endc H)lcp,

and sections &y € T'(C\B,N ® 1) and &; € T'(C, N) such that

(1) Vap =0,

(2) & satisfies D' (&) = 0 and is of class W'? on C\B,

(3) |&| extends to a Holder continuous function on C such that |&|~'(0) = B,

(4) & satisfiesd(&1) =0 onC,

(5) &= p(&o) + &1 ®c idp.
Moreover, the set B is finite.

Proof. Defne fo and & to be the trace-free and trace part of £, so that ¥ = (fo +¢&1, a, B). Equation
(%) = 0 implies that @ = f = 0 and & has two eigenvalues +1 € N. (This is how one proves
that the hyperkihler quotient of the ADHM, , representation is the symmetric product Sym* R*.)

Locally over C\B we can choose eigenvectors ¥, in H such that f‘I’J_, =A%, and |¥.| = 1.
Trace-free endomorphisms which are diagonal with respect to the basis ¥_, ¥, define a line
subbundle of End¢ H, which is the image of p: | ® C — End¢ H for some Euclidean line bundle
[. By construction, fo = p(&), and equation (dn 4 + Y)(go) = 0 is equivalent to d'(&) = 0. It
follows from Proposition 4.11 that B is finite. Since &; is a W2 section of N defined over C\B
and satisfying d(&;) = 0, the unique continuation principle implies that £; extends to all of C.
The other propertiers of & and & follow from the definition of a limiting configuration. [ ]

54



Proof of Theorem 5.35. First, we show that if nc # 0, then the moduli space ./ (b, 7, d) consists
of irreducible solutions. Suppose that (4, £ a, f) is a reducible solution to (5.33). By considering
possible stabilizers of A in the gauge group &, and how these stabilizers act on (¢, @, ), we see
that there are two possibilities. The first is that (¢, ) = (0, 0); taking the trace of the second
equation shows that this is impossible. The second possibility is that there exists an orthogonal
splitting H = L; @ L, which is covariantly constant with respect to A and such that ¢(L;) C L;
and a € T(Ly), p € QY(L}). In that case, [ A £] = 0 and af is a bundle homomorphism
H — K¢ ®c H of rank one, so we cannot have aff = ¢ ® idy. Therefore, every solution is
irreducible.

(The genus zero case is proved similarly. If nc = 0 and ng # 0, then (a, f) # (0,0)
by integrating the third equation. On the other hand, if E = L; ® L, and A = A; @ A; as
above, then one of @ or f must vanish by the second equation. The third equation gives us
i * Fa, = nr + m deg(H), which contradicts with ng ¢ (7/2)Z.)

To prove compactness, assume that (A,, ¥,) is a sequence of solutions, with ¥, = (&, oy, fn)-
By Theorem 5.28, if lim sup,,_,, ||[¥n|[z2 < oo, then after passing to a subsequence and apply-
ing gauge transformations (A,, ¥,) converges to a solution. Suppose, by contradiction, that
lim, ||¥,||z2 = 0. By Theorem 5.28 there exists a limiting configuration (B, A, ¥). By Proposi-
tion 5.36, B is finite and there exists a Euclidean line bundle I over C\B together with a non-zero
W2 section {; satisfying d'({). This contradicts the assumption that d is 2-rigid. Therefore,
limsup,,_, ., |||z < oo for any sequence of solutions and . (d, 1, d) is compact. This means
that we are in a situation in which Proposition 5.25 can be applied.

If C has positive genus, any two choices 1,7’ € (H%(C) @ R)\{(0,0)} can be connected by
a path avoiding (0, 0) which shows that #.41 (0, n,d) = #.412(d",n’, d). Given a path (d;);¢[0,1]
such that d; ¢ 7', we can lift it to a path (Y}, 1;) as above. The preceding discussion implies
that . (d;, n;, d) is compact and consists of irreducible solutions for every t € [0, 1]. Therefore,
Proposition 5.25 implies that

#M 1,5 (Do, o, d) = #M12(D1, 11, d),

so that it is constant on connected components of € Z (N, y)\# . The genus zero case is similar
except that H'*(C) = 0 and we need to take ngr ¢ (7/2)Z. [ |

5.6 The (2,1) ADHM vortex equation

In this section we define chambered invariants of real Cauchy—-Riemann operators using the
ADHM vortex equation (5.31) with (r, k) = (2, 1) The construction of perturbations in this case
is somewhat more involved than in the case (r, k) = (1, 2) discussed earlier, as the algebra of
the (2, 1) ADHM representation has a less direct geometric interpretation. For that reason, it is
convenient to write (5.31) in a different form than in the previous section, emphasising the role
of spinors and Dirac operators.

We begin with a discussion of spin and spin® Dirac operators in dimension two. For a brief
summary of spinors in low dimensions and their relation to quaternions see Appendix C. Let
C be a Riemann surface and let E — C be a Hermitian vector bundle with structure group
SU(2) = Sp(1) equipped with an SU(2) connection. A spin structure on C is equivalent to a
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Hermitian line bundle S* and an isometry S* ®c S* = K¢. The spinor bundle is
S=S"®S" withS™ =S5"®c K" = (S")".

The Levi-Civita connection on K¢ induces a spin connection on S. Two different spinor bundles
S and S’ are isomorphic as unitary bundles but as bundles with connections S’ = S ® [ where [
is a real line bundle with a flat {+1}-connection. Set

S=E®cS and S*=E®cS*
and consider the spin Dirac operator twisted by the connection on E
D: T(S) — I'(9),
o2 %)
where 9g is the Cauchy—Riemann operator twisted by the connection on E
Jg: T(ST) — Q%(ST) =T(S7).

The Dirac operator D is C-linear and self-adjoint. Since S is the complex tensor product of two
quaternionic line bundles, it inherits a real structure

7:S— S,

which is a C-antilinear isomorphism satisfying 7% = id, defined as the tensor product of the C-
antilinear multiplication by j on E and S. The Dirac operator D commutes with 7 and preserves
the spliting into +1 eigenspaces of 7. Let

Sk =Re(E®c S)
be the +1 eigenspace. Denote the induced self-adjoint R-linear operator by
DR: F(SR) — F(SR)

Definition 5.37. Let End,(S) be the subbundle of self-adjoint C-linear endomorphisms which
commute with 7. For every Y € T'(End,(S)) set

Dy =D+1Y:T(S) - I(S)

and denote by
Dygr: T'(Sr) — I'(Sw).
the induced real operator. o

Remark 5.38. The bundle End,(S) does not depend on the choice of the spin structure. Therefore,
Y € T'(End,(S)) defines a perturbation of the spin Dirac operator for every spin structure. &

The next proposition follows from linear algebra discussed in Appendix C.
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Proposition 5.39. Define an operator dy by the commutative diagram

T(Sp) —=> T(Sp)

l l

T(s*) — T(S7)

where the vertical arrows are induced by the projections S — S*. Then dy is a real Cauchy—Riemann
operator on S* which is self-adjoint with respect to the isomorphism

y: St — (87" ®c K¢

induced by S* ®c S* = K¢ and ALE = C. Conversely, every y-self-adjoint real Cauchy-Riemann
operator on S* is of this form for a unique Y € T'(End,(S)).

Proof. For Y = 0 this follows from the relation between the Dirac operator and the Cauchy-
Riemann operator in dimension 2, see Proposition C.1. The general case then follows from the
isomorphism End,(S) = Hom(S*,S™) described in Proposition C.2. [ ]

From now on, we will implicitly identify the space € Z(S*, y) of y-self-adjoint real Cauchy-
Riemann operators on S* with the space of Dirac operators on Sg of the form Dy g. This is an
affine space modeled on T'(End.(S)).

Remark 5.40. The section Y can be recovered from dy as follows. Let dby = dg + 1t forn €
I'(Hom(S*,S7)). Let n = n. + n, be the decomposition into C-linear and C-antilinear parts.
Denote by

y:S—S

the C-antilinear isomorphism which combines multiplication by j on E with the isomorphism
S§* = §* given by the Hermitian metric. Then Y is expressed in terms of 1 by

() ,
ne Mgy

Next, we discuss spin® structures on C; such a structure corresponds to the choice of a
Hermitian line bundle det(W) — C of even degree. f W = W* @ W™ is the spinor bundle, then

W™ =K*® W' and det(W)=K*®c (W)2

A U(1) connection A on det(W) induces a unique spin® connection on W such that the induced
connection on det(W) agrees with A. Set

W=E®cW and Wi=E®CWi.
Given such A and a connection on E, the corresponding twisted Dirac operator on W is
Da: T(W) — T(W),

0o o
_9 9
Da (8A 0 ),
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where

da: T(WH — QM (C, W) =T(W™)
is the Cauchy—-Riemann operator twisted by A and the connection on E. This operator can be
perturbed in the following way:.

Definition 5.41. Fix a spin structure on C with spinor bundle S. Since W is obtained from S by
tensoring by a complex line bundle, a section Y of End,(S) can be interpreted as a section of
the bundle of C-linear self-adjoint endomorphisms of W. Given a connection A on det W, let

DA,Y =Dp+7: F(W) — F(W) °

Definition 5.42. Let C be a Riemann surface, let E — C be a complex vector bundle with structure
group SU(2), and let W — C be a spin€ structure. Let Y € I'(End,(S)) and n = (5¢, 5r) where
n € HX(C) and nr € R. The (Y, )-perturbed (2, 1) ADHM vortex equation for

Aed(detW), and V¥ =(a,p) (W),

reads
Dax¥ =0,
(5.43) pc(¥) = ne,
#Fa + ipr (V) = nr + 27 deg(W),
where

pe(¥) = a’f, and pr(¥) = i(lal® - |BI?). .

Remark 5.44. These equations are equivalent to a perturbation of the ADHM vortex equation
(5.31) for r = 2, k = 1. The equations for ¢ in (5.31) decouple so that ¢ can be ignored. The
remaining equations can be identified with (5.43) by taking W* = §* ® H, replacing E by E*, and
B by B*. The point of that last conjugation is that H can be considered as C? in two different ways
by left- or right-multiplication by i, so that the associated bundle S has two natural complex
structures; the description used in (5.14) corresponds to one of them, and in (5.43) to the other.
As for perturbations, by Proposition 5.39 we can consider I'(End,(S)) as a subspace of the space
of homogeneous perturbations introduced in Definition 5.9. We use Dirac operators as they
interact with the algebraic structure of the (2, 1) ADHM representation in a more natural way
than Cauchy-Riemann operators. *

Let W' c €R(S*,y) be the wall of failure of 2-rigidity defined in Section 3.3.

Theorem 5.45. Let d € €R (ST, y)\W . Let Dyr be the Dirac operator corresponding to d under
Proposition 5.39. Let n € H*(C) x R\{(0,0)}. The signed count of solutions #.4,1(d,n,d) to the
(Y, n)-perturbed (2,1) ADHM equation for the spin® structure with deg W* = d is well-defined, as
in Proposition 5.25, and defines an element

« #M15(-,d) € H(CR (ST, y)\W'; Z) if the genus of C is positive,
o #M15(-,d) e H(ER(SH, y)\W') x (R\{0}); Z) if the genus of C is zero.
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Since the proof uses Theorem 5.28, we need to understand limiting configurations for the
(2,1) ADHM vortex equation.
Proposition 5.46. If (B, A, V) is an Y-limiting configuration for the (2,1) ADHM vortex equation
(5.43), then there exist a Euclidean line bundle 1 over C\B and an isomorphism

p:Wleg = Sles ® 1
such that Vap = 0 and the section Yg = (idg ®c p)¥ has the following properties:
(1) PR takes values in Sg ® |,
(2) YR is of class W'? on C\B,
(3) |'Pr| extends to a Holder continuous function on C such that |¥g|~'(0) = B,
(4) DL¥g =0.

Moreover, the set B is finite.

Remark 5.47. The bundle S ® [ is the spinor bundle of a spin structure on C\B. Therefore, a
limiting configuration induces a reduction of the spin® structure W to a spin structure outside
B. In particular, deg W is equal to a signed count of points in B. This is a 2-dimensional analog
of [Hay19, Theorem 4]. &

Proof. This is a special case of a theorem of Haydys describing limiting configurations of
generalized Seiberg—Witten equations [Hay14]; see also [DW2o0, Section 2.3]. Let L be the
complex line bundle satisfying W = S ® L. Trivialize L locally over a contractible subset
U C C\B so that ¥ is identified with a section of S. Since the hyperkihler quotient of C*> ®c H
by U(1) is Re(C? ®c H) /Z,, there is a gauge transformation of L|;; which maps ¥ to Re(S). This
gauge transformation is unique up to +1. Change the trivialization by that gauge transformation.
In the new trivialization, let

A=d-a"+a withae Q" (U),

so that

Day =Dy +y(a) withy(a) = (2 %) .
Since Dy preserves Re(S) and y(a) maps Re(S) to Im(S), equation D4 y¥ = 0 implies that a = 0.
Therefore, locally A agrees with the spin connection on S. Globally, by patching these local
trivializations together, we obtain a real line bundle [ — C\B with monodromy =1, together
with an isomorphism p: W|c\p — S|c\p ® [ which is covariantly constant with respect to A
and such that Yg = (idg ®c p)VY is real. The other three properties follow from the analogous
properties of ¥. It follows from Proposition 4.11 that B is finite. ]

Proof of Theorem 5.45. The proof is the same as that of Theorem 5.35. Given (Y, ) as above,
we need to show that the moduli space of solutions .#; (b, n,d) is compact and consists of
irreducible solutions, in which case #.#;,(d,n,d) € Z is well-defined and invariant under
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deformations (d;, n;) with the same properties. If (A, ¥) is a solution to (5.43), it follows from
the second and third equation (by integrating) that for n # 0 we have ¥ # 0. Therefore, every
solution in #.#,7(d, n,d) is irreducible. To prove that .#;;(d, n,d) is compact if d ¢ W we
proceed in the same way as in the proof of Theorem 5.35, using Theorem 5.28 and Proposition 5.36
which relates limiting configurations to the (2, 1) ADHM vortex equations to elements of ker d'
for some ramified Euclidean line bundle 1. [ |

A Proof of the index formula for d'

Here is the extension of Theorem 3.44 promised in Remark 3.45.

Theorem A.1. Let C be a closed connected Riemann surface. Let V be a complex vector bundle over
C. Ifd is a real Cauchy—-Riemann operator on'V and 1 is a ramified Euclidean line bundle over C,
thend': WHT(C,V ®1) — L2Q%(C,V ® ) is Fredholm with

indexd' = 2deg V + ke V - x(C) — #Br(1) - rke V.

The discussion in Section 3.4.2 already shows that d' is Fredholm. The proof of the index
formula relies on the following.

Proposition A.2. Let | is a ramified Euclidean line bundle over C.

(1) # =1®Cbhea holomorphic line bundle over ¢ (with Dolbeault operator obtained by
twisting the trivial Dolbeault operator by 1).

(2) The unique(!) orientation-preserving isometry 1> = R determines a/% e H° (C, 22)

(3) & extends to a holomorphic line bundle & over C such that: § extends to f € H(C, &£?),
and f is transverse to the zero section; moreover: & is unique up to unique isomorphism.

(4) Ifd is a Dolbeault operator on V and 7" denotes the corresponding holomorphic vector bundle,
then
kerd' = H'(C, 7 ®c Z(-Br(l)) = H(C,7 ®c &7).

Proof. (1) and (2) are obvious.

It suffices to prove (3) for the ramified Euclidean line bundle m over D from the proof
of Proposition 3.33. The isomorphism 7: m ® C = C of complex line bundles defined by
7((z,w) ® 1) = (2, Aw) is an isomorphism of holomorphic line bundles. Identifying m ® C = C
and C®? = C, [%(z) =zeH° (lo), C). Evidently, C and ,B extend from D to D.

To prove (4), observe that if s € ker(3': WT'(D,1® C) — L2Q%!(D,1 ® C)), then s(z) =
212 ® (z'/? - f(2)) with f: D — C holomorphic; therefore: 7,5(z) = zf(z). Consequently, the
obvious inclusion ker &' < H°(C, 7" ®c Z) factors through an isomorphism

kerd' = H(C, 7 ®c Z(-Br(1))).
Since B vanishes transversely in Br(l), £? = Oc(Br(I)). Therefore,

Z(-Br(l)) = & &c (£*)* = Z*. m
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Proof of Theorem A.1: index formula. By Proposition 3.3, it suffices to prove the index formula
if b = 9 is a Dolbeault operator. Denote by 7” the holomorphic vector bundle corresponding to
(V, d). By Riemann-Roch and with Z as in Proposition A.2 (3),

dimH’(C, 7 ®c £*) — dimH (C, 7 ®&c Z*) = 2degV +rkc V - y(C) — #Br(l) - tke V.
By Proposition A.2 (4), ker @' = H'(C, 7" ® £*). By Serre duality,
HY(C, 7 ®c &*) =H"(C, 7" ®c Z*(Br(1))
with 77 = 7* ®c Kc. H(C, 7" ®c Z*(Br(1)) consists of meromorphic sections of 7" ®@c Z*

with at most simple poles at Br(I). Therefore, there is an inclusion

H(C, 7" ®c Z*(Br(1)) < kerd!;.

In fact, Proposition 3.49 implies that this map is an isomorphism. This proves the index
formula. ]

Remark A.3. Proposition A.2 has a partial converse: if & is a holomorphic bundle over C and
B € H°(C, £?) is transverse to the zero section, then

[={(x,0) € Z:0" € Ry - f(x)}
with the Euclidean inner product ((x, 0), (x, w)) = % is a ramified Euclidean line bundle over
C with Br(l) = Z(f). *

Remark A.4. Here is a description of holomorphic maps 7: C — C of degree two (alternative
to Proposition 3.33 and familiar from algebraic geometry):

(1) If & is a holomorphic bundle over C and € H°(C, #?) is transverse to the zero section,
then i
C={(x,0) € Z:0*=p(x)}

is a Riemann surface, and 7: C — C defined by 7(x,v) = x is a holomorphic map of
degree two. A moment’s thought reveals that

The summands are (anti-)invariant under the action of the involution 7 of C defined by
7(x,0) = (x, —0).

(2) If 7: C — C is a holomorphic map of degree two, then it is a branched double cover.
In particular, there is an involution 7 of C which swaps the sheets of 7. Consider the
anti-invariant subbundle

= (ﬂ*@c“)_.
Set & = (£*)*. The holomorphic section f € H°(C, £?) defined by
B(x)(A%) = (A(%))* e C for xen(x)

is transverse to the zero section. Moreover, the map ¢: C - {(x,0) € Z: 0% = B(x)}

defined by ¢(x) = (1 (%), evy) is biholomorphic.
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Proposition A.2 and Remark A.3 bridge the above discussion and Proposition 3.33. Moreover,
(A.5) provides a further (perspective on the) proof of Proposition A.2 (4):

kerd' = (ker 7°9)” = H'(C, *7)~ = HY(C, % ®c &). &

B Local wall-crossing formulae

The following explains the analogue of Example 2.4 if #" C & is a proper wall.

Theorem B.1. Let & be a Banach manifold. Let W C 9 be a proper wall in L. Let x: & — P,
vi N — &ando: & — & beas in Definition 2.6. Set

W =W\B with P = (im(xov)Uim(xo o) U x(Crit(x))).

Denote by o the local system on %" induced by the local system 0 of orientations of det T on &.
The following hold:

(1) There is a homomorphism
#: H(7*;G ®z 0) —» Hom(H,(P, P\W),G) = H(P, P\W';G)

such that (2.5) holds for every C! pathp: [0,1] — & is a C' with p(0),p(1) ¢ # and
transverse to i, m o v, and 1 o . (The sum in (2.5) is finite because of Proposition 2.7.)

(2) There is an injective homomorphism
A oc
WCF(P, W';G) = HY(W'*;G &7 v)

such that the following diagram commutes

WCR(P, W';G) —2, HY(W™*; G @7 0)

T

HY(P, P\U'; G).

(3) Ajoc and §f assemble into the exact sequence

AOC
WCE(P, 75 G) 5 H(W'; G @ 0) <> H'(P;G).

Remark B.2. The homomorphism Aj,. can be computed as follows. Let p € #*. Choose a
C! path p: [-1,1] — & transverse to 7, o v, and 7 o 0. There is an ¢ € (0,1] such that
p (7)) N [-¢¢] =0and

Aioc([CT]) (p) = A([CT]) ([p]) = CI(p(e)) = CI(p(=¢)). &
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Remark B.3. An exercise in sheaf theory constructs a sheaf % on %" and an exact sequence with
HY(%'; F) in place of H*(%'*; G ® o) without any hypothesis on %". From this perspective,
the point of Theorem B.1 is to give a manageable description of this wall-crossing sheaf #
assuming 7 is a proper wall in 2. &

Theorem B.1 would follow from Example 2.4 if 9 were closed. Since 98 might not be closed,
the proof of Theorem B.1 requires the following preparations.

Lemma B.4. Assume the situation of Theorem B.1. Let p € W'*. Set {e} = n~'(p). There are open
neighborhoodsp e U c &P, e € V C & such that:

(1) zly: V —> U is an embedding.
(2) Every connected component of m(V) intersects W'*.
(3) 774 (U)\V cimvUimo.

Proof. Since Tor: T,& — T, is injective, there are open neighborhoods p € U € P#,e € V C
& such that (1) and (2) holds.

If (3) cannot be arranged to hold by shrinking U and V, then there is a sequence (e;,)
in &\(im v U im o) which does not converge to e but with (x(e,)) converging to p. Since
7|\ (im wimo) : € \(imv Uimo) — P\(im(xr o v) Uim(r o 0)) is proper, after passing to a
subsequence, (e,) converges to e’ € &. Since 7m(e’) = p and 7|\ (im vuim &) 1S injective, e’ = e: a
contradiction. [ |

Proposition B.5. Suppose that U,V satisfy (1), (2), (3) from Lemma B.4. Set U* = U\AB. The
following hold:

(1) The homomorphisms H°(U; G) — H*(U*;G) and H*(U\x(V);G) — HY(U*\%'*;G) are
isomorphisms.

(2) There is an isomorphism
t: coker(H*(U;G) — HY(U\x(V);G)) = H(V,G ®2 0).
(3) The homomorphism H*(V,G ®z 6) — HY(%* N U;G ®z v) is injective.
Moreover, if Uy, Vi and Uy, V;, satisfy (1), (2), (3) from Lemma B.4, then the following hold:
(4) Uz =U; NUy, V12 =V N Vy satisfy (1), (2), (3) from Lemma B.4.

(5) The diagram

H(P\W';G) H(U;\n(V1); G)

| l

HY(U\7(V2); G) —— H(Ui2\7(Vi2); G)

| T

H(V2; G ®7 0) H°(V12;G ® d)

H(V1;G ®z 0)

commutes.
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Proof. (1) follows from the Sard—Smale Theorem.
(2) is the elementary instance of the Thom isomorphism mention in Example 2.4 (2).
(3) holds by construction.
(4) and (5) are obvious. [ |

Proof of Theorem B.1. Set P = 9\ %B. By the Sard-Smale Theorem, H*(%; G) — H*(%*;G) is
an isomorphism. Therefore,

WCF(P,%';G) = WCE(P*, W'™*;G).

Let {Uy, C P : @ € A} be a set of open subsets with 7™ C (J,ca Ug. Set U, = Uy \RB. Since W
is closed, {P\%'} U {U, C &P : @ € A} is an open cover of P*. A diagram chase in

HY(%*;G) —— HY(P\W™*;G) WCE(2*, W'*; G)

I I i

[1 B*(U}G) —— [1 HY(UN\7*;G) —> [] coker(H*(U:;G) —» HY(U\7'*;G))

acA acA acA

| l

[1 H'(U!;G) — [1 HY(U:,\7™";G)
a,feA af a,feA ap

reveals that Ay, is injective.

By Lemma B.4, it is possible to choose {U, : @ € A} and {V,, : @ € A} such that U,, V,
satisfy (1), (2), and (3). Set W, == #"* N U,. By Proposition B.5, this induces an injective linear
map

WCF(P*, W™*;G) —> 1_[ H°(W,; G ®7 0)
acA

which lifts along H*(7*; G ®z 0) = [[4ea H*(W,; G ®7 0). [

C Spinors and quaternions

This appendix summarizes algebraic properties of spinors in dimension 3 used in Section 5.

Let S be the spinor representation of Spin(3). We identify S with the space of quaternions
H and Spin(3) with the group of unit quaternions Sp(1) C H in the following way. The
double cover Sp(1) — SO(3) is given by the right action of Sp(1) on imaginary quaternions
ImH = R® by q(x) = g 'xq. The right action of Sp(1) on S = H is by right quaternionic
multiplication. It preserves three complex structures given by left multiplication by i, j, k. The
Clifford multiplication y: R* — End(S) is given by

y(e)x =xi, y(es)x =xj, y(es)x =xk.

With these conventions, the Clifford multiplication by the volume form is

y(er Aex Aes) =y(er)y(ex)y(es) = kji=1.
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Fix the complex structure on H given by left multiplication by i. We have a complex isomorphism
C*—>H
(z,w) > z+wj.
With respect to this identification, left multiplication by j is
j(zw) = (=W, 2),

and the action of Sp(1) agrees with the standard right representation of SU(2). The Clifford
multiplication is given by the Pauli matrices

y(e1) = ((l) _Ol) y(ez) = ((1) _01) y(es) = ((1) (l)) .

The Dirac operator acting on maps R* — C? is
D =y(e1)d1 +y(e2)d; + y(es)ds

We can relate the spinors in dimension 3 to spinors in dimension 2 by considering the subgroup
U(1) € Sp(1) of unit complex numbers. The right action of U(1) on H = C? is

Az, w) = (Az,A7'w)  for A € U(1).
The restriction of the right action of Sp(1) on ImH to U(1) is given by
A(xii+ X2j + x3k) = x10 + A7 2% + A 23k,
so if we identify

R& C =ImH,
(t,z) > ti+2zj,
then the action of U(1) is
At z) = (1,17 %2),

Proposition C.1. Writing a map R x C — C? as a pair of maps R X C — C and using coordinates
t on R and z = x + iy on C, the Dirac operator is

b i0,  —ox+ iay) _ (iat —az).

“N\og+io, —ia )" \a. —ia
The following facts about real structures are used in the discussion of the (2, 1) ADHM vortex
equation in Section 5.6, Let E and S be quaternionic Hermitian vector spaces of quaternionic

dimension one. Their complex tensor product has a real structure 7: EQ S — E ® S, thatis a
complex antilinear map such that 7? = id, given by

T=Jg® Js,
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where jg and js are multiplication by j on E and S. Let
Re(EQS)={y € E®S:t(y) =¢}.
be the real part of E ® S. As a real vector space E ® S decomposes into
E®S=Re(E®S)®iRe(E®YS).
Let S = S* @ S~ for a complex line S* and S~ = (S*)*, with the quaternionic structure given by
js:ST®ST - STes”
Js(a, p) = (=f",a")

with the star denoting the metric dual S* — S¥ with respect to the Hermitian inner product.
Extend jg: E — E to complex antilinear maps

Y:EQS* > E®S"
by taking tensor product with the metric dual. They satisfy y* = —id. The real structure is
T (E®SHO(E®S) > (E®SH D (E®S)
<l )
Proposition C.2.
(1) We have
Re(E®S) ={(a, f) € (E@S) @ (E®ST) : f=Y(a)},
={(0,p) e (E®@S)@(E®ST) :a=-y(p)},
and the projections Re(E ® S) — E ® S* are isomorphisms of R—vector spaces.

(2) AC-linear mapY: E® S — E ® S which commutes with T is uniquely determined by the
induced R-linear map

TR: E®QS"=Re(E®S) > Re(E®S) =E®S™.

Moreover, Y is self-adjoint with respect to the Hermitian inner product on E ® S if and only
if yIr is self-adjoint with respect to the Euclidean inner product on E ® S*.

Proof. Ageneral map P: E® S — E ® S can be written as

(o
vl

with respect to decomposition S = S* @ S~. Such a map preserves 7 if and only if

Y/7=7YC and Y'y=-7Y;.
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The induced real operator is

WR:E®ST - E®S™,
YR=Y+_ +Y__)_/

If Y is C-linear then it can be reconstructed from Yy in the following way. Decompose Yg: E ®
S§* — E ® S~ into C-linear and C-antilinear parts Yg = Y. + Y. Then

Y= (_?Ya ?YC)_’)
Yc - a}_/ '

D Compactness for generalized Seiberg—Witten equations

The quaternionic vortex equation is a dimensional reduction of the three-dimensional general-
ized Seiberg-Witten equation over M = C x S! [Doa17, Section 3]. We will prove Theorem 5.28
by extending the compactness theorem for generalized Seiberg—Witten equations [WZ21]. Un-
fortunately, this extension requires discussing some technical details of [WZ21]; the method of
the proof still works but some of the estimates and statements have to be adjusted. Rather than
rewriting the full proof, we will assume that the reader is familiar with [WZ21] and comment
on the necessary modifications. In particular, we will use the notation introduced in [WZ21,
Section 1.1] and cite propositions, theorems, equations, or definitions with a number x.xx from
[WZ21] simply as [WZ x.xx].

Throughout this section, let p: G — Sp(V) be a quaternionic representation as in Section 5.1.
Moreover, we assume Hypothesis 5.3, Hypothesis 5.7, and Hypothesis 5.26. Let M be a closed
oriented 3-manifold. Given a spin’? structure on M, we associate with it a principal G-bundle
P — M and a vector bundle V — M with fiber V, similarly to the 2-dimensional construction
in Section 5.1. A connection A on P defines the induced Dirac operator

Dy: T(V) > T(V)
and we have a quaternionic moment map
p:V— A*T*M @ ad P.

For details, see [WZ21, Section 1.1].

Definition D.1. The generalized Seiberg-Witten equation for a triple
Aed(P), Yel(V), (el(adP)

reads

(Da+p(O)Y =0,
Fa+#dad = p(¥).
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The following perturbation of the equation is relevant to the discussion of quaternionic
vortex equations.

Definition D.2. Let ¥ be the gauge group of P. Suppose that Y: &/ (P) X I'(V) — End(V) is
@-invariant, n: & (P) x T (V) — Q?(ad P) is -equivariant, and

(1) Y(A,9) is self-adjoint and commutes with the action of the gauge group,
(2) dan(A¥) =0,
(3) IY(A,P)|, |[VAY(A W), |1(A, P)|, [Van(A, ¥)| are uniformly bounded.

(Note that V4Y = V4, T for any fixed connection A, because Y commutes with ad P.)
The (Y, n)—-perturbed generalized Seiberg-Witten equation for (A, ¥, {) reads

(Da+Y(AY) +p(0)Y =0,

(D.3) Fa+*dal +n(AY) = p(¥).

It is necessary to include the field { to make the equation elliptic modulo the action of the
gauge group. However, the next proposition shows that without loss of generality we may
assume that { = 0.

Proposition D.4. If (A, ¥, {) satisfies (D.3), then
p(O¥Y =0 and dal=0.
In particular, if (A, ¥) is irreducible, then { = 0.
Proof. Apply da to the second equation. By the Bianchi identity and [DW 2o, Proposition B.4],
ddal - p* ((DAV)E") =0,
Therefore, by the first equation,
dydad + p"(p(O))W" + (PV)T*) = 0.
Taking the inner product with { and integrating yields
Idaglif. + lp(E) Il + (Y, p({)¥)L2 = 0.
The third term is zero because p({)Y is a skew-adjoint operator:
(p(DN)" =1"p()" = =Xp(§) = =p()Y. u

Set { = 01in (D.3). If ¥ # 0, then after rescaling the equation by ¢ = ||‘If||£21 we can write it
as an equation for the triple (A, ¥, ¢):

(Da+Y(A¥)¥ =0,

(D.s) E(Fa+n(AYP)) = u(¥),
¥z = 1.

The following generalizes the compactness theorem [WZ21, Theorem 1.28] to the perturbation
(D.5) of the generalized Seiberg-Witten equation.
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Proposition D.6. If (A,, ¥y, €,) is a sequence of solutions of (D.5), then, after passing to a subse-
quence and applying gauge transformations, (A, ¥y, €,) converges in the C* topology to a solution
(A, Y, ¢) of (D.5).

Theorem D.7. If (A, ¥, ,) is a sequence of solutions to (D.5) such that Hypothesis 1.22 from
[WZ21] holds and €, — 0, then there exist a closed, nowhere dense subset Z C M, a connection A
over M\Z, and section a ¥ € T'(M\Z, V) with the following properties.

(1) A and¥ satisfy

(Da+Y(A Y)Y =0,

p(¥) =0,
1]l = 1.

(2) The function |¥| extends to a Holder continuous on M such that Z = |¥|~1(0).

(3) After passing to a subsequence and applying gauge transformations over M\Z,

a) |¥,| converges to |¥| in the C** topology over M for some a € (0,1),

§ pology
(b) A, converges to A in the weak W2 topology over every compact subset of M\Z,
(c) ¥, converges to ¥ in the weak W% topology over every compact subset of M\Z.

Theorem D.7 implies a compactness theorem for quaternionic vortex equations.

Proof of Theorem 5.28 assuming Theorem D.7. Let M = S'xC. Without loss of generality assume
that solutions (A,, ¥,,) on C are irreducible solutions such that lim, . ||¥,|[;z2 = oo. Set
¥, = ¥, /||¥|l 2. Consider the pull-back of (A, ¥,) to S! x C (which, by abuse of notation,
we denote by the same symbols) as a sequence of solutions to (D.5) with &, = 1/||¥,||;2 These
solutions satisfy the S'-invariance property

(D.8) V,(A-A) =0 and V,¥=0,

where t is the coordinate on S' and Ay is a fixed connection pulled back from C.
By Theorem D.7, there exist a closed, nowhere dense subset Z C M, a connection A over
M\Z, and a section ¥ € T(M\Z, V) with the following properties:

(1) A and ¥ satisfy

Dar¥ =0,
p(¥) =0,
I¥]l2 = 1,

where
DA,Y = in +Dy + Y(A, ‘I’)

is the 3-dimensional Dirac operator acting on sections of V over M.
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(2) The function |¥| extends to a Hélder continuous on M such that Z = |¥|71(0).
(3) After passing to a subsequence and applying gauge transformations over M\ Z,

(a) |¥,| converges to |¥| in the C%* topology over M for some a € (0, 1),
(b) A, converges to A in the weak W'? topology over every compact subset of M\ Z,
(c) ¥, converges to ¥ in the weak W?? topology over every compact subset of M\ Z.

The weak convergence implies that for every d and ¢/,
(Vi(A = Ag),a)12 = nﬁ_f}go(Vt(An — Ag), @)z =0,
(Ve¥, P)z = lim (V, ¥, )12 = 0,
so that (A, ¥) satisfy (D.8) and that Z = Z xS for a closed subset Z C C. After applying a gauge

transformation which puts A in a temporal gauge, (A, ¥) are pulled back from a configuration
on C. |

In the remaining part of this section we discuss how to adapt the proof of [WZ21, Theorem
1.28] to the perturbed equation. The main tool in the proof of [WZ21, Theorem 1.28] is the
Lichnerowicz-Weitzenbdck formula. The perturbation terms Y = Y(A, ¥) and = (A, ¥)
contribute to new terms in this formula.

Proposition D.g. For every (A, ¥),
(Da+1)%¥ = ViVAY + y(FA)Y + RY + DA(YY) + Y(Da + Y)Y,

where R is the zeroth order operator defined in [WZz1, Definitionz.1] and depending on the Riemann
curvature of M. In particular, if (A, ¥) is a solution to (D.5), then

ViVAY = y(M¥ + e 2y (p(¥)¥ + RY + DA(YY) =0,

Proof. We have
0=(Da+Y)*¥ = DAY + DA(YY) + Y(Da + Y)¥

and the formula follows from the standard Weitzenbock formula for the Dirac operator and the
second equation in (D.5), see [WZ21, Proposition 2.2]. [

The new term involving 5 is harmless. The term involving Y is more problematic at it
involes the first derivative of ¥. It can be estimated pointwise using Young’s inequality

(D.10) [DA(YY)| < S|VAP|? + 51|

for any § > 0. Alternatively, using integration by parts, we can trade the integral of the
derivative term for a boundary integral.
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Proposition D.11. If (A, ¥) satisfies
(Da+Y)¥ =0,

then for every open set U C M with smooth boundary

/U<DA<Y\P>,\P> < /U|‘P|2+/3U A

Proof. Let ey, e;, e3 be a local orthonormal frame of TM and set V4; = V4.
[ @ann ==Y, [ @arn.pen)
U — Ju

=Z /U (Y, VA,i(y(ei)\P»—Z /a U(Y‘I’,y(e,-)‘l’)(ei_nvol)

= /U (Y‘IJ,DA‘I'+R\I’>—Z /(9 U(Y‘I’,y(e,»)‘P)(ei_nvol)

< / P+ / v,
U oUu

where R = y(3; V;e;) is a Riemannian curvature term and in the last line we use DA% = -Y¥
and Y] < C. [

In what follows, let (A, ¥, ¢) be a solution of (D.5). In the case Y = 0 and 1 = 0, section 2
of [WZ21] establishes a priori bounds on A and ¥ in terms of the frequency function defined
below.

Definition D.12. Let r( be the injectivity radius of M. Given x € M and r € (0, ro] let B,(x) c M
be the geodesic ball of radius r centered at x. Define

1
my(r) = — |7,
477,'?'2 9B, (x)

1
Da(r) = —— / VLB + 2672 () .
4rr B, (x)

The frequency function associated with (A, 7, ¢) is

Dy (r)

Ny (r) = me(r)

Proposition D.13. Let (A, Y, ¢) be a solution of (D.5). The a priori bounds on A and ¥ in terms of
m and N from [WZ21, Propositions 2.9—2.23], proved in the case Y = 0 and = 0, hold also in the
general case.
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Proof. Most of the proofs in [WZ21, Section 2] rely on the Lichnerowicz-Weitzenbock formula,
and therefore are affected by the new terms appearing in Proposition D.g. The new terms are
estimated using the bounds on 1 and Y, (D.10), Proposition D.11, and rearranging some of the
inequalities. Below we comment on the necessary modifications in the proof of every estimate
in [WZ21, Section 2].

[WZ 2.9] The Lichnerowicz—Weitzenbock formula from Proposition D.g produces extra
terms corresponding to Y and 5, which can be estimated using (D.10), Proposition D.11, and the
L™ bound on 7. This leads to

d 2
4 / ¥ > / (——clr—cz) P + / @) [ Va¥P
dr /o, (x) 9B, (x) \T B, (x) B, (x)

for constants ¢, ¢z, cs. The right-hand side is positive for small r, which completes the proof.
[WZ 2.10] In this proof, we multiply the Lichnerowicz-Weitzenb6ck formula by the function

x*Gy where y is a cut-off function and G, = G(y, x) with G being the Green kernel for the

Laplacian on B, (x) and y € B, 5(x). Proposition D.g again produces two extra terms:

/ Py (% ®) < | ¥l
B, (x)

and, using (D.10),

G VAP + 57! / £GP
By (x)

/ Gy (DA(YP), W) < 6 /
By (x)

By (x)

< 5/ XGy VAP + 87172 x ¥
B, (x)

For § sufficiently small, the first term on the right-hand side can be rearranged and absorbed by
the integral

/ G, |Va)
By (x)

which appears on the left-hand side of the main inequality in the proof of Proposition 2.10.

[WZ 2.11] The original proof uses [WZ 2.12], [WZ 2.14], and [Doa17, Proposition B.4]. While
[WZ 2.14] is independent of the equation, the other two formulae obtain additional terms from
the Lichnerowicz-Weitzenbock formula and the 5 term in F4 = p(¥) — 5. To prove the estimate,
we arrange the term in a different way than in the proof of [WZ 2.12]. We use the following
convention: R is any remainder term satisfying

IR| < [¥]+[VaY|

and A * B denotes any bilinear algebraic operation involving tensors A and B. Both R and * can
denote different terms and operations in different lines. By [WZ 2.14],

[V:Va, VA]¥ = p(d’,Fa)¥ + Fa % VoW +R.
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Therefore, by Proposition D.g,

VaVaVAY = [V,VA, VAT = y(FA)VAY = y(VAFA)Y = VA(DA(YY)) + R

(D.1g) N
= p(d4Fa)¥ + Fa # VoY — y(FA)VAY — y(VAFA)Y — VA(DA(YY)) +R.

Next, we take the inner product (D.14) with V4 ¥ and estimate all terms. By [Doa17, Proposition
B.4],

(p(d4FA)Y, VAY) = (A} Fa, p* (VATFY))

= —(d} Fa, dypu(¥)) + (d} Fa, DAY * ¥)
—®|d Fal* — e#(d’\Fa, n) — (d,Fa, YV * ¥)
< —€|dFal® + [Fal|¥[* + |Eal.

We similarly estimate

—(Y(VAFA)Y, VaY¥) = —(VaF4, Vau(¥))
= —£*|VpFal* = €%(VaFa, Van)
< =€’ |VaFal* + 1.

The term involving Y can be estimated by

(Va(DA(YY)), Va¥) < [VRPIIVAY] + [VAY|* + [ ¥][VAY
< S|VAY)? + 67 | VAP + ||| VAP

We choose § > 0 small. Let x € M, r > 0, and let y be a cut-off function supported in B, /,(x) as
in the proof of [WZ 2.11]. Taking the inner product of (D.14) with V4%, multiplying by r y* and
integrating over B,(x), we obtain

r / X (VAL + | VaFal +e* |y Fal* < 1 / XA P+ VEP+FA| VAT 48] VL),
B, (x) B, (x)

Only the last two terms on the right-hand side are problematic. The one involving F4 is estimated

in the same way as in the proof of [WZ 2.11]. The second term can be moved to the left-hand

side provided ¢ is sufficiently small. This leads to the desired inequality from [WZ 2.11].

[WZ 2.17], [WZ 2.18] follow once [WZ 2.10], [WZ 2.11] are proved.

[WZ 2.19] follows from the previous estimates combined with [WZ 2.20]. The proof of
[WZ 2.20] uses [WZ 2.21] and [WZ 2.23]. [WZ 2.23] does not use the equation so it still holds.
However, the proof of [WZ 2.21] relies on the Lichnerowicz-Weitzenbock formula which now
acquires additional terms. The first term involving Y is

p(DA(YY), )

whose contribution to the proof of [WZ 2.20] can be estimated by

(D.15) r/B ( )X2(|FA|+ [nDI¥I(I¥] +[VaA¥]).
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where x, r, and y are as before. One of the assumptions of [WZ 2.20] is that m,(r) = 1 which
implies that |¥| is bounded. The term |F4||V4¥|? is estimated as before. The other terms in
(D.15) are harmless and do not affect the proof of [WZ 2.20]. Similarly, the new term in [WZ
2.21] involving 7 has the form

2¢u(y(n)¥,¥)

and can be estimated by | /.

Finally, in the proof of [WZ 2.20] we use the formula for V’,V 4x(¥) from [WZ 2.19] and
use the original equation u(¥) = F4 In our setup, (%) = F4 + 1, so to obtain estimate on the
integral of I'yF4 we use

ITyFal?* < [Ty (Fa +n)|* + [Tyn|®.

The estimate on the first term follows from [WZ 2.19] as in the original proof while the second
term is uniformly bounded.
|

The key step in the proof of the compactness theorem in [WZ21] is the monotonicity
formulae [3.5, 3.12, 3.13] for the functions m and N. In the perturbed setup, the monotonicity
formulae have to be modified.

Proposition D.16. There exist constants ro,c > 0 with the following property. Let (A, 'Y, ¢) be a
solution of (D.5). For everyx € M and 0 < s < r < ry, the functions my and N, satisfy

(D-17) mx(s) < zmx(r)a

(D.18) N, (s) € 2N, (r) +cr,

and

(D.19) % (E)NX(S)_” My (s) < mye(r) < 2 (§)4NX(r)+Cr my(s).

Proof. The proof of the monotonicity formula [WZ 3.5] relies on formulae [WZ 3.6, 3.10, 3.11].
Similar formulae hold in the general case, except the estimates on the remainder terms tp/, tp, Ty
appearing in these formulae are weaker.

[WZ 3.6] The remainder term is now estimated by

(D.20) [tpr| S Dx(7) + my (7).

Indeed, we use the same argument as in the proof of [WZ 3.6] using the tensor T defined
therein. In our setup, the estimate on |V*T|, based on the Lichnerowicz-Weitzenbock formula,
has new contributions from 1 and Y, which are estimated as follows. The terms involving 7 do
not pose any problem as the contribution to V*T (e;) is bounded by

(¥ + > (e, )%, Var, ¥) < [¥][Va¥],
P

which is the same as the original bound on |V*T| in [WZ 3.8]. The contribution of Y to V*T is

(DA(YY), VAP) < |P||VAY| + VAT
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Therefore, the total contribution to the integral

1
_ / 2 V'T(3,)
47r® JB, (x)

is estimated, up to a constant, by

1
! / VO + (2 < Dy(r) + roma (1),
r By (x)

where to estimate the integral of |¥|* we use [WZ 2.9].
[WZ 3.10] The same formula holds but now the remainder term is estimated by

ltp| < rm,(x).

Indeed, we follow the same proof as in [WZ 3.10] and estimate the new terms involving 5
and Y. By Proposition D.11, their contribution to the formula is bounded, up to a constant, by

1 1
! / o+ / B < r2me(r) + rma ()
I JB,(x) " J B, (x)

where we use [WZ 2.9] and the definition of m,(r).
[WZ 3.11] The same formula holds but now the remainder term is estimated by

[t | < mx(r)

This is because the proof uses [WZ 3.10] which now has an estimate with a lower power of r.
In particular, we have
4
my(r) = —cmy(r).

Therefore, e m, is a non-decreasing function of r, which implies (D.17).
To prove (D.18), we proceed as in the proof of [WZ 3.3] and use the modified estimates on
the remainder terms:

1954 4rDNx(r) _ 1:m/]\/vx(r)

me(r)  rme(r)  my(r)
> —c(1+ Ni(r)).

N/.(r) >

Therefore,
(e"Ny)'(r) = e (cNx(r) + N.(r)) = —ce” > —c,

which implies that the function
r— e Ny(r) +cr

is non-decreasing on [0,7p]. If 0 < s < r < ry and rg is small, then

Ny (s) < eT™INL(r) + c(r —s) < 2Nx(r) +cr.
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Finally, to prove (D.19), we use [WZ 3.11] with a weaker estimate on the remainder established
above. For every t € [s,r],
m..(t) _ 2N, (1) N T (1) < AN, (r) +cr e
my(t) t my(t) t

(log my)'(t) =
Integrating over t € [s,r] and exponentiating yields

mx(r) < c(r—s) (r)4Nx(r)+cr
— e f—

r 4Nx(r)+cr

=X >

N

which implies the upper bound on m,(r). The lower bound is proved in the same way by
integrating

m(t)  2Nx(t) N Ty (1) S Ni(s) —er .

me(t) ot m(t) Tt '

(logmy)'(t) =
| |

The monotonicity formula is used in [WZ21] to prove a lower bound in terms of |¥(x)| on
the regularity scale

ra(x) = sup {r € [0,r] : r/ |F4l? < CF},
B

()

where cp > 0 is a fixed positive constant chosen so that the a priori estimates from [WZ21,
section 3] hold. This lower bound is the content of [WZ 3.2]. This is the key step in the proof of
the compactness theorem. Together with [WZ 2.11], it implies a uniform upped bound on the
Holder norm of |¥| and the convergence of A, ¥ on M\Z, where Z is the zero set of the limit of
|¥,,| in the Holder norm.

Since [WZ 2.11] holds in our setting by Proposition D.13, the same argument can be used
provided that that [WZ 3.2] holds as well. In addition to [WZ 2.9], which is still true by
Proposition D.13, the proof of [WZ 3.2] uses [WZ 3.15] and [WZ. 3.16]. While the statements of
these propositions have to be modified, the proofs are the same as those of [WZ 3.15] and [WZ
3.16] except that we have to use (D.19).

Proposition D.21. Forall0 < s <r < ryandd > 0, if

2\1/6
< r("”x)' )1 |

cmy (1)

then
Ni(s) < d+ecr.

Proposition D.22. For everyr € (0,ro/4], s € (0,2r], andy € B,(x), if
N, (4r) £ 1,

then
Ny(s) < c(Nyi(4r) +71).
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With these modifications to [WZ 3.15] and [WZ 3.16], the rest of the proof of [WZ 3.2]
follows, and therefore also [WZ 3.20] and the convergence of |¥,|, A,, and ¥,. Finally, the
proof [WZ 4.1], which implies that Z is nowhere dense, is almost unchanged. It uses of the
Lichnerowicz-Weitzenbock formula by integrating (V), Vo ¥, ¥) over a neighborhood Z; of Z.
The new terms, however, do not change the final inequality because they are estimated by

integrals

/ |’7||‘I’|2+|DA(Y‘I’)||‘I’|S/ [¥[° + VAP [P
Zae

Zae

which already appear on the right-hand side of the inequality in the proof of [WZ 4.1].

References

[All72]

[AGo3]

[ADHM78]

[BS23]

[BZ20]

[BS51]

[Behg7]

[BF97]

[BMo6]

[BHo8]

William K. Allard. On the first variation of a varifold. Ann. of Math. (2) 95 (1972),
PP- 417—491. DOIL: 10.2307/1970868. Zbl: 0252.49028 (cit. on pp. 3, 33)

L. Alvarez-Cénsul and O. Garcia-Prada. Hitchin-Kobayashi correspondence, quiv-
ers, and vortices. Communications in Mathematical Physics 238.1-2 (2003), pp. 1-33.
DOI: 10.1007/800220-003-0853-1. MR: 1989667. Zbl: 1051.53018 (cit. on p. 5)

Michael F. Atiyah, Vladimir G. Drinfeld, Nigel J. Hitchin, and Yuri I. Manin.
Construction of instantons. Phys. Lett. A 65.3 (1978), pp. 185-187. DOI: 10.1016/0375-
9601(78)90141-X. MR: 508562. Zbl: 0424.14004 (cit. on p. 4)

Shaoyun Bai and Mohan Swaminathan. Bifurcations of embedded curves and

towards an extension of Taubes’ Gromov invariant to Calabi—Yau 3—folds. 2023.
arXiv: 2106.01206 (cit. on pp. 2—4)

Shaoyun Bai and Boyu Zhang. Equivariant Cerf theory and perturbative SU (n)
Casson invariants. 2020. arXiv: 2009.01118 (cit. on p. 2)

Heinrich Behnke and Karl Stein. Modifikation komplexer Mannigfaltigkeiten
und Riemannscher Gebiete. Mathematische Annalen 124 (1951), pp. 1-16. DOL:
10.1007/BF01343548. MR: 45838 (cit. on p. 41)

Kai Behrend. Gromov-Witten invariants in algebraic geometry. Invent. Math. 127.3
(1997), pp. 601-617. DOI: 10.1007/5002220050132 (cit. on p. 1)

Kai Behrend and Barbara Fantechi. The intrinsic normal cone. Invent. Math. 128.1
(1997), pp- 45—88. DOI: 10.1007/5002220050136. MR: 1437495 (cit. on p. 1)

Kai Behrend and Yuri Manin. Stacks of stable maps and Gromov-Witten invariants.
Duke Math. F. 85.1 (1996), pp. 1-60. DOI: 10.1215/S0012-7094-96-08501-4. MR:
1412436 (cit. on p. 1)

Hans U. Boden and Christopher M. Herald. The SU(3) Casson invariant for
integral homology 3-spheres. J. Differential Geom. 50.1 (1998), pp. 147-206. “&
(cit. on p. 2)

77


https://doi.org/10.2307/1970868
http://zbmath.org/?q=an:0252.49028
https://doi.org/10.1007/s00220-003-0853-1
http://www.ams.org/mathscinet-getitem?mr=MR1989667
http://zbmath.org/?q=an:1051.53018
https://doi.org/10.1016/0375-9601(78)90141-X
https://doi.org/10.1016/0375-9601(78)90141-X
http://www.ams.org/mathscinet-getitem?mr=MR598562
http://zbmath.org/?q=an:0424.14004
http://arxiv.org/abs/2106.01206
http://arxiv.org/abs/2009.01118
https://doi.org/10.1007/BF01343548
http://www.ams.org/mathscinet-getitem?mr=MR45838
https://doi.org/10.1007/s002220050132
https://doi.org/10.1007/s002220050136
http://www.ams.org/mathscinet-getitem?mr=MR1437495
https://doi.org/10.1215/S0012-7094-96-08501-4
http://www.ams.org/mathscinet-getitem?mr=MR1412436
http://projecteuclid.org/euclid.jdg/1214510050

[BHKo1] Hans U. Boden, Christopher M. Herald, and Paul Kirk. An integer valued SU(3)
Casson invariant. Math. Res. Lett. 8.5-6 (2001), pp. 589—603. DOI: 10.4310/MRL.2001.v8.15.a1.
“@ (cit. on p. 2)

[BGMo3] S. B. Bradlow, Oscar Garcia-Prada, and I. Mundet i Riera. Relative Hitchin—
Kobayashi correspondences for principal pairs. The Quarterly Journal of Mathe-
matics 54.2 (2003), pp. 171-208. DOI: 10.1093/qjmath/54.2.171. MR: 1989871. Zbl:
1064.53056 (cit. on p. 5)

[Brago] S.B. Bradlow. Vortices in holomorphic line bundles over closed Kdhler man-
ifolds. Communications in Mathematical Physics 135.1 (1990), pp. 1-17. DOI:
10.1007/BF02097654. MR: 1086749. Zbl: 0717.53075 (cit. on p. 4)

[Brug6] Rogier Brussee. The Canonical Class and the C* Properties of Kdhler Surfaces. En-
glish. The New York Journal of Mathematics 2 (1996), pp. 103-146. Zbl: 0881.53057.
“@ (cit. on p. 50)

[BPo1] J. Bryan and R. Pandharipande. BPS states of curves in Calabi-Yau 3-folds. Geom-
etry and Topology 5 (2001), pp. 287-318. DOIL: gt.2001.5.287. arXiv: math/0o09o25.
MR: 1825668. Zbl: 1063.14068 (cit. on p. 13)

[BS18] Theo Biihler and Dietmar A. Salamon. Functional analysis. Vol. 191. Graduate Stud-
ies in Mathematics. American Mathematical Society, 2018. DOI: 10.1090/gsm/191.
MR: 3823238 (cit. on p. 20)

[Caloo] Andrei Horia Caldararu. Derived categories of twisted sheaves on Calabi-Yau
manifolds. Thesis (Ph.D.)-Cornell University. ProQuest LLC, Ann Arbor, MI,
2000, p. 196. MR: 2700538. “& (cit. on p. 27)

[CLMoz2] S. E. Cappell, R. Lee, and E. Y. Miller. A perturbative SU(3) Casson invariant.
Comment. Math. Helv. 77.3 (2002), pp. 491—-523. DOI: 10.1007/500014-002-8349-8.
@ (cit. on p. 2)

[Cars2] Henri Cartan. Sur une extension d’un théoréme de Radd. Mathematische Annalen
125 (1952), pp- 49—50. DOI: 10.1007/BF01343105. MR: 50026 (cit. on p. 41)

[CGMSo2] K. Cieliebak, A. R. Gaio, I. Mundet i Riera, and D. A. Salamon. The symplectic
vortex equations and invariants of Hamiltonian group actions. Journal of Symplectic
Geometry 1.3 (2002), pp. 543—-645. MR: 1959059. “& (cit. on p. 50)

[DSS17a] C. De Lellis, E. Spadaro, and L. Spolaor. Regularity theory for 2—dimensional
almost minimal currents II: Branched center manifold. Annals of PDE 3.2 (2017),
Article number: 18. DOI: 10.1007/540818-017-0035-7. arXiv: 1508.05509. MR:
3712561. Zbl: 1412.49082 (cit. on pp. 3, 15)

[DSS17b] C. De Lellis, E. Spadaro, and L. Spolaor. Uniqueness of tangent cones for two-
dimensional almost-minimizing currents. Communications on Pure and Applied
Mathematics 70.7 (2017), pp. 1402-1421. DOI: 10.1002/cpa.21690. MR: 3666570.
Zbl: 1369.49062 (cit. on p. 15)

78


https://doi.org/10.4310/MRL.2001.v8.n5.a1
https://doi.org/10.4310/MRL.2001.v8.n5.a1
https://doi.org/10.1093/qjmath/54.2.171
http://www.ams.org/mathscinet-getitem?mr=MR1989871
http://zbmath.org/?q=an:1064.53056
https://doi.org/10.1007/BF02097654
http://www.ams.org/mathscinet-getitem?mr=MR1086749
http://zbmath.org/?q=an:0717.53075
http://zbmath.org/?q=an:0881.53057
https://eudml.org/doc/119181
https://doi.org/gt.2001.5.287
http://arxiv.org/abs/math/0009025
http://www.ams.org/mathscinet-getitem?mr=MR1825668
http://zbmath.org/?q=an:1063.14068
https://doi.org/10.1090/gsm/191
http://www.ams.org/mathscinet-getitem?mr=MR3823238
http://www.ams.org/mathscinet-getitem?mr=MR2700538
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:9967459
https://doi.org/10.1007/s00014-002-8349-8
https://doi.org/10.1007/s00014-002-8349-8
https://doi.org/10.1007/BF01343105
http://www.ams.org/mathscinet-getitem?mr=MR50026
http://www.ams.org/mathscinet-getitem?mr=MR1959059
http://projecteuclid.org/euclid.jsg/1092403032
https://doi.org/10.1007/s40818-017-0035-7
http://arxiv.org/abs/1508.05509
http://www.ams.org/mathscinet-getitem?mr=MR3712561
http://zbmath.org/?q=an:1412.49082
https://doi.org/10.1002/cpa.21690
http://www.ams.org/mathscinet-getitem?mr=MR3666570
http://zbmath.org/?q=an:1369.49062

[DSS18] C. De Lellis, E. Spadaro, and L. Spolaor. Regularity theory for 2—dimensional
almost minimal currents I: Lipschitz approximation. Transactions of the American
Mathematical Society 370.3 (2018), pp. 1783—-1801. DOI: 10.1090/tran/6995. MR:
3739191. Zbl: 1381.49047 (cit. on pp. 3, 15)

[DSS20] C. De Lellis, E. Spadaro, and L. Spolaor. Regularity theory for 2—dimensional
almost minimal currents III: blowup. 2020. DOI: 10.4310/jdg/1599271254. arXiv:
1508.05510. MR: 4146358. Zbl: 07246682 (cit. on pp. 3, 15)

[Dia12] D.-E. Diaconescu. Moduli of ADHM sheaves and the local Donaldson-Thomas the-
ory. Journal of Geometry and Physics 62.4 (2012), pp. 763—799. DOI: 10.1016/j.geomphys.2011.12.018.
arXiv: 0801.0820. MR: 2888981. Zbl: 1255.14011 (cit. on p. 5)

[Doa17] Aleksander Doan. Seiberg—Witten monopoles with multiple spinors on a surface
times a circle. 2017. arXiv: 1701.07942 (cit. on pp. 6, 67, 72)

[DIW21] Aleksander Doan, E.-N. Ionel, and Thomas Walpuski. The Gopakumar—Vafa
finiteness conjecture. 2021. arXiv: 2103.08221. “& (cit. on pp. 3, 9, 33)

[DW19] Aleksander Doan and Thomas Walpuski. On counting associative submanifolds
and Seiberg—Witten monopoles. Pure and Applied Mathematics Quarterly 15.4
(2019), pp. 1047-1133. DOI: 10.4310/PAMQ.2019.v15.1n4.a4. arXiv: 1712.08383. ‘&
(cit. on pp. 2, 5, 51)

[DW20] Aleksander Doan and Thomas Walpuski. Deformation theory of the blown-up
Seiberg—Witten equation in dimension three. Selecta Mathematica 26.3 (2020). DOI:
10.1007/800029-020-00574-6. arXiv: 1704.02954. Zbl: 1446.53043. ‘& (cit. on
Pp- 43, 59, 68)

[DW21a] Aleksander Doan and Thomas Walpuski. Castelnuovo’s bound and rigidity in al-
most complex geometry. Advances in Mathematics 379 (2021). DOI: 10.1016/].2i1m.2020.107550.
arXiv: 1809.04731. MR: 4199270. Zbl: 07300460. “& (cit. on pp. 3, 9, 14, 15, 19, 38,
40)

[DW21b] Aleksander Doan and Thomas Walpuski. On the existence of harmonic Z; spinors.
Journal of Differential Geometry 117.3 (2021), pp. 395—-449. DOI: 10.4310/jdg/1615487003.
arXiv: 1710.06781. “& (cit. on p. 43)

[DW23a] Aleksander Doan and Thomas Walpuski. Counting embedded curves in symplectic
6—manifolds. Commentarii Mathematici Helvetici 98.4 (2023), pp. 693-769. DOI:
10.4171/CMH/556. arXiv: 1910.12338. Zbl: 1539.14124. “& (cit. on p. 3)

[DW23b] Aleksander Doan and Thomas Walpuski. Equivariant Brill-Noether theory for
elliptic operators and super-rigidity of J—holomorphic maps. Forum of Mathematics
Sigma 11 (2023). DoOL: https://doi.org/10.1017/fms.2022.104. arXiv: 2006.01352. “&
(cit. on pp. 9, 19, 34)

[Doni8] Simon Donaldson. Remarks on G, —manifolds with boundary. Surveys in differential
geometry zo1y. Celebrating the soth anniversary of the Journal of Differential
Geometry. Vol. 22. Surv. Differ. Geom. Int. Press, Somerville, MA, 2018, pp. 103—
124. MR: 3838115 (cit. on p. 11)

79


https://doi.org/10.1090/tran/6995
http://www.ams.org/mathscinet-getitem?mr=MR3739191
http://zbmath.org/?q=an:1381.49047
https://doi.org/10.4310/jdg/1599271254
http://arxiv.org/abs/1508.05510
http://www.ams.org/mathscinet-getitem?mr=MR4146358
http://zbmath.org/?q=an:07246682
https://doi.org/10.1016/j.geomphys.2011.12.018
http://arxiv.org/abs/0801.0820
http://www.ams.org/mathscinet-getitem?mr=MR2888981
http://zbmath.org/?q=an:1255.14011
http://arxiv.org/abs/1701.07942
http://arxiv.org/abs/2103.08221
https://walpu.ski/Research/GopakumarVafaFiniteness.pdf
https://doi.org/10.4310/PAMQ.2019.v15.n4.a4
http://arxiv.org/abs/1712.08383
https://walpu.ski/Research/CountingAssociativesSeibergWitten.pdf
https://doi.org/10.1007/s00029-020-00574-6
http://arxiv.org/abs/1704.02954
http://zbmath.org/?q=an:1446.53043
https://walpu.ski/Research/SeibergWittenDeformationTheory.pdf
https://doi.org/10.1016/j.aim.2020.107550
http://arxiv.org/abs/1809.04731
http://www.ams.org/mathscinet-getitem?mr=MR4199270
http://zbmath.org/?q=an:07300460
https://walpu.ski/Research/CastelnuovoRigidity.pdf
https://doi.org/10.4310/jdg/1615487003
http://arxiv.org/abs/1710.06781
https://walpu.ski/Research/ExistenceOfHarmonicZ2Spinors.pdf
https://doi.org/10.4171/CMH/556
http://arxiv.org/abs/1910.12338
http://zbmath.org/?q=an:1539.14124
https://walpu.ski/Research/CountingEmbeddedCurves.pdf
https://doi.org/https://doi.org/10.1017/fms.2022.104
http://arxiv.org/abs/2006.01352
https://walpu.ski/Research/EquivariantBrillNoetherSuperRigidity.pdf
http://www.ams.org/mathscinet-getitem?mr=MR3838115

[DK9o] Simon K. Donaldson and P. B. Kronheimer. The geometry of four-manifolds.
Oxford Mathematical Monographs. New York, 1990. MR: MR1079726. Zbl:
0904.57001 (cit. on p. 4)

[DS11] Simon K. Donaldson and E. P. Segal. Gauge theory in higher dimensions, II. Surveys
in differential geometry. Vol. 16. Geometry of special holonomy and related topics.
International Press, 2011, pp. 1-41. arXiv: 0902.3239. MR: 2893675. Zbl: 1256.53038
(cit. on pp. 1, 2, 5)

[DT98] Simon K. Donaldson and R. P. Thomas. Gauge theory in higher dimensions. The
geometric universe. Oxford University Press, 1998, pp. 31-47. MR: 1634503. Zbl:
0926.58003. “& (cit. on pp. 1, 11)

[Eft16] E. Eftekhary. On finiteness and rigidity of J—holomorphic curves in symplectic three-
folds. Advances in Mathematics 289 (2016), pp. 1082-1105. DOI: 10.1016/].aim.2015.11.028.
arXiv: 0810.1640. MR: 3439707. Zbl: 1331.53107 (cit. on pp. 9, 13, 28)

[EH79] T. Eguchi and An. J. Hanson. Self-dual solutions to Euclidean gravity. Annals of
Physics 120.1 (1979), pp. 82—106. DOI: 10.1016/0003-4916(79)90282-3. MR: 540896.
Zbl: 0409.53020 (cit. on p. 36)

[Fed69] H. Federer. Geometric measure theory. Die Grundlehren der mathematischen
Wissenschaften, Band 153. Springer, 1969, pp. xiv+676. MR: 0257325. Zbl:
0176.00801 (cit. on p. 19)

[FF60] H. Federer and W. H. Fleming. Normal and integral currents. Annals of Mathe-
matics. Second Series 72 (1960), pp. 458—520. DOI: 10.2307/1970227. MR: 0123260.
Zbl: 0187.31301 (cit. on p. 19)

[FO99] Kenji Fukaya and Kaoru Ono. Arnold conjecture and Gromov-Witten invariant.
Topology 38.5 (1999), pp. 933—1048. DOI: 10.1016/50040-9383(98)00042-1. MR:
1688434 (cit. on p. 1)

[Garg3] O. Garcia-Prada. Invariant connections and vortices. Communications in Mathe-
matical Physics 156.3 (1993), pp. 527-546. DOI: 10.1007/BF02096862. MR: 1240585.
Zbl: 0790.53031 (cit. on p. 4)

[GVo8a] R. Gopakumar and C. Vafa. M-theory and topological strings—I. 1998. arXiv:
hep-th/9809187 (cit. on p. 1)

[GV98b] R. Gopakumar and C. Vafa. M-theory and topological strings—IL 1998. arXiv:
hep-th/9812127 (cit. on p. 1)

[Hay17] A. Haydys. G, instantons and the Seiberg—Witten monopoles. 2017. arXiv:
1703.06329 (cit. on pp. 2, 5)

[Hay12] Andriy Haydys. Gauge theory, calibrated geometry and harmonic spinors. Journal

of the London Mathematical Society 86.2 (2012), pp. 482—498. DOI: 10.1112/jlms/jds008.
arXiv: 0902.3738. MR: 2980921. Zbl: 1256.81080 (cit. on p. 5)

[Hay14] Andriy Haydys. Dirac operators in gauge theory. New ideas in low dimensional
topology. 2014. arXiv: 1303.2971. MR: 3381325. Zbl: 1327.57028 (cit. on p. 59)

8o


http://www.ams.org/mathscinet-getitem?mr=MRMR1079726
http://zbmath.org/?q=an:0904.57001
http://arxiv.org/abs/0902.3239
http://www.ams.org/mathscinet-getitem?mr=MR2893675
http://zbmath.org/?q=an:1256.53038
http://www.ams.org/mathscinet-getitem?mr=MR1634503
http://zbmath.org/?q=an:0926.58003
http://www.ma.ic.ac.uk/~rpwt/skd.pdf
https://doi.org/10.1016/j.aim.2015.11.028
http://arxiv.org/abs/0810.1640
http://www.ams.org/mathscinet-getitem?mr=MR3439707
http://zbmath.org/?q=an:1331.53107
https://doi.org/10.1016/0003-4916(79)90282-3
http://www.ams.org/mathscinet-getitem?mr=MR540896
http://zbmath.org/?q=an:0409.53020
http://www.ams.org/mathscinet-getitem?mr=MR0257325
http://zbmath.org/?q=an:0176.00801
https://doi.org/10.2307/1970227
http://www.ams.org/mathscinet-getitem?mr=MR0123260
http://zbmath.org/?q=an:0187.31301
https://doi.org/10.1016/S0040-9383(98)00042-1
http://www.ams.org/mathscinet-getitem?mr=MR1688434
https://doi.org/10.1007/BF02096862
http://www.ams.org/mathscinet-getitem?mr=MR1240585
http://zbmath.org/?q=an:0790.53031
http://arxiv.org/abs/hep-th/9809187
http://arxiv.org/abs/hep-th/9812127
http://arxiv.org/abs/1703.06329
https://doi.org/10.1112/jlms/jds008
http://arxiv.org/abs/0902.3738
http://www.ams.org/mathscinet-getitem?mr=MR2980921
http://zbmath.org/?q=an:1256.81080
http://arxiv.org/abs/1303.2971
http://www.ams.org/mathscinet-getitem?mr=MR3381325
http://zbmath.org/?q=an:1327.57028

[Hay19]

[HW1s5]

[Heis6]

[HSTo1]

[IP18]

[Kato8]

[KL12]

[KM58]

(LT98]

[Limoo]

[Limo3]

[Lye23]

[MNOPo6a]

Andriy Haydys. The infinitesimal multiplicities and orientations of the blow-up set
of the Seiberg-Witten equation with multiple spinors. Advances in Mathematics 343
(2019), pp. 193—-218. DOI: 10.1016/j.aim.2018.11.004. MR: 3880858. Zbl: 07003589
(cit. on p. 59)

Andriy Haydys and Thomas Walpuski. A compactness theorem for the Seiberg—
Witten equation with multiple spinors in dimension three. Geometric and Func-
tional Analysis 25.6 (2015), pp. 1799—1821. DOI: 10.1007/S00039-015-0346-3. arXiv:
1406.5683. MR: 3432158. Zbl: 1334.53039. “& (cit. on pp. 2, 6, 43, 50, 51)

Erhard Heinz. Ein elementarer Beweis des Satzes von Radd-Behnke-Stein-Cartan
itber analytische Funktionen. Mathematische Annalen 131 (1956), pp. 258—259. DOL:
10.1007/BF01342963. MR: 79809 (cit. on p. 41)

S. Hosono, M.-H. Saito, and A. Takahashi. Relative Lefschetz action and BPS state
counting. International Mathematics Research Notices 15 (2001), pp. 783—816. DOIL:
10.1155/5107379280100040X. MR: 1849482. Zbl: 1060.14017 (cit. on p. 1)

E.-N. Ionel and T. H. Parker. The Gopakumar-Vafa formula for symplectic mani-
folds. Annals of Mathematics 187.1 (2018), pp. 1-64. DOIL: 10.4007/annals.2018.187.1.1.
arXiv: 1306.1516. MR: 3739228. Zbl: 06841536 (cit. on p. 3)

Sheldon Katz. Genus zero Gopakumar-Vafa invariants of contractible curves. J.
Differential Geom. 79.2 (2008), pp. 185-195. “& (cit. on p. 1)

Y. Kiem and J. Li. Categorification of Donaldson—-Thomas invariants via perverse
sheaves. 2012. arXiv: 1212.6444 (cit. on p. 1)

Jean-Louis Koszul and Bertrand Malgrange. Sur certaines structures fibrées com-
plexes. Archiv der Mathematik 9 (1958), pp. 102—109. DOI: 10.1007/BF02287068.
MR: 131882. Zbl: 0083.16705 (cit. on p. 9)

Jun Li and Gang Tian. Virtual moduli cycles and Gromov—Witten invariants of
general symplectic manifolds. Topics in symplectic 4—manifolds. Vol. 1. First Int.
Press Lect. Ser. Int. Press, Cambridge, MA, 1998, pp. 47-83. MR: 1635695 (cit. on

p- 1)

Y. Lim. Seiberg—Witten invariants for 3—manifolds in the case by = 0 or 1. Pacific
Journal of Mathematics 195.1 (2000), pp. 179—204. DOI: 10.2140/pjm.2000.195.179.
MR: 1781619. Zbl: 1015.57022 (cit. on p. 2)

Y. Lim. A non-abelian Seiberg—Witten invariant for integral homology 3-spheres.
Geometry and Topology 7 (2003), pp. 965-999. DOI: 10.2140/gt.2003.7.965. MR:
2026552. Zbl: 1065.57031 (cit. on p. 2)

Jorgen Olsen Lye. A detailed look at the Calabi—Eguchi—Hanson spaces. 2023. DOI:
10.48550/arXiv.2201.07295. arXiv: 2201.07295 (cit. on p. 36)

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande. Gromov-Witten
theory and Donaldson—-Thomas theory. . Compositio Mathematica 142.5 (2006),
Pp- 1263-1285. DOI: 10.1112/50010437X06002302. Zbl: 1108.14046 (cit. on p. 1)

81


https://doi.org/10.1016/j.aim.2018.11.004
http://www.ams.org/mathscinet-getitem?mr=MR3880858
http://zbmath.org/?q=an:07003589
https://doi.org/10.1007/s00039-015-0346-3
http://arxiv.org/abs/1406.5683
http://www.ams.org/mathscinet-getitem?mr=MR3432158
http://zbmath.org/?q=an:1334.53039
https://walpu.ski/Research/NSeibergWittenCompactness.pdf
https://doi.org/10.1007/BF01342963
http://www.ams.org/mathscinet-getitem?mr=MR79809
https://doi.org/10.1155/S107379280100040X
http://www.ams.org/mathscinet-getitem?mr=MR1849482
http://zbmath.org/?q=an:1060.14017
https://doi.org/10.4007/annals.2018.187.1.1
http://arxiv.org/abs/1306.1516
http://www.ams.org/mathscinet-getitem?mr=MR3739228
http://zbmath.org/?q=an:06841536
http://projecteuclid.org/euclid.jdg/1211512639
http://arxiv.org/abs/1212.6444
https://doi.org/10.1007/BF02287068
http://www.ams.org/mathscinet-getitem?mr=MR131882
http://zbmath.org/?q=an:0083.16705
http://www.ams.org/mathscinet-getitem?mr=MR1635695
https://doi.org/10.2140/pjm.2000.195.179
http://www.ams.org/mathscinet-getitem?mr=MR1781619
http://zbmath.org/?q=an:1015.57022
https://doi.org/10.2140/gt.2003.7.965
http://www.ams.org/mathscinet-getitem?mr=MR2026552
http://zbmath.org/?q=an:1065.57031
https://doi.org/10.48550/arXiv.2201.07295
http://arxiv.org/abs/2201.07295
https://doi.org/10.1112/S0010437X06002302
http://zbmath.org/?q=an:1108.14046

[MNOPo6b]

[MT18]

[May23]

[MS12]

[MSg8]

[Nakgo]

[Nog87]

[PTo9]

[PT10]

[Par16]

[Par23]

[Pido4]

D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande. Gromov-Witten
theory and Donaldson—Thomas theory. II. Compositio Mathematica 142.5 (2006),
pp- 1286—1304. DOTI: 10.1112/50010437X06002314. MR: 2264665. Zbl: 1108.14047
(cit. on p. 1)

D. Maulik and Y. Toda. Gopakumar—Vafa invariants via vanishing cycles. Inven-
tiones Mathematicae 213.3 (2018), pp. 1017-1097. DOI: 10.1007/500222-018-0800-6.
MR: 3842061. Zbl: 1400.14141 (cit. on p. 1)

Laurence H. Mayther. Relative h—principles for closed stable forms. 2023. arXiv:
2309.08721 (cit. on p. 11)

D. McDuff and D. Salamon. J—holomorphic curves and symplectic topology. Second.
Vol. 52. American Mathematical Society Colloquium Publications. American
Mathematical Society, 2012. MR: 2954391. Zbl: 1272.53002 (cit. on pp. 4, 34, 38,
39, 42)

Dusa McDuff and Dietmar A. Salamon. Introduction to symplectic topology. Oxford
Mathematical Monographs. Oxford University Press, 1998. MR: 1698616. Zbl:
1066.53137 (cit. on p. 23)

Hiraku Nakajima. Lectures on Hilbert schemes of points on surfaces. Vol. 18.
University Lecture Series. American Mathematical Society, 1999. MR: 1711344.
Zbl: 0949.14001 (cit. on p. 4)

M. Noguchi. Yang-Mills—Higgs theory on a compact Riemann surface. Journal
of Mathematical Physics 28.10 (1987), pp. 2343—2346. DOI: 10.1063/1.527769. MR:
907998. Zbl: 0641.53082 (cit. on p. 4)

R. Pandharipande and R. P. Thomas. Curve counting via stable pairs in the derived
category. Inventiones Mathematicae 178.2 (2009), PP- 407—447. DOL: 10.1007/50022.2~
009-0203-9. arXiv: 0707.2348. MR: 2545686. Zbl: 1204.14026 (cit. on pp. 1, 2)

R. Pandharipande and R. P. Thomas. Stable pairs and BPS invariants. Journal of
the American Mathematical Society 23.1 (2010), pp. 267—297. DOI: 10.1090/S0894-
0347-09-00646-8. arXiv: 0711.3899. MR: 2552254. Zbl: 1250.14035 (cit. on p. 2)

J. Pardon. An algebraic approach to virtual fundamental cycles on moduli spaces of
pseudo-holomorphic curves. Geometry and Topology 20.2 (2016), pp. 779—1034. DOIL:
10.2140/gt.2016.20.779. arXiv: 1309.2370. MR: 3493097. Zbl: 1342.53109 (cit. on
p- 1)

John Pardon. Universally counting curves in Calabi—-Yau threefolds. 2023. arXiv:
2308.02948 (cit. on p. 1)

Victor Ya. Pidstrygach. Hyper-Kdhler manifolds and Seiberg—Witten equations. Al-
gebraic geometry. Methods, relations, and applications. Collected papers. Dedicated
to the memory of Andrei Nikolaevich Tyurin. Moscow: Maik Nauka/Interperiodica,
2004, pp. 249-262. MR: 2101297. Zbl: 1101.53026 (cit. on p. 43)

82


https://doi.org/10.1112/S0010437X06002314
http://www.ams.org/mathscinet-getitem?mr=MR2264665
http://zbmath.org/?q=an:1108.14047
https://doi.org/10.1007/s00222-018-0800-6
http://www.ams.org/mathscinet-getitem?mr=MR3842061
http://zbmath.org/?q=an:1400.14141
http://arxiv.org/abs/2309.08721
http://www.ams.org/mathscinet-getitem?mr=MR2954391
http://zbmath.org/?q=an:1272.53002
http://www.ams.org/mathscinet-getitem?mr=MR1698616
http://zbmath.org/?q=an:1066.53137
http://www.ams.org/mathscinet-getitem?mr=MR1711344
http://zbmath.org/?q=an:0949.14001
https://doi.org/10.1063/1.527769
http://www.ams.org/mathscinet-getitem?mr=MR907998
http://zbmath.org/?q=an:0641.53082
https://doi.org/10.1007/s00222-009-0203-9
https://doi.org/10.1007/s00222-009-0203-9
http://arxiv.org/abs/0707.2348
http://www.ams.org/mathscinet-getitem?mr=MR2545686
http://zbmath.org/?q=an:1204.14026
https://doi.org/10.1090/S0894-0347-09-00646-8
https://doi.org/10.1090/S0894-0347-09-00646-8
http://arxiv.org/abs/0711.3899
http://www.ams.org/mathscinet-getitem?mr=MR2552254
http://zbmath.org/?q=an:1250.14035
https://doi.org/10.2140/gt.2016.20.779
http://arxiv.org/abs/1309.2370
http://www.ams.org/mathscinet-getitem?mr=MR3493097
http://zbmath.org/?q=an:1342.53109
http://arxiv.org/abs/2308.02948
http://www.ams.org/mathscinet-getitem?mr=MR2101297
http://zbmath.org/?q=an:1101.53026

[Rad24]

[Ruagg]

[Rud87]

[Sim83]

[Taug6]

[Taug9]

[Tau13a]

[Tauisb]

[Tau16]

[Tau1y]

[tDieo8]

[Wal13]

[WZ21]

[Wenig]

Tibor Rad6. Uber eine nicht fortsetzbare Riemannsche Mannigfaltigkeit. Mathe-
matische Zeitschrift 20.1 (1924), pp. 1-6. DOI: 10.1007/BF01188068. MR: 1544659
(cit. on pp. 4, 41)

Yongbin Ruan. Virtual neighborhoods and pseudo-holomorphic curves. Proceedings
of 6th Gokova Geometry—-Topology Conference. Vol. 23. 1. 1999, pp. 161-231. MR:
1701645 (cit. on p. 1)

Walter Rudin. Real and complex analysis. Third. McGraw-Hill Book Co., New
York, 1987. MR: 924157 (cit. on p. 41)

L. Simon. Lectures on geometric measure theory. Vol. 3. Proceedings of the Centre
for Mathematical Analysis, Australian National University. Canberra: Australian
National University Centre for Mathematical Analysis, 1983. MR: 756417. Zbl:
0546.49019 (cit. on p. 19)

Clifford H. Taubes. Counting pseudo-holomorphic submanifolds in dimension
4. Journal of Differential Geometry 44.4 (1996), pp. 818—-893. MR: 1438194. Zbl:
0883.57020. “& (cit. on pp. 2, 3, 9)

Clifford H. Taubes. Nonlinear generalizations of a 3—manifold’s Dirac operator.
Trends in mathematical physics. Vol. 13. AMS/IP Studies in Advanced Mathematics.
American Mathematical Society, 1999, pp. 475-486. MR: 1708781. Zbl: 1049.58504

(cit. on p. 43)

Clifford H. Taubes. PSL(2;C) connections on 3—manifolds with L? bounds on
curvature. Cambridge Journal of Mathematics 1.2 (2013), pp. 239—397. DOIL:
10.4310/CJM.2013.v1.n2.a2. arXiv: 1205.0514. MR: 3272050. Zbl: 1296.53051 (cit. on
pp- 6, 43)

Clifford H. Taubes. Compactness theorems for SL(2;C) generalizations of the
4—dimensional anti-self dual equations. 2013. arXiv: 1307.6447 (cit. on pp. 6, 50)

Clifford H. Taubes. On the behavior of sequences of solutions toU(1) Seiberg—Witten
systems in dimension 4. 2016. arXiv: 1610.07163 (cit. on pp. 6, 43)

Clifford H. Taubes. The behavior of sequences of solutions to the Vafa—Witten
equations. 2017. arXiv: 1702.04610 (cit. on p. 6)

Tammo tom Dieck. Algebraic topology. EMS Textbooks in Mathematics. European
Mathematical Society (EMS), Ziirich, 2008. DOI: 10.4171/048. & (cit. on p. 26)

Thomas Walpuski. Gauge theory on G,—manifolds. Imperial College London,
2013. ‘8 (cit. on pp. 2, 5)

Thomas Walpuski and Boyu Zhang. On the compactness problem for a family of
generalized Seiberg—Witten equations in dimension 3. Duke Mathematical Journal
170.17 (2021), pp. 3891-3934. DOIL: 10.1215/00127094-2021-0005. arXiv: 1904.03749.
“@ (cit. on pp. 5, 6, 43, 50, 51, 67, 68, 70, 71, 73, 75)

C. Wendl. Transversality and super-rigidity for multiply covered holomorphic
curves. 2019. arXiv: 1609.09867 (cit. on pp. 2, 3, 9, 13, 19, 28)

33


https://doi.org/10.1007/BF01188068
http://www.ams.org/mathscinet-getitem?mr=MR1544659
http://www.ams.org/mathscinet-getitem?mr=MR1701645
http://www.ams.org/mathscinet-getitem?mr=MR924157
http://www.ams.org/mathscinet-getitem?mr=MR756417
http://zbmath.org/?q=an:0546.49019
http://www.ams.org/mathscinet-getitem?mr=MR1438194
http://zbmath.org/?q=an:0883.57020
http://projecteuclid.org/euclid.jdg/1214459411
http://www.ams.org/mathscinet-getitem?mr=MR1708781
http://zbmath.org/?q=an:1049.58504
https://doi.org/10.4310/CJM.2013.v1.n2.a2
http://arxiv.org/abs/1205.0514
http://www.ams.org/mathscinet-getitem?mr=MR3272050
http://zbmath.org/?q=an:1296.53051
http://arxiv.org/abs/1307.6447
http://arxiv.org/abs/1610.07163
http://arxiv.org/abs/1702.04610
https://doi.org/10.4171/048
https://doi.org/10.4171/048
https://spiral.imperial.ac.uk/bitstream/10044/1/14365/1/Walpuski-T-2013-PhD-Thesis.pdf
https://doi.org/10.1215/00127094-2021-0005
http://arxiv.org/abs/1904.03749
https://walpu.ski/Research/3DSeibergWittenCompactness.pdf
http://arxiv.org/abs/1609.09867

[Whi8o] B. White. A new proof of the compactness theorem for integral currents. Commen-
tarii Mathematici Helvetici 64.2 (1989), pp. 207—-220. DOI: 10.1007/BF02564671.
MR: 997362. Zbl: 0706.49028 (cit. on p. 19)

[Whios] B. White. A local regularity theorem for mean curvature flow. Annals of Mathe-
matics. Second Series 161.3 (2005), pp. 1487-1519. DOIL: 10.4007/annals.2005.161.1487.
MR: 2180405. Zbl: 1091.53045 (cit. on p. 33)

[Zin1] A. Zinger. A comparison theorem for Gromov-Witten invariants in the symplectic
category. Advances in Mathematics 228.1(2011), pp. 535-574. DOIL: 10.1016/].aim.2011.05.021.
arXiv: 0807.0805. MR: 2822239. Zbl: 1225.14046 (cit. on p. 2)

84


https://doi.org/10.1007/BF02564671
http://www.ams.org/mathscinet-getitem?mr=MR997362
http://zbmath.org/?q=an:0706.49028
https://doi.org/10.4007/annals.2005.161.1487
http://www.ams.org/mathscinet-getitem?mr=MR2180405
http://zbmath.org/?q=an:1091.53045
https://doi.org/10.1016/j.aim.2011.05.021
http://arxiv.org/abs/0807.0805
http://www.ams.org/mathscinet-getitem?mr=MR2822239
http://zbmath.org/?q=an:1225.14046

	1 Introduction
	2 Chambered invariants and wall-crossing formulae
	3 The wall of failure of 2–rigidity
	3.1 Real Cauchy–Riemann operators
	3.2 Homogeneous almost complex structures
	3.3 Four perspectives on 2–rigidity
	3.4 W is a proper wall
	3.4.1 W is closed
	3.4.2 Fredholm extensions and index formulae
	3.4.3 The space of ramified Euclidean line bundles
	3.4.4 Failure of 2–rigidity: construction of 
	3.4.5 Failure of injectivity: construction of 
	3.4.6 Failure of smoothness: construction of 
	3.4.7 Proofs of ?? and ??


	4 Chambered invariants from blow-ups
	4.1 The blow-up: O(-2)
	4.2 Admissible almost complex structures on O¶V(-2)
	4.3 The space of pseudo-holomorphic sections
	4.4 (pi,deg) is essentially proper
	4.5 A twist on Radó's theorem
	4.6 Construction of n`3́9`42`"̇613A``45`47`"603ABl

	5 Chambered invariants from gauge theory
	5.1 Quaternionic vortex equations
	5.2 Generalizations
	5.3 Moduli spaces of quaternionic vortices
	5.4 ADHM vortex equations
	5.5 The (1,2) ADHM vortex equation
	5.6 The (2,1) ADHM vortex equation

	A Proof of the index formula for dl
	B Local wall-crossing formulae
	C Spinors and quaternions
	D Compactness for generalized Seiberg–Witten equations

