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Abstract

This article constructs examples of associative submanifolds in G,—manifolds obtained
by resolving G,-orbifolds using Joyce’s generalised Kummer construction. As the G,-
manifolds approach the G,—orbifolds, the volume of the associative submanifolds tends to
zero. This partially verifies a prediction due to Halverson and Morrison.

1 Introduction
The Teichmiiller space
T (Y) :={¢ € Q*(Y) : ¢ is a torsion-free G,—structure} /Diffy(Y)

of torsion-free G,—structures on a closed 7-manifold Y is a smooth manifold of dimension b3(Y)
[Joy96a, Theorem C]. The G, period map IT: F — H},(Y) & Hi, (Y) defined by

II(¢ - Diffo(Y)) = ([¢]. [Y])  with ¢ =49

is a Lagrangian immersion [Joy96b, Lemma 1.1.3].* It is constrained by the following inequalities
[Joyg6b, Lemma 1.1.2; HL82, §IV.2.A and §IV.2.B]:

(1) / aAhah¢ <0 foreverynon-zero [a] € HﬁR(Y) if 1 (Y) is finite.
Y

(2) / p(V)Ag = —4—71rZYM(A) < 0 for every vector bundle V which admits a non-flat G-
Y

instanton A; in particular, for V = TY unless Y is covered by T”. Here p;(V) denotes the
1%t Pontryagin class of V [MS74, §15], and YM(A) := % f vIF '4|? is the Yang—Mills energy.

(3) / ¢ =vol(P) > 0 for every associative submanifold P + Y.
P

Whether or not IT is an embedding is an open question.



(4) / ¥ = vol(Q) > 0 for every coassociative submanifold Q + Y.
Q

These should be compared with the inequalities cutting out the Kahler cone of a Calabi-Yau
3—fold; see Wilson [Wilg2].

By analogy with Calabi-Yau 3-folds, Halverson and Morrison [HMai6, §3] suggest that the
above inequalities completely characterise the ideal boundary of 7 (Y). Of course, making
this precise is complicated by the fact that the notions of G;—instanton and (co)associative
submanifold depend on the G,—structure ¢. The situation would be improved if there were
invariants whose non-vanishing guaranteed the existence of G,-instantons and (co)associative
submanifolds as suggested by Donaldson and Thomas [DT98, §3]. However, their construction
is fraught with enormous difficulty [DS11; Joy18; Hay17; Wali7; DWig].

A more down to earth problem is to exhibit concrete examples of degenerating families
of Gy,—manifolds which admit G;—-instantons whose Yang—Mills energies tend to zero [Wali3]
or which admit (co)associative submanifolds whose volumes tend to zero. The purpose of this
article is to present examples of the latter in G,—manifolds arising from Joyce’s generalised
Kummer construction. Although these examples had been anticipated (e.g. by Halverson and
Morrison [HM16, §6.2]), their rigorous construction has only recently become possible due to
the work of Platt [Plaz2].

Remark 1.1. Of course, there are already numerous examples of closed associative submanifolds
in the literature.

(1) Joyce [Joyg6b, §4.2; Joyoo, §12.6] has constructed (co)associative submanifolds in gener-
alised Kummer constructions as fixed-point sets of involutions.

(2) Corti, Haskins, Nordstréom, and Pacini [CHNP15, §5.5 and §7.2.2] have constructed as-
sociative submanifolds in twisted connected sums using rigid holomorphic curves and
special Lagrangians in asymptotically cylindrical Calabi—Yau 3—folds.

(3) In the physics literature, Braun, Del Zotto, Halverson, Larfors, Morrison, and Schéfer-
Nameki [BDHLMS18, §4.4] have proposed a construction of infinitely many associative
submanifolds in certain twisted connected sums. An important ingredient in the proof
of this conjecture will be the gluing theorem for associative submanifolds in twisted
connected sums proved by Bera [Ber22]—analogous to [SW15]. Building on [BDHLMS18],
Acharya, Braun, Svanes, and Valandro [ABSV19, §2.2 and §4.2] have constructed infinitely
many associative submanifolds in certain G,-orbifolds (without using any analytic meth-
ods).

(4) Lotay [Loti2], Kawai [Kaw1s], and Ball and Madnick [BM20] have produced a wealth of
examples of associative submanifolds in S, the squashed S’, and the Berger space with
their nearly parallel G,—structures.

The novelty of the examples discussed in the present article is that their volumes tend to zero
as the ambient G,—manifolds degenerate. &



2 Joyce’s generalised Kummer construction

The generalised Kummer construction is a method, developed by Joyce [Joy96a; Joyg6b], to
produce G,—-manifolds by desingularising certain closed flat G,—orbifolds (Y, ¢y). Besides a
rather delicate singular perturbation theory it relies on the fact that the hyperkahler 4-orbifolds
H/T, obtained as quotients of the quaternions H by a finite subgroup I' < Sp(1), can be
desingularised by hyperkahler 4-manifolds. The following model spaces feature prominently
throughout this article.

Example 2.1 (model spaces). Let X be a hyperkahler 4-orbifold with hyperkahler form
w € (ImH)* ® Q*(X).

Denote by vol € Q*(ImH) and 1 € Q!(ImH) ® ImH the volume form and the tautological
1-form respectively.

(1) The 3-form
(2.2) vol — (1 A @) € Q*(ImH x X)

defines a torsion-free Gy—structure on ImH X X. Here (- A -) is induced by the wedge
product on forms and the duality pairing between ImH and (Im H)*. The corresponding
Riemannian metric and the cross-product on Im H X X recover the Riemannian metric
and the hypercomplex structure I € (ImH)* ® I'(End(TX)) on X.

(2) Let G < SO(Im H) <Im H be a Bieberbach group; that is: discrete, cocompact, and torsion-
free. Let p: G — Isom(X) be a homomorphism. Suppose that w is G-invariant; that is:
for every (R,t) € G
(R*®p(R 1)) = .

Set
Y = (ImHXX)/G.

The G,-structure (2.2) descends to a G,—structure
$ e Q3 (Y).

The canonical projection p: Y — B := ImH/G is a flat fibre bundle whose fibres are
coassociative submanifolds diffeomorphic to X; cf. [Barig, §3.4]. 'y

Remark 2.3 (Classification of Bieberbach groups). If G < SO(Im H) < Im H is a Bieberbach group,
then A = GNImH < ImH is a lattice of full rank and H := G/A < SO(A) X (ImH/A) is
isomorphic to either 1, C,, Cs, C4, Cg, or Cg; cf. [HW3s5; CRo3; Szc12, §3.3]. More precisely, G is
among the following:

(1) Ais arbitrary and G = A.



(C2) A = (A1, A, A3) with
(A1, A2) = (A1, 43) = 0.

G is generated by A and (R, 341) with R, € SO(A) as in (2.5).
(C3) A= (A1, Az, A3) with

(2.4) (A, A2) = (A, A3) =0 and  |Af* = |A3)° = —2(A, A3).

G is generated by A and (Rs, ;) with R3 € SO(A) as in (2.5).
(Cs) A = (A1, A2, A3) with
(A d2) = (Mo, A3) = (A3, A1) =0 and  |A,)* = [A5]°.
G is generated by A and (R4, $11) with Ry € SO(A) as in (2.5).
(Cs) A ={Ay, Ay, A3) with (2.4). G is generated by A and (R, %/11) with Rg € SO(A) as in (2.5).

(C2) A = (A1, A, A3) with
<AI,A2> = <12,A3> = <A3’A1> =0.

G is generated by A, (R4, %(Al +15)), and (R_, %(/12 + A3)) with Ry € SO(A) as in (2.5).

Here R;, R3, Ry, R, R+ € GL3(Z) are defined by

1 0 0 1 0 0
R,=10 -1 0], R3y:=|0 -1 1|, Ry:=
0 0 -1 0 -1 0

10 0 1 0 0
Re:=|0 1 —-1|, and R.:=|0 =F1 o0 |.
01 0 0 0 -1

GL3(Z) is identified with GL(A) by the choice of generators of A. *

The version of the generalised Kummer construction considered in this article desingularises
closed flat Gy—orbifolds (Yo, ¢o) whose singularities are modelled on Example 2.1 with X := H/T
for finite I' < Sp(1). This requires a choice of the following data; cf. [Joyoo, §11.4.1].

Definition 2.6. Let (Y, ¢y) be a flat Go—orbifold. Denote the connected components of the
singular set of Yy by S, (a € A). Resolution data R = (T, Ga, pa; Ras Ja; Xas @ars Pas Te)aea fOr
(Yo, ¢o) consist of the following for every « € A:

(1) A finite subgroup I, < Sp(1) < SO(H), a Bieberbach group G, < SO(ImH) x ImH,
and a homomorphism p, : Gy — Nsom)(Ie) < Isom(H/Ty) as in Example 2.1 (2) with
X = H/I, and its canonical hyperkahler form w. Here Ng(H) denotes the normaliser of
H<G.

Denote by (Y, §o) the model space associated with H/T,, @, G4, and p,.



(2) Ry > 0 defining the open set
Uy = (ImH X (BzRa(O)/Ta))/ Gy CY,,
and an open embedding j,: U, — Y, satisfying S, C im j, and
JaPo = ¢a-

(3) A hyperkdhler 4-manifold X, with hyperkihler form &, € (ImH)* ® Q2 (X,), a homo-
morphism p,: G, — Diff (Xa) with respect to which &, is G,—invariant (in the sense
of Example 2.1 (2)), a compact subset K, C X,, and a G,—equivariant open embedding
T Xo\Ko < H/T, with (H\Bg,(0))/T C imz, and

(2.7) V¥ (.60 — @) = O(r™*7)
for every k € Nj. .

Remark 2.8 (ADE classification of finite subgroups of Sp(1)). Klein [Kleg3] classified the (non-
trivial) finite subgroups I' < Sp(1). They obey an ADE classification. T is isomorphic to
either:

(Ax) acyclic group Ci.1,
(Dg) adicyclic group Dicg_,
(Eg) the binary tetrahedral group 2T,
(E7) the binary octahedral group 20, or
(Eg) the binary icosahedral group 2I. »

Remark 2.9. Whether or not the data in Definition 2.6 (1) and (2) exists is a property of a
neighborhood of the singular set of Y;. If it does exist, then it is essentially unique. The data in
Definition 2.6 (3) involves a choice. *

Remark 2.10. There are many examples of closed flat G,—orbifolds admitting resolution data in
the above sense; see [Joyg6b, §3; Joyoo, §12; Baro6, §3; Reii7, §5.3.4 and §5.3.5]. They arise from
certain crystallographic groups G < G, = R7. It would be interesting to classify these (possibly
computer-aided) to grasp the full scope of Joyce’s generalised Kummer construction. Partial
results have been obtained by Barrett [Baro6, §3.2], and Reidegeld [Rei17, Theorem 5.3.1] proved
that the only possibilities for I, in Definition 2.6 (1) are Cy, Cs, C4, Cs, Dicy, Dics, and 2T. &
Remark 2.1 (scaling resolution data). For every (t,) € (0,1]4 the data &, and 7, in Defini-
tion 2.6 (3) can be replaced with t2®,, and t,7,. )

The following two lengthy remarks help to find resolution data R with certain properties.
Remark 2.12 (Gibbons-Hawking construction of Ay ALE spaces). Let k € N. Consider the
subgroup Cj <= Sp(1) generated by right multiplication with e?™i/k(Of course, i can be

replaced by & € $? ¢ Im H throughout.) The Ay ALE hyperkihler 4-manifolds used to resolve
H/Cy can be understood concretely using the Gibbons-Hawking construction [GH78; GRGg7,

§3.5].



@

Let
g €A :=Symk(ImH) = {[¢1,.... &) € ImHY) /S : G+ + & = 0},

Set Z :={{1,...,{x} and B := ImH\Z. The function V; € C*(B) defined by

k
Vela) = ), z|q Gl

a=1

is harmonic and
[«dV;] € im(H*(B, 27Z) — H3;(B)).

Therefore, there is a U(1)—principal bundle p;: X; — B and a connection 1-form
i0; € Q'(X3,iR) with
(2.13) do; = —p;i(*dVg).

Indeed, p¢ is determined by Vz up to isomorphism. The Euclidean inner product on Im H
defines
o€ (ImH)* @ Q'(ImH).

XE is an incomplete hyperkéhler manifold with hyperkahler form w¢ defined by
Wy = 9§ /\pZO‘+p2(V§ - %0).

The map po: (H\{0})/Cx — B defined by

xix™*

pol[x]) = =

is a U(1)-principal bundle with [x] - ¢'* := [xe!*/¥]. The connection 1-form i6j defined
by
(xi,0)
0 =

0([X,Z)]) klxlz
satisfies (2.13). Therefore, X; = (H\{0})/T. A straightforward (but slightly tedious)
computation reveals that wq agrees with the standard hyperkahler form on (H\{0})/T.
As a consequence, Xz can be extended to a complete hyperkéhler orbifold X; by adding
#Z points. If

eN = { (- 0] €N, ..., § are pairwise distinct},
then X is a manifold. Since
(2.14) VK (Vg = Vo) © pol = O(Ix|*75)

for every k € Ny, the asymptotic decay condition (2.7) holds.



(3) Let & € A°. Denote by Iz € (ImH)* ® T'(End(TX¢)) the hypercomplex structure induced

by wg. If A
l’={§t+r7:t€ [a,b]} c ImH

with n € ImH, [a,b] C R, and 59 € $? c ImH is a segment satisfying 8¢ C Z and ¢° C B,
then
= pgi(6) € Xg

is I 4;—holomorphic with
I ¢ = (I, &) € T(End(TX¢))

and 2, = $% H,(Xg, Z) is generated by the homology classes of these curves. In fact, X¢
retracts to a tree of these curves.

Identify (ImH)* = Im H. The canonical hyperkahler form on H can be written as @ =
—%dq A dg € ImH® Q" (H).? Define A*: SO(H) — SO(Im H) by requiring that

((A*R)* ® R*)(dq A dg) = dg A dg.

Define a: Nso(m)(I') — {£1} by

1 ifRe Z T
a(R) = { ! soq) (T)
—1 otherwise.

Let £ € A°. Let ¢ be as in (3). If R € Nsom)(T) satisfies a(R)A*R({) = ¢ and
a(R)ATR(f) = ¢, then it lifts to an isometry R € Diff (X;) satisfying

((A*R)* ® R")w; = wg; and R(%) = 3. n

Remark 2.15 (Kronheimer’s construction of ALE spaces). Let I' < Sp(1) be a finite subgroup—not
necessarily cyclic. The ALE hyperkahler 4-manifolds asymptotic to H/T can be understood

using the work of Kronheimer [Kro89b; Kro8¢a]. This is rather more involved than Remark 2.12

and summarised in the following. (This is only used for Example 4.6 and might be skipped at

e

the reader’s discretion.)

Denote by C[I'] = Map(T, C) the regular representation of T' equipped with the standard
I'-invariant Hermitian inner product. Set

S:=Heru(C[T))' and G :=PU(C[T])'.
The adjoint action of G on S has a distinguished hyperkahler moment map

p: S— (ImH)" ®g".

%Indeed, —%dq Adg=i® (dgo A dq1 +dgz Adgs) +j ® (dgo A dgo +dgs A dg1) +k ® (dgo A dg3 +dg1 A dgz).



(2)

(3

Denote by 3* C g* the annihilator of [g, g] or, equivalently, the dual of the centre 3 of g.
For every )
€A =(ImH)®3"
the hyperkahler quotient
Xe = S);G = p"(0)/G
is an ALE hyperkahler 4-orbifold asymptotic to H/T.

Remark 2.8 associates a Dynkin diagram with I'. According to the McKay correspondence
[McK81], the non-trivial irreducible complex representations Ry, . .., R, of I' correspond
to the vertices of this diagram. Denote by ® the corresponding root system.

[Kro89b, §2] defines an isomorphism 7*: 3* = (R®)*. Therefore, every root 8 € ® defines
a hypersurface Dy := ker 0 C 3*. If

ZeA°=A\D with D:= U(ImH)* ® Dy,
fed
then Xz is a manifold [Kro8gb, Proposition 2.8].
Let £ € A° and 0 € ®. [Kro8gb, §4] defines another isomorphism o: 3* = (R®)*. [Kro8gb,
Propostion 4.1] shows that ()8 # 0. Define ¢ = £(0) € ImH by (&, -) = ()60 and

set 59 = &/|€|. Suppose that 8 cannot be decomposed as 6 = 0; + 0, with 01,0, € ® and

0(&1) = 0(&,). There is an I, ;~holomorphic curve
2o C X;

with 29 = S (If 6 can be decomposed, then ¥y is nodal.) Hy(X¢) is generated by the
homology classes of these curves. In fact, X retracts to a tree of these curves. This
identifies Hy(X¢) with the root lattice Z®.

Nso) (') acts on I by conjugation; that is: there is a homomorphism C: Nso ) (I') —
Aut(T') such that for every R € Nso(g)(I'), g € T, and x € H

RgR™'x = Cr(g)x.

Identify Aut(T') c U(C[T]). Denote by Ad: U(C[T']) — pu(C[I'])* the coadjoint action.
Adc,, acts on .

The hyperkahler moment map satisfies

po(R®Adc,) = (A'R® Adcy) o .

Let £ € A°. Let 0 € ®be asin (4). IfR € Nson) (T) satisfies (AR ® Adc,)¢ = ¢ and
Adc, preserves 0, then it lifts to an isometry R € Diff (X¢) satisfying
((A+R)* ®I§*)w§ =Wz and R(Zg) =2p.
Denote by W the Weyl group of ®. Every ¢ € W induces a hyperkihler isometry
6: X¢ = X, (¢) satisfying 6(2g) = X5(g). In particular, A and A° can be replaced with
A:=A/W and A°:=A°/W.



Of course, for I' = Cy. the above parallels Remark 2.12. &
The generalised Kummer construction proceeds by constructing an approximate resolution

and correcting it via singular perturbation theory.

Definition 2.16 (approximate resolution). Let (Yy, @) be a flat G,—orbifold together with resolu-
tion data R. Let t € (0, 1]. Set

5 = Yo\ | Je((tm B x (B, (0)/T)) /G )
acA

For a € A denote by X
(Ya,ta ¢0{,t)

the model space associated with Xy, 20g, Gy, and Da- Set

Vo= | [ Vo, with Tg, o= (ImHX (K, U (t72) 7 (Bag, (0)/T) ) [ Ges

a€A

Vo= | [ Var with Vi = (Ime(tra)—l((BZRa(o)\ERa(o))/ra)) /Ga, and
a€A

v | [Ve with Vo= (Ime((BZRa(O)\FRa(O))/I‘a))/Ga.
ac€A

Denote by f: V; — V the diffeomorphism induced by Jj, and t7, (a € A). Denote by Y, the
7-manifold obtained by gluing Y, and Y; along f:

Y, =¥, Uy Yy,

A cut-and-paste procedure (whose details are swept under the rug here, but can be found in
[Joyg6b, Proof of Theorem 2.2.1; Joyoo, §11.5.3]) produces a closed 3—form

¢ € Q3 (Y,)

which agrees with gzga,t on f’;\Vat (o € A) and with ¢y on Y5 \V; moreover: if ¢ is sufficiently
small, then ¢; defines a G,—structure on Y;. .

Remark 2.17. Since X, retracts to a compact subset, there are canonical maps
Vo: Ho(Yor, Z) = Ho(Y5,,Z) = Ho(Y1,Z). Fs

Remark 2.18 (gi;t vs. t‘3¢;t). As t tends to zero, the Riemannian metric g; associated with qgt
degenerates quite severely: ||Rj, ||z~ ~ t7% and inj(g;) ~ t~'. To ameliorate this it can be
convenient to pass to the Riemannian metric t~2g, associated with t~3¢,. This is at the expense
of the diameter and volume of (Y;, t72g;) tending to co. For the purposes of the present article
this is mostly harmless. *

The following refinement of Joyce’s existence theorem for torsion-free G,—structures [Joyg6a,
Theorem B; Joyoo, Theorems G1 and Gz2] is crucial.



Theorem 2.19 (Platt [Plaz2, Theorem 4.58]). Let R be resolution data for a closed flat G,—orbifold
(Yo, Po). Let a € (0,1/16). There are Ty = To(R),c = ¢(R, @) > 0 and for every t € (0,Ty) there is
a torsion-free Gy—structure ¢, € Q3(Y;) with [¢,] = [$:] € HgR(Yt) satisfying

173 (s = do)ll e < /2.

Here ||—||c1e is with respect to t~2g;.

Remark 2.20 (K-equivariant generalised Kummer construction). Let (Y, ¢y) be a closed flat G,-
orbifold. Let K be a group. Let A: K — Diff(Y;) be a homomorphism with respect to which ¢ is
K-invariant. K acts on the singular set of Yy and, therefore, on A. K—equivariant resolution data
for (Yo, ¢o; A) consist of resolution data R = (I, Gy, pu; Ras ]a;Xa, @Dy, Pas Ta)aea for (Yo, ¢o)
with the property that for every @« € Aand g € K

Lo =Ty Gga = Gas  Pga = Pas and Rya = Ra,
and of the following additional data for every a € A:

(1) A pair of homomorphisms Ay : K — Nso(mH)xmH(Ge) < SO(ImH)<xImHandx,: K —
NNgoq) (T) (Pa(Ga)) — Isom(H/Ty) such that for every g € K

/1(9) © Ja = Jga © [Aa(g) X Ka(g)]'
Here [A4(g) X k4 (g)] denotes the induced isometry of U, = Ugyq.

(2) A homomorphism K¢ : K — Npig(xc ) (pa(Gg)) such that @, is K-invariant with respect
to A, and &, (in the sense of Example 2.1 (2)) and 7, is K—-equivariant with respect to K.

The approximate resolution in Definition 2.16 can be dor}e so that A and (A, kg )gea lift to a
homomorphism A, : K — Diff(Y;) with respect to which ¢, is K-invariant. In this situation, ¢,
constructed by Theorem 2.19 is K-invariant. &

3 Perturbing Morse-Bott families of associative submanifolds

This section lays the technical foundation for the construction of the examples in Section 4.
Throughout, let Y be a 7-manifold with a G,-structure ¢ € Q3(Y). Set

Y= xg € QY(Y).
Encode the torsion of ¢ as the section 7 € T'(gl(TY)) defined by
Vo = 7(0)° A ¢.
Here —": TY — T*Y denotes the isomorphism induced by the Riemannian metric.
Definition 3.1. A closed oriented 3—dimensional immersed submanifold P +» Y is (¢—)associative
! #lp >0 and (i,¥)|p =0 forevery o€ NP

or, equivalently, if it is ¢—(semi-)calibrated; that is: ¢p = volp [HL82, Theorem 1.6]. °

10



Example 3.2. Assume the situation of Example 2.1 (2). Let f €S?cImH,L>0,and X C X.
Suppose that ¥ is a closed I;-holomorphic curve with I §= (L&), & =LE € A <G is primitive,
Z¢ < G is normal, and, for every g € G, p(g)(X) = 3. In this situation, for every

[7] e M/H with M := (ImH/R¢)/(A/ZE) =T* and H:=G/A
the submanifold
Py = (RE+) XZ)/ZE- Y
is diffeomorphic to the mapping torus T, of i1 := p(&)|s € Diff(X). By direct inspection of (2.2),

P, is associative. 'y

Remark 3.3. Z¢ < G is normal if and only if £ is an eigenvector of every R € G N SO(Im H).
Direct inspection of Remark 2.3 reveals the following possibilities (without loss of generality):

(1) H = 1and ¢ € Ais any primitive element.
(C;) H = C; and & = A;. The orbifold M/H has 4 singularities: each with isotropy C,.
(C;) H = Cyand € = A;. M/H is diffeomorphic to the Klein bottle RP*#RP?.

(C3) H = C;5 and & = 1. The orbifold M/H has 3 singularities: each with isotropy Cs.

(C4) H = Cq and & = A;. The orbifold M/H has 3 singularities: two with isotropy Cy, one with
isotropy Co.

(Cs) H = Cg and ¢ = A;. The orbifold M/H has 3 singularities: one with isotropy Cg, one with
isotropy Cs, one with isotropy Cs.

(C%) H = C? and ¢ = A;. The orbifold M/H has 2 singularities: each with isotropy C;.

The construction method summarised in Proposition 4.1 hinges upon understanding the singu-
larities of M/H. This is foreshadowed in Remark 3.7 (2). )

Remark 3.4. The examples discussed in Section 4 are based on Example 3.2 with p = idy; in
particular, P[, is diffeomorphic to S x 3. &

Let § € H;3(Y,Z). Denote by & = &(Y) the orbifold of closed connected oriented 3-
dimensional immersed submanifolds P +> Y with [P] = f; cf. [KMg7, §44]. Define §Y = Y €
QY(S) by

(60)p(v) = /Piz,l// for v e TpS =T(NP).

By construction, if ([¢], f) > 0, then P € § is a zero of §Y if and only if P is associative.?

If dy = 0, then &Y is closed; indeed: there is a covering map = : § — & such that 7*86Y
is exact. The covering map r is the principal covering map associated with the sweep-out
homomorphism

sweep: m(S§) — Hy(Y).

3An analogous statement holds with the orientation of P reversed if ([#], f) < 0. Y has no zeros if ([¢], f) = 0.

11



More concretely: choose Py € § and denote by S the set of equivalence classes [P, Q] of pairs
consisting of P € & and a 4—chain Q satisfying 0Q = P — P, with respect to the equivalence
relation ~ defined by

(P1,Q1) ~ (P5,Q;) & (P1=P, and [Q;— Q] =0 € Hy(Y,2)).

§ admits a unique smooth structure such that the canonical projection map 7 : S— Sisa
smooth covering map. By Cartan’s formula and Stokes’ theorem, Y = Y¥ € C*(§) defined by

(35) Y([P.O]) = /Q y

satisfies
dY = 7°(6Y).

The fundamental strategy of this article is to find associatives submanifolds within a suitably
constructed family of submanifolds; that is: a smooth map P: M — &. Here, a priori, M is an
arbitrary orbifold; but in Section 4 it arises from Remark 3.3. Of course, if P: M — & isa
smooth map, then zeros of P*(8Y) need not correspond to associative submanifolds. However,
the following trivial observation turns out to be helpful.

Lemma 3.6. Suppose that ([¢], ) > 0. LetP: M — & be a smooth map. IfP is transverse to
ker 6Y at x € M; that is: if
ker(8Y)p(x) +im TP = Tp(y) S,

then P(x) is associative if and only if x is a zero of P*(6Y). [ ]

Remark 3.7. Lemma 3.6 is particularly useful if there is a mechanism that forces P*(6Y) to have
Zeros; e.g.:

(1) If M is closed, then P*(8Y) has y(M) zeros (counted with signs and multiplicities).

(2) If there is a finite group H acting on M and P*(8Y) is H-invariant, then every isolated
fixed-point is a zero.

(3) If M is closed and P*(8Y) is exact, then it has at least two zeros (indeed: at least three
unless M is homeomorphic to a sphere). By (the proof of) Poincaré’s Lemma, P*(5Y) is
exact if and only if the composite homomorphism

P wee -,
(M) 2 () 2 1) 22 R

vanishes. Indeed, if this homomorphism vanishes, then (3.5) is independent of the choice
of the 4-chain Q and defines a primitive of P*(6Y). )

The deformation theory of associative submanifolds is quite well-behaved. Here is a sum-
mary of the salient points.

Definition 3.8. A tubular neighborhood of P € § is an open immersion j: U + Y extending
P+ Y with U € NP an open neighborhood of the zero section in NP satisfying t - U c U for
every t € [0,1]. °
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Let j: U + Y be a tubular neighborhood of P € . Define Q = Q,: T'(U) — & by
Q(v) == j(I,) with T, :=imov C NP.

This map is (the inverse of) a chart of &. Since I'(U) c T'(NP) is open, Q'(T'(U)) can be
identified with C*(T'(U), T (NP)*). Therefore, it makes sense to Taylor expand Q*(5Y). If P is
associative, then the zeroth order term vanishes and the first order term is independent of ;.

Definition 3.9. Let P € & be associative. Define y: Hom(TP, NP) — NP by
(y(v - ub), w) = ¢(u,0,w).

Denote by - € T(gI(NP)) the restriction of r € T'(gl(TY)). The Fueter operator D =
Dp: T(NP) — I'(NP) associated with P is defined by

D:=—-yV+1t .

Proposition 3.10 (McLean [McL938, §5], Akbulut and Salur [ASo8, Theorem 6], Gayet [Gay14,
Theorem 2.1], Joyce [Joy18, Theorem 2.12]). Let P € & be associative. Let j: U + Y be a
tubular neighborhood of P. There are a constant ¢ = c(j) > 0 and a smooth map N = N, €
C*(T'(U),T(NP)) such that

(Q7(6Y)(0), w) = (Do + N (0), w2

and
|V (0) = N (W)lcoa < c(llo]lcra + [[W]lcra) [0 — wlcre.

Here (-, -) denotes the pairing between I'(NP)* and I'(NP); and, as explained above, Q*(8Y) €
C*(T'(U),T(NP)*).

Remark 3.11. If ¢ is closed, then D is self-adjoint; indeed, it corresponds to the Hessian of T;
cf. [Joy18, Lemma 2.13] &

Proof of Proposition 3.10. To ease notation, set f := Q*(6Y). Since
F@w) = [
T.f: T,I'(U) =T(NP) — I'(NP)" satisfies
@0 = [ Ly,

Since

1
ﬂw=nﬂw+ﬂ<mf—nﬁme

=(N (0),=)p2

it remains to identify Ty f as D and estimate ./ (v).

13



Choose a frame (ey, e, e3) on U which restricts to a positive orthonormal frame on I},
for every t € [0,1]. Denote by V the Levi-Civita connection of j*g on U. To ease notation,
henceforth suppress j. Since V is torsion-free,

(ZLoiw)(e1, €2, e3) = Y (Vow, €1, €3, €3) + (10, W)P(ey, €2, €3)
+1U(w, Ve, e, e3) + Y(w, e1, Ve,0, €3) + (W, €1, €2, Ve,0).

(3.12)

A moment’s thought derives the asserted estimate on /4 from this; cf. [MS12, Remark 3.5.5].

Since P is associative, on P = I, the first term in (3.12) vanishes and the second equals
(r*v, w). To digest the second line of (3.12), define the cross-product —x —: TY @ TY — TY
and the associator [—,—,—]: TYQTY®TY — TY by

(uxo,w):=¢(uov,w) and ¢Y(u,0,w,x) = ([uo0,w],x).

These are related by
[u,0,w] = (u X0) X w+ {0, whu — {u, w)uv;

cf. [SW17, §4]. Therefore,

U(w, Ve, ej,ex) = —(w, (e X ex) X Ve,0).

Since P is associative, e; X ej = Zi=1 eijkek. Here el.jk is the Levi-Civita symbol: if (i, j, k) is a
permutation of (1,2, 3), then it is the sign of this permutation; otherwise it vanishes. Therefore,
the second line of (3.12) is

3
- Z(ea X Ve, 0,w) = =(yVo, w). [ |

a=1

In Example 3.2, the operator D, governing the infinitesimal deformation theory of P = Py,
can be understood rather concretely.

Example 3.13. Assume the situation of Example 3.2 with y = ids. Evidently,
TP, =RESTE and NP, = (RE* @ N3

Direct inspection reveals that y(— - &%) defines a complex structure i on (R€)* and agrees with
—I¢ on NX; moreover, for { - 0’ € Hom(TZ3, (RE)*1)

y({-o") = Irv € NX.
A moment’s thought shows that
(L -0"T) = Iy (£ - 0") =y (i - o).

Denote by Homc¢ (T2, (R€)*) € Hom(TZ, (R€)*) the subspace of complex anti-linear maps.
The restriction of y to Hom(TZ, (R€)™") is the composition of a complex linear isomorphism

k: Homc(TZ, (RE)Y) = NX

14



and the projection (-)*': Hom(TZ, (R€)*) — Homc(TZ, (RE)*') defined by A™! = 2 (A+IAI)
Therefore,

) 0 oJk*

DZDPM]:(—I@Ig)-ag—(Ké 0 )

with 9y denoting the derivative along ¢ and the Cauchy-Riemann operator 9: C%(3, (R¢)*) —

I'(Homc(T3, (RE)*)) defined by

- 1
(9f)(v) = (df)*(v) = 5 (Vof +1Viof)
and 9* denoting its formal adjoint. In particular,
ker Dp,, = (RE)* @ H'(Z, (RE)™). .

If coker D = 0, then P is unobstructed and stable under perturbations of the G,—structure
¢. In Example 3.2, P, is never unobstructed. However, the entire family of P, parametrised
by [1] € M does satisfy the following property if 3 = S? because (R&E)* = T, M.*

Definition 3.14. A smooth map P: M — & is a Morse-Bott family of (¢—)associative submani-
folds if it is an immersion and for every x € M

(6Y)p(x) =0 and ker Dp(y) = im Ty P. °

Informally, this condition asserts that P integrates every infinitesimal deformation. Un-
fortunately, Morse—Bott families of ¢—associative submanifolds are not stable under small
deformations of the G,—structure; however, P being transverse to ker §1 (as in Lemma 3.6) is.
Most of the remainder of this section is devoted to establishing this. This requires a family
version of the discussion preceding Proposition 3.10. In a sense this is standard, but: since the
application in Section 4 is carried out very close to the degenerate limit, some caution and
precision is advised.

Henceforth, the choice of G,-structure ¢ € Q*(Y) made at the beginning of this section
shall be undone.

Definition 3.15. Let P: M — & be a smooth map. Consider the fibre bundle

p: P = UPO(x) S MXY — M.
xeM
(1) The normal bundle of P, is the vector bundle
q: NP, = ]_[ NPy(x) — P,.
xeM

There is a canonical isomorphism NPy = NP := T(M X Y)|p /TP,

*If P[;;) is multiply covering, then the underlying embedded associative submanifold might be unobstructed; see
Remark 4.2.
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(2) A tubular neighborhood of Py is a tubular neighborhood j: U +» M X Y of P, with
pry © J = p o q. In particular, for every x € M, j induces a tubular neighborhood
Jx: Uy & Y of Py(x).

(3) The derivative of Py € C*(M, &) is a section TP € Hom(TM, P;TS). Therefore, differen-
tiation defines a section T € T'(E) of the vector bundle

r: E= U I (Hom(TM, PiTS)) — C*(M, S).
PoeC™(M,S)

Let y: U s> M X Y be a tubular neighborhood of Py. The map Q,;: T'(U) — C*(M, )
defined by

Q;(0)(x) =Q,,(v) with vy =0[p(x)
is (the inverse of) a chart on C* (M, &). Within this chart E is trivialised and T is identified
with a smoothmap T =T, € C% (F(U), I'(Hom(p*TM, NPO))); that is: the diagram

I'(U) x T (Hom(p*TM, NPy)) E

] i

r'(U) C*(M,S)

commutes. (See Figure 1 and Remark 3.16.)
Henceforth, suppose that ¢, is a G—structure and that Py (x) is ¢p—associative for every x € M.

(4) Define D = Dp,: T'(NPy) — I'(NP,) by

(Do) |py(x) = Dpy(x) (0]py(x))-

Set
7" = {v € T(NPy) : 0|p,(x) L2 im T, P, for every x € M}

with L. denoting L? orthogonality. Denote by D+ = Dy : 7" — 7 the map induced by
D and projection onto 7.

(5) Let y: U s> MxY be a tubular neighborhood of Py. Define ./ = ./, € C*(I'(U),T'(NPy))
by
(W) Py (x) = N (0) [Py (x)- .

Remark 3.16. The upcoming Proposition 3.19 constructs a perturbation P := Q,(v) of Py. To
establish one of the desired properties of P, it is necessary to compare the derivatives TP and
TPy. The purpose of the map T is to enable this. &

Example 3.17. In the situation of Example 3.2 with y = ids, M = T?, P, = T? x (S' X %)

and NP, = TT? @ N3. Dp,(x) and ¥, —for a suitable choice of j and with respect to suitable
identifications—are independent of x € T2 [
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Py
T(0) (%) Q(o)

=

M

Figure 1: A sketch of the situation of Definition 3.15 (3).

Definition 3.18. Let Po: M — & be a smooth map. Suppose that Riemannian metrics on M
and Y are given. This induces a Euclidean inner product and an orthogonal covariant derivative
V on NP, — P, and an Ehresmann connection on p: P, — M. Denote by V'? and V%! the
restriction of V to the horizontal and vertical directions defined by the Ehresmann connection
respectively. Denote by
$:=| [c™0,11.p7 (%)
xeM

the set of vertical paths in p: P, — M. Denote by B C B the subset of non-constant paths.
For a € (0,1) set

_ |tray (0(y(0))) —o(y(1))|
[D]COCO,a = Su

and ||Z)||C0C0,a = ”ZJ”Co + [D]COCO,a
yePpr f(}/)a

with £(y) denoting the length of y and tra, denoting parallel transport along y. For k, £ € No, & €
(0, 1) define the norm ||—||cxcee on T'(NPy) by

t

k
lollexcea = > > T (V") 0]l cocue. .

m=0 n=0

Proposition 3.19. Let @ € (0,1), B, v, c1, C2, €3, C4, C5, R > 0. If f > 2y, then there are constants T =
T(a, B,y,c1, o, €3,C4, ¢5, R) > 0 and ¢, = cy(a, B, ¥, ¢1,¢2,c3) > 0 with the following significance.
Let ¢o, ¢ € Q3(Y) be two Gy—structures on Y. Let Py: M — & be a Morse—Bott family of ¢o—
associative submanifolds. Let y: U - M X Y be a tubular neighborhood of Py. Let t € (0,T).
Suppose that:

(1) Bg(0) C Uy.

@) 11774 = do)llcreu) < et
(3) D*: ¥ — ¥ is bijective and

vl|lctore < cpt™Y Dol c1oa.
clc Ccic
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(4) N € C®(T'(U),T(NPy)) satisfies
¥ (0) = ¥ (Wllcrcoa < es(llvllcicre + [[wllcicre) llo — wllcicra.
(5) Foreveryx € TM ando € T'(U)
%] < sl T(0)(£)llco  and [ T(0) = T(0)llco < c5llvflcicra-

In this situation, there is av € T'(U) C T(NPy) with |[o||cicre < cotP™Y such that the map
(3.20) P=Q,0): M—>&

is transverse to ker SYV (as in Lemma 3.6). Moreover, if H is a finite group acting on M and Y, ¢
and ¢ are H—invariant, and j and Py are H—equivariant, then P is H-equivariant.

Remark 3.21. The condition (3) can be understood as a quantification of the Morse—Bott condition.
*

Proof of Proposition 3.19. To ease notation, define f;, f € C*(T'(U),['(NPy)) by

(fo(©)py(x)» W12 = (Q; (Y) (0), w) and  (f(0)|p(x) Wrz = (Q], (5YY)(0), w).
Denote by (—)* the projection onto 7". For every v € 7

(DY) f (@) =0+ (DY) (AN (0) + f(0) = foo) "

=E(v)

By (2), (3), EEld (4), there is a constant cg = cg(a, B, ¥, ¢1, €2, ¢3) > 0 such that for every r € (0, R)
and v, w € B,(0) ¢ C'CL*T(NPy)

IE(0)[|c1crec < ct’™  and
IE(0) — E(W)llcicre < ce(r +tP)t 7 |[o = wllcicre.
Therefore, —E defines a contraction on B,(0) ¢ C'C%*T'(NP,) provided
ce(r+tP))tV <1 and cpt’ 7V +cx(r+ PV <1

These can be seen to hold for r := 2cgt#™Y and t < T < 1 because f > 2y. Denote by
0 € B,(0) C CIC““T(NPy) the unique solution of

fl)* =o.
By elliptic regularity, v € T'(U).
It remains to prove that P defined by (3.20) is transverse to ker §YV; that is: for every x € M
ker(éYw)p(x) +imT,P = Tp(x)oi
or, equivalently,
fe(@®) =0 or fi(v) ¢ (imTy(v))".
Here the subscript x indicates restriction to Py(x). By construction, f;(v) € im T, (0). Therefore,

the hypothesis is satisfied by (5) provided t < T <« 1.
Evidently, this construction preserves H-equivariance. ]
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In Example 3.2 with ¥ = S2, the following gives the required estimate on D.

Situation 3.22. Let X be a compact oriented Riemannian manifold. Let V be a Euclidean vector
bundle over X. Let A: T'(V) — I'(V) be a formally self-adjoint linear elliptic differential
operator of first order. Denote by 7: T'(V) — ker A the L? orthogonal projection onto ker A.
Let L > 0. Define IT: T'((R/LZ) X X,V) — ker A by

L
Ils := ][ w(iys) dt
0
with i;(x) = (t, x). X
Remark 3.23. In the situation of Example 3.2 with y = idy, according to Example 3.13

j : 0 id'k*
DP[U] = (—l @Ig) . (35 +A) with A= ( )

—Kdi 0

Proposition 3.24. In Situation 3.2z, for every a € (0,1) there is a constant ¢ = c(A, a) > 0 such
that for everys € T((R/LZ) X X, V)

Isllcre < ¢((L+ DI + A)sllcoa + [ITs|lr=).
Proof. By interior Schauder estimates
lIsllcre < e1(l[(9 + A)sllcoa + [Is]lz=);
see, e.g., [Kico6, §3]. Define 7: T'((R/LZ) x X,V) — I'((R/LZ) x X, V) by
(7s)(t,x) = (m(iys)) (x).
A contradiction argument proves that
11 = D)sllre < call (9 + A) (1 = Dsllcoa < c2([1(0r + A)slicoa + 11(0: + A) sl coa);
cf. [Wali3, Proof of Proposition 8.5]. As a consequence of the fundamental theorem of calculus
72|l < Ll|9¢ sl + ||z = LI| (9 + A)7ts|| e + ||TTs]| .

Therefore,
lIslle < c2ll (9 + A)sllcoa + (c2 + L) || (9 + A)7ts|| e + [|TLs|| .

Since A is formally self-adjoint,
7%(8; +A) = (8t +A)7,i'

Therefore,
1(0; + A)zts||coa < e3][(0; + A)s||coa.

The above observations combine to the asserted estimate with ¢ = ¢;(cy + 1)(c3 + 1). [ |
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4 Examples

The purpose of this section is to construct the associative submanifolds whose existence was
promised in Section 1. These associative submanifolds are diffeomorphic to S' X $?, have not
appeared in the literature (known to the authors) so far, and—most importantly—their volumes
tend to zero as the ambient G,—manifolds degenerate. In the following, some examples are
exhibited. These are certainly not exhaustive; cf. Remark 4.7.

Here is a construction technique based on Proposition 3.19 and Remark 3.7 (2).

Proposition 4.1. Let R = (I, Gy, po; Ras ]a;Xa, @os Pas Ta)aca be resolution data for a closed flat
Gy —orbifold (Yo, ¢o). Denote by (Y, ¢t)re(o,1,) the family of closed G,—manifolds obtained from
the generalised Kummer construction discussed in Section 2. Let x € A, f €S cImH, L > 0, and
S C Xy Set& = LE Ay = Gy NImH < ImH, M, := (ImH/RE)/(Ay/ZE), and Hy = Gy /Ay
Denote by 1. the hypercomplex structure on X,. Suppose that:

(1) X is a closed I*,g—holomorphic curve. 3, = 52,
(2) & € Ay is primitive. ZE < Gy is normal.

(3) px(9)(2) = Z for every g € Gy, and p(§)|5 = ids.

Denote by ny the number of singularities of the orbifold My /Hy (see Remark 3.3). In this situation,
there is a constant Ty € (0,Ty] and for every t € (0,T;) there are at least ny distinct associative
submanifolds in (Y;, ¢;) representing the homology class = vi«([P[o1]) € H3(Y;, Z) with v, as
in Remark 2.17 and Pjg) C f/*)t as in Example 3.2.

Proof. For every [n] € M,/H, and t < 1, Example 3.2 constructs a t_3g5t—associative sub-
manifold P[,; + f/:,t\V*,t. This defines an H,—invariant Morse-Bott family Py: M, — & of
t_Sgi;t—associative submanifolds; see Example 3.13. With respect to ¢ 2§, these submanifolds are
isometric to (R/t7!LZ) x .

The hypotheses of Proposition 3.19 are satisfied for the choices ¢y = t_3¢;t, ¢ = t3¢,,
a € (0,1/16), p =5/2,y = 1, and choices of ¢y, cs, c3, ¢4, ¢5, R > 0 which shall not be specified
(because of their secondary importance): (1) holds for 0 < R <« 1. (2) holds by Theorem 2.19.
Because of Remark 2.18 (the proof of) Proposition 3.10 implies (4). For a suitable choice of j,
(5) holds with respect to t 724, by direct inspection; cf. Example 3.17. It remains to verify (3).
As pointed out in Example 3.13, NPo([n]) = Tj;)Mx & NX. Therefore, NPy = TM, & N> —
P, = (R/t7LZ) X % X M. By Remark 3.23, Dp,([]) is as in Situation 3.22. By definition, v € 7
if lp,([p]) Lr2 im T}, Py = Tj;) My for every [n] € M,. Since > = S? ker A = T{y)Mx and the
preceding condition is equivalent to II(v|p,(([,])) = 0. Therefore, Proposition 3.24 implies (3)
with respect to t~2g;.

For t € (0,T;/,) the resulting Hy~invariant map P: M, — & is transverse to ker 61 (as in
Lemma 3.6). By Remark 3.7 (2), every isolated fixed-point of the action of H, on M, is a zero of
PA(8Y%). If t < Ty < Ty /3, then these map to ny pairwise distinct elements of &. By Lemma 3.6,
each one of these is a ¢, —associative submanifold. ]

20



Remark 4.2. If x € M, corresponds to an orbifold point [x] € M,/H,, then P, := Py(x) and
P(x) are multiply covering and their deck transformation group contain the isotropy group I
of [x]. The embedded associative submanifold Py := Py /T is unobstructed; indeed:

keero = (keero)r = (TXM*)F =0.

This can be used to give a somewhat simpler proof of most of Proposition 4.1 avoiding the use
of Proposition 3.19. )

Example 4.3. Joyce [Joyg6b, Examples 4, 5, 6] constructs 7 examples of closed flat G,-orbifolds
(Yo, ¢o) whose singular set has components S, (¢ € A). A is a disjoint union A = A® I A!
with A # @. For a € A% S, is isometric to T := R3/Z3. For a € Al, S, is isometric to
T3®/C,. Here is a more precise description. For « € A set [, := C,. For a € A set G, =
A = (i, j,k) < ImH and denote by p,: G, — Isom(H/I,) the trivial homomorphism. For
a € Al let G, < SO(ImH) = Im H be generated by A and (R;, %) with R, as in (2.5), and define
Pa: Goa — Go/A — Nsown) (I'y) = Isom(H/I,) by

Pa(Re, 5)[q] = [~igil.

For every a € A there is an open embedding j,: (ImH X (Bg,(0)/T,))/Gx — Y as in
Definition 2.6 (2).

These can be extended to resolution data R for (Y, @) with the aid of the Gibbons-Hawking
construction discussed in Remark 2.12. According to Remark 2.12 (2), (X, @¢) is H/C, with the
standard hyperkahler form. If £ = [{, -] € A®, then (X¢, w) is a hyperkédhler manifold and
Remark 2.12 (2) provides 7: Xg\Kz — Xo. Therefore, completing the resolution data for a € A°
amounts to a choice of {, € A°

For a € A! the situation is slightly complicated by the fact that p, is non-trivial. The
involution R(q) := —iqi lies in Zso(u) (I'y) and A*R = R,. By Remark 2.12 (4), requiring that R
lifts to X imposes the constraint that £, € (A°)®:. Therefore, completing the resolution data
for & € A' amounts to a choice of £, € (A°)Re. If

ge{ll.-{1 €A’ :{ eRi} c (A,

then the segment joining ¢ and —{ lifts to an I;~holomorphic curve ¥ = S%. Therefore, for
the corresponding choices of R, Proposition 4.1 with £ = i and L = 1 exhibits 4 associative
submanifolds in (Y, @;) for every t € (0, Ty). 'y

Example 4.4. Joyce [Joy96b, Examples 15, 16] constructs two examples of closed flat G;—-orbifolds
(Yy, po) whose singular set has components S, (a € A). A is a disjoint union A = A° 1 A! with
A! = {x}. The situation is analogous to that in Example 4.3 except that T := C;.

Completing the resolution data for * amounts to a choice of &, € (A°)® with R, as in (2.5).
If

¢ e{l6nl il €A% 8,0, 5 €Ri} c (A0
and {, is contained in the segment joining {; and {5, then the segment joining {; and {; and
the segment joining {» and {3 lift to I, ;—holomorphic curves 1,3, = S? and Proposition 4.1 (2)
holds. Therefore, for the corresponding choices of R, Proposition 4.1 with & = i and L = 1
exhibits 8 = 2 - 4 associative submanifolds in (Y}, ¢;) for every t € (0, Ty). Iy
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Example 4.5. Reidegeld [Rei17, §5.3.4] constructs an example of a closed flat G —orbifold (Y, ¢o)
whose singular set has 16 components S, (a € A). For every a € A, S, is isometric to T°/CZ.
Here is a more precise description. For « € A set [, :i= Cy, let G, < SO(ImH) < ImH be
generated by A = (i, j, k), (R, %), and (R_, %) with R, as in (2.5), define py: G, — Go/A —
Nso(n) (Ie) < Isom(H/I,) by

pe(Res 25)[q] = [igi] and pq (R, L)[q] = [igJj]-

These act on ImH as R, and R_. For every a € A there is an open embedding j,: (ImH X
(Bgr,(0)/T,))/Gq — Y, as in Definition 2.6 (2).
Completing the resolution data for « € A amounts to a choice of £, € (A°)R-R-_If

e {[g, —{leA®: (€ Ri} - (A°)R+’R*,

then the segment joining ¢ and —{ lifts to an I;~holomorphic curve % = S2. Therefore, for every
corresponding choice of R, Proposition 4.1 with £ = i and L = 1 exhibits (up to 16 times) 2
associative submanifolds in (Y}, ¢;) for every t € (0, Ty). o

Example 4.6. Here is an example that involves non-cyclic T and requires the use of Remark 2.15.
Reidegeld [Rei17, §5.3.4] constructs an example of a closed flat G,—orbifold (Yp, ¢9) whose
singular set has 7 components S, (¢ € A). The situation is analogous to that in Example 4.5
except that A = A T A' 1 A! and
Cg ifa e Al
I, = Cy ifa € Al
Dic, ifa € A%
Completing the resolution data for « € A° is identical to Example 4.5. Completing the

resolution data for « € A! amounts to a choice of £, € (A°)®~R-_ The minus sign arises
because a(R) = —1 for R(q) = jqj. If

g e {[§1, 006G G €N 0,0,0,0 € Ri} c (AO)R+,—R_

then X contains three I; ;~holomorphic curves £, = $? with fu =/l (@ = 1, 2). Therefore,
for the corresponding choices of R, Proposition 4.1 with ,fa =iand L = 1 exhibits 6 =3 -2
associative submanifolds in (Y;, ¢;) for every t € (0, Ty).

To understand the situation for a € A?, recall that the D, root system is

= {iea tepeR':azbe {1,2,3,4}}.
The standard choice of simple roots is
0 =e1—ey, 0O:=e;—e3, 0O3:=e3—eq and 04:=e3+ey.

The Weyl group W = §* =< C3 acts by permuting and flipping the signs on an even number of
the coordinates of R*. Therefore,

A° = {[{1,52, (3,04) € ImHQRY) /W : {, # +{ fora # b € {1, 2,3,4}}.
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The automorphism group of the Dynkin diagram is S, which fixes 0, and permutes 6;, 63, 0.
Since Dic; = (i, j) < Sp(1), for R(q) = iqi and R(q) = jqj, Cr € Aut(T') is inner and, therefore,
Adcy, acts trivially on .

If

ge {[§1’§2’ 3.0l €A 00,0,85,0 € Ri} C (A°)ReR-

then, by Remark 2.15 (4), X¢ contains 4 Iz ;~holomorphic curves %, = S% (a € {1,2,3,4)).
Therefore, for the corresponding choices of R, Proposition 4.1 with £ = i and L = 1 exhibits
8 = 4 - 2 associative submanifolds in (Y;, ¢;) for every t € (0, Ty). 'y

Remark 4.7 (Homework assignment). Reidegeld [Rei17, §5.3.4 and §5.3.5] constructed further
examples of closed flat G,—orbifolds (Yp, ¢y) whose singular sets are isometric to T3, T*/C;, and
T3/ Cg and whose transverse singularity models are H/T with I € {C,, C3, C4, C4, Dicy, Dics, 2T}
The reader might enjoy analysing these examples with the methods used above. *

Here is a construction technique based on Proposition 3.19 and Remark 3.7 (3).

Proposition 4.8. Let R = (Ty, G, po; Rars Jot: Xo» @ts Da> Tas Aas Kas Ko Jac A be K—equivariant reso-
lution data for a closed flat G,—orbifold (Yo, ¢o) together with a homomorphism A: K — Diff(Yp)
with respect to which ¢ is K—invariant. Denote by (Y;, $1):e(0,1,) the family of closed G,—manifolds
obtained from the K—-equivariant generalised Kummer construction discussed in Remark 2.20. Let
x €A ¢éeS?cImH L >0 and> C Xy. Set & == LE, Ay = Gx NImH < ImH, and
My = (ImH/RE) [ (Ay/ZE). Denote by 1, the hypercomplex structure on X,.. Suppose that (1), (2),
and (3) in Proposition 4.1 hold; and moreover:

(4) g% = * forevery g € K, kx(K) < Nso(imt)ximu(Z&), and K+ (g)(X) = X for every g € K.
(5) Hom(7m (M), R) = 0.

In this situation, there is a constant Ty € (0, Ty] and for every t € (0,T;) there are at least 3 distinct
associative submanifolds in (Y;, ¢;) representing the homology class f = v« ([P[o1]) € H3(Y;, Z)
with vy as in Remark 2.17 and Pjo) C Y as in Example 3.2.

Proof. The proof is very similar to that of Proposition 4.1. The additional hypothesis (1) guar-
antees that K acts on M, and that the map Py is K—equivariant. Therefore, P is K—equivariant
as well. According to Remark 3.7 (3), the obstruction to P* (5Y%1) being exact is the composite

homomorphism

P wee |V
M) 2 () 2 1, v 2 g

The first two homomorphisms are manifestly K—equivariant. The third homomorphism is
K-equivariant because i, is K-invariant (see Remark 2.20). By (5), the composition vanishes.
Therefore, P*(§Y%!) is exact. Since M, # S2, P*(8Y%!) has at least 3 zeros. [ |

Example 4.9. Set T” := R7/Z". Define the torsion-free G,-structure ¢, by
3
go = dx; Adry Advs = ) dxg Awa  with

a=1

w1 = dxg A dX5 + dx6 A dX7, Wy = dxg A de + dX7 A dX5, w3 = dxs A d.X'7 + dX5 A dx6.
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Define 1y, 15, 13, A € Isom(T7) by

1 [x1,. .., x7] = [x1, X2, X3, —X4, —X5, —X6, —X7],
t2[x1, .o x7] = [0, =Xz, —x3, X4, X5, % — X6, —x7],

13[x1, ..., x7] = [—x1, x2, —X3,X4,% — X5, X6, % —x7], and
Alxt, .. x7] = [x1, —X2, —X3, X4, X5, —X6, —X7].

(Yo == T7 /{11, 12, 13), do) is the closed flat G,~orbifold from [Joy96b, Example 3]. Its singular set
has 12 = 3 -4 components S, (@ € A = A' 1 A2 11 A%). Here A? groups those components arising
from the fixed-point set of i,. The situation is analogous to that in Example 4.3 except that, for
every a € A, S, is isometric to T® and G, == A = (i, j, k) < ImH.

The involution A descends to Yj: it can be identified with an action of C, on Y, as in
Remark 2.20. The induced action on A fixes the elements of A! and permutes those of A% and
A3. Completing the C;—equivariant resolution data for « € A? 11 A® presents no difficulty. For
a € A, Ay = Ry as in (2.5), and p,(q) = —iqi as in Example 4.3. Therefore, completing the
resolution data for @ € A! amounts to a choice of

Zo€ (M) ={[{,-{]€A°:{ €eRiU R}

If £, = [{a—Ca] with {, € Ri, then the hypotheses of Proposition 4.8 are satisfied with
59 =1i,L =1,and ¥ as in Example 4.3; indeed: C; acts on T? by [x3, x3] — [—x3, —x3]; hence:
Hom (7, (T?),R)2 = 0. This exhibits up to 12 = 4 - 3 associative submanifolds in (Y;, ¢;) for
every t € (0,T;) depending on the choice of C,—equivariant resolution data. .

Remark 4.10. If X is a K3 surface with a non-symplectic involution z, then the fixed-point
locus X7 (typically) contains a surface of genus g # 1 [Nik&3, §4]. The twisted connected
sum construction [Kovos; KLi1; CHNP15]—in fact: a trivial version thereof—produces closed
G,—orbifolds (Y, ¢y) from a matching pair of K3 surfaces X, equipped with non-symplectic
involutions 7. The singular set of Y, is S x M with M := X7 U X7 and the transverse singularity
model is H/C;. An extension of the generalised Kummer construction due to Joyce and Kari-
giannis [JK17] resolves Yj into a family (Y7, ¢)se(0,1;) of closed G,—manifolds. It seems plausible
that an extension of the techniques in the present article could produce P: M — & transverse
to ker 81 (as in Lemma 3.6). Since (typically) y(M) # 0, this would produce associatives in
Joyce and Karigiannis’s G,—manifolds. &

Remark 4.11. It is also possible to construct coassociative submanifolds in G,—manifolds obtained
from the generalised Kummer construction using similar techniques. In fact, the situation is
quite a bit simpler because the deformation theory of coassociative submanifolds is always
unobstructed [McL98, §4]. Details and examples will appear in the forthcoming work of Gutwein
[Gut22]. *

Acknowledgements. This material is based upon work supported by the Simons Collaboration
“Special Holonomy in Geometry, Analysis, and Physics” (DP, TW). The authors thank the referees
and Dominik Gutwein for their careful reading and helpful suggestions.

24


https://sites.duke.edu/scshgap/
https://sites.duke.edu/scshgap/

Conflicts of interest. The authors have no conflicts of interest to disclose.

References

[ABSV19]

[ASo8]

[BM20]

[Barig]

[Baro6]

[Berz2]

[BDHLMS18]

[CRo3]

[CHNP15]

[DW19]

[DS11]

[DT98]

B.S. Acharya, A. P. Braun, E. E. Svanes, and R. Valandro. Counting associatives
in compact Gy orbifolds. Journal of High Energy Physics 2019.3 (2019). DOI:
10.1007/jhepo3(2019)138 (cit. on p. 2)

S. Akbulut and S. Salur. Deformations in G, manifolds. Advances in
Mathematics 217.5 (2008), pp. 2130—2140. DOI: 10.1016/}.a1m.2007.09.009. MR:
2388088. Zbl: 1143.53047 (cit. on p. 13)

G. Ball and J. Madnick. Associative Submanifolds of the Berger Space. 2020.
arXiv: 2003.13169. to appear in Communications in Analysis and Geometry
(cit. on p. 2)

R. Barbosa. Harmonic Higgs Bundles and Coassociative ALE Fibrations. 2019.
arXiv: 1910.10742 (cit. on p. 3)

A. B. Barrett. M—Theory on Manifolds with G, holonomy. PhD thesis. University
of Oxford, 2006. arXiv: hep-th/0612096 (cit. on p. 5)

G. Bera. Deformations and gluing of asymptotically cylindrical associatives. 2022.
arXiv: 2209.00156 (cit. on p. 2)

A. P. Braun, M. Del Zotto, J. Halverson, M. Larfors, D. R. Morrison, and

S. Schéfer-Nameki. Infinitely many Mz—-instanton corrections to M—theory on
Gz—manifolds. Journal of High Energy Physics 2018.9 (2018). DOI:
10.1007/jhepog(2018)077 (cit. on p. 2)

J.H. Conway and J.P. Rossetti. Describing the platycosms. 2003. arXiv:
math/0311476 (cit. on p. 3)

A. Corti, M. Haskins, J. Nordstrom, and T. Pacini. Gy—manifolds and associative
submanifolds via semi-Fano 3—folds. Duke Mathematical Journal 164.10 (2015),
PPp- 1971-2092. DOI: 10.1215/00127094-3120743. MR: 3369307. Zbl: 06486366
(cit. on pp. 2, 24)

A.Doan and T. Walpuski. On counting associative submanifolds and
Seiberg—Witten monopoles. Pure and Applied Mathematics Quarterly 15.4 (2019),
Pp- 1047-1133. DOL: 10.4310/PAMQ.2019.v15.n4.a4. arXiv: 1712.08383. “& (cit. on
p- 2)

S. K. Donaldson and E. P. Segal. Gauge theory in higher dimensions, II. Surveys
in differential geometry. Vol. 16. Geometry of special holonomy and related
topics. International Press, 2011, pp. 1-41. arXiv: 0902.3239. MR: 2893675. Zbl:
1256.53038 (cit. on p. 2)

S. K. Donaldson and R. P. Thomas. Gauge theory in higher dimensions. The
geometric universe. Oxford University Press, 1998, pp. 31-47. MR: 1634503. Zbl:
0926.58003. & (cit. on p. 2)

25


https://doi.org/10.1007/jhep03(2019)138
https://doi.org/10.1016/j.aim.2007.09.009
http://www.ams.org/mathscinet-getitem?mr=MR2388088
http://zbmath.org/?q=an:1143.53047
http://arxiv.org/abs/2003.13169
http://arxiv.org/abs/1910.10742
http://arxiv.org/abs/hep-th/0612096
http://arxiv.org/abs/2209.00156
https://doi.org/10.1007/jhep09(2018)077
http://arxiv.org/abs/math/0311476
https://doi.org/10.1215/00127094-3120743
http://www.ams.org/mathscinet-getitem?mr=MR3369307
http://zbmath.org/?q=an:06486366
https://doi.org/10.4310/PAMQ.2019.v15.n4.a4
http://arxiv.org/abs/1712.08383
https://walpu.ski/Research/CountingAssociativesSeibergWitten.pdf
http://arxiv.org/abs/0902.3239
http://www.ams.org/mathscinet-getitem?mr=MR2893675
http://zbmath.org/?q=an:1256.53038
http://www.ams.org/mathscinet-getitem?mr=MR1634503
http://zbmath.org/?q=an:0926.58003
http://www.ma.ic.ac.uk/~rpwt/skd.pdf

[Gay4]

[GH78]

[GRGo7]

[Gut22]

[HM16]

[HW35]

[HLS82]

[Hay17]

[Joy9gé6al]

[Joyg6b]

[Joyoo]

[Joy18]

JK17]

D. Gayet. Smooth moduli spaces of associative submanifolds. The Quarterly
Journal of Mathematics 65.4 (2014), pp. 1213-1240. DOI: 10.1093/qmath/hatog2.
MR: 3285769. Zbl: 1310.53049 (cit. on p. 13)

G. W. Gibbons and S. W. Hawking. Gravitational multi-instantons. Physics
Letters 78B (1978), pp. 430—432. DOI: 10.1016/0370-2693(78)90478-1 (cit. on p. 5)

G. W. Gibbons, P. Rychenkova, and R. Goto. HyperKdahler Quotient Construction
of BPS Monopole Moduli Spaces. Communications in Mathematical Physics 186.3
(1997), pp- 581-599. DOI: 10.1007/5002200050121. arXiv: hep-th/9608085. MR:
1463814. Zbl: 0886.58011 (cit. on p. 5)

D Gutwein. Coassociative submanifolds in Joyce’s generalised Kummer
constructions. in preparation. 2022 (cit. on p. 24)

J. Halverson and D. R. Morrison. On Gauge Enhancement and Singular Limits in
G, Compactifications of M—theory. Journal of High Energy Physics 2016.4 (2016).
DOI: 10.1007/jhepo4(2016)100. arXiv: 1507.05965 (cit. on pp. 1, 2)

W. Hantzsche and H. Wendt. Dreidimensionale euklidische Raumformen.
Mathematische Annalen 110.1 (1935), pp- 593—611. DOI: 10.1007/BFo1448045. MR:
1512956. Zbl: 0010.18003 (cit. on p. 3)

R. Harvey and H. B. Lawson Jr. Calibrated geometries. Acta Math. 148 (1982),
Pp- 47-157. DOL: 10.1007/BF02392726. MR: MR666108. Zbl: 0584.53021 (cit. on

pp. 1, 10)
A.Haydys. G, instantons and the Seiberg—Witten monopoles. 2017. arXiv:
1703.06329 (cit. on p. 2)

D. D. Joyce. Compact Riemannian 7—manifolds with holonomy G,. I Journal of
Differential Geometry 43.2 (1996), pp. 291-328. DOI: 10.4310/jdg/1214458109. MR:
MR1424428. Zbl: 0861.53022 (cit. on pp. 1, 3, 9)

D. D. Joyce. Compact Riemannian 7—manifolds with holonomy G,. IL. Journal of
Differential Geometry 43.2 (1996), pp. 329—375. DOI: 10.4310/jdg/1214458110. MR:
MR1424428. Zbl: 0861.53023 (cit. on pp. 1-3, 5, 9, 21, 24)

D. D. Joyce. Compact manifolds with special holonomy. Oxford Mathematical
Monographs. Oxford University Press, 2000. MR: 1787733. Zbl: 1027.53052

(cit. on pp. 2, 4, 5, 9)

D. D. Joyce. Conjectures on counting associative 3—folds in G,—manifolds.
Modern geometry: a celebration of the work of Simon Donaldson. Proceedings of
Symposia in Pure Mathematics 99. American Mathematical Society, 2018,

Pp- 97-160. DOL: 10.1090/pspum/099/01739. arXiv: 1610.09836. MR: 3838881. Zbl:
1448.53061 (cit. on pp. 2, 13)

D.D. Joyce and S. Karigiannis. A new construction of compact torsion-free
Gz—manifolds by gluing families of Eguchi—Hanson spaces. Journal of Differential
Geometry 117.2 (2017), pp. 255—343. DOI: 10.4310/jdg/1612975017. arXiv:
1707.09325. Zbl: 1464.53067. ‘& (cit. on p. 24)

26


https://doi.org/10.1093/qmath/hat042
http://www.ams.org/mathscinet-getitem?mr=MR3285769
http://zbmath.org/?q=an:1310.53049
https://doi.org/10.1016/0370-2693(78)90478-1
https://doi.org/10.1007/s002200050121
http://arxiv.org/abs/hep-th/9608085
http://www.ams.org/mathscinet-getitem?mr=MR1463814
http://zbmath.org/?q=an:0886.58011
https://doi.org/10.1007/jhep04(2016)100
http://arxiv.org/abs/1507.05965
https://doi.org/10.1007/BF01448045
http://www.ams.org/mathscinet-getitem?mr=MR1512956
http://zbmath.org/?q=an:0010.18003
https://doi.org/10.1007/BF02392726
http://www.ams.org/mathscinet-getitem?mr=MRMR666108
http://zbmath.org/?q=an:0584.53021
http://arxiv.org/abs/1703.06329
https://doi.org/10.4310/jdg/1214458109
http://www.ams.org/mathscinet-getitem?mr=MRMR1424428
http://zbmath.org/?q=an:0861.53022
https://doi.org/10.4310/jdg/1214458110
http://www.ams.org/mathscinet-getitem?mr=MRMR1424428
http://zbmath.org/?q=an:0861.53023
http://www.ams.org/mathscinet-getitem?mr=MR1787733
http://zbmath.org/?q=an:1027.53052
https://doi.org/10.1090/pspum/099/01739
http://arxiv.org/abs/1610.09836
http://www.ams.org/mathscinet-getitem?mr=MR3838881
http://zbmath.org/?q=an:1448.53061
https://doi.org/10.4310/jdg/1612975017
http://arxiv.org/abs/1707.09325
http://zbmath.org/?q=an:1464.53067
https://doi.org/10.4310/jdg/1612975017

[Kawis]

[Kico6]

[Kleg3]

[Kovos]

[KLa1]

[KMo7]

[Kro89a]

[Kro8gb]

[Loti2]

[MSi12]

[McK81]

[McLo8]

K. Kawai. Some associative submanifolds of the squashed 7—sphere. The
Quarterly Journal of Mathematics 66.3 (2015), pp. 861-893. DOI:
10.1093/qmath/havo21. MR: 3396095. Zbl: 1326.53070 (cit. on p. 2)

S. Kichenassamy. Schauder-type estimates and applications. Handbook of
differential equations: Stationary partial differential equations. Vol. 3. Elsevier,
2006, pp. 401—-464. DOI: 10.1016/51874-5733(06)80009-4. Zbl: 1192.35003 (cit. on
p. 19)

F. Klein. Vorlesungen iiber das Ikosaeder und die Auflosung der Gleichungen vom
fiinften Grade. Reprint of the 1884 original (edited) with an introduction and
commentary by P. Slodowy. Birkhduser Verlag, 1993. por:
10.1007/978-3-0348-8594-2. MR: 1315530. Zbl: 0803.01037. & (cit. on p. 5)

A.Kovalev. Twisted connected sums and special Riemannian holonomy. Journal
fiir die Reine und Angewandte Mathematik 565 (2003), pp. 125-160. DOI:
10.1515/crll.2003.097. MR: MR2024648. Zbl: 1043.53041 (cit. on p. 24)

A. Kovalev and N.-H. Lee. K3 surfaces with non-symplectic involution and
compact irreducible G,—manifolds. Mathematical Proceedings of the Cambridge
Philosophical Society 151.2 (2011), pp. 193—218. DOI: 10.1017/5030500411100003X.
MR: 2823130. Zbl: 1228.53064 (cit. on p. 24)

A. Kriegl and PW. Michor. The convenient setting of global analysis.
Mathematical Surveys and Monographs 53. American Mathematical Society,
1997. DOI: 10.1090/surv/053. MR: 1471480. Zbl: 0889.58001 (cit. on p. 11)

P. B. Kronheimer. A Torelli-type theorem for gravitational instantons. Journal of
Differential Geometry 29.3 (1989), pp. 685-697. MR: 992335. “& (cit. on p. 7)

P. B. Kronheimer. The construction of ALE spaces as hyper-Kdhler quotients.
Journal of Differential Geometry 29.3 (1989), pp. 665-683. MR: 992334. “& (cit. on
pp- 7, 8)

J. D. Lotay. Associative submanifolds of the 7—sphere. Proceedings of the London
Mathematical Society. Third Series 105.6 (2012), pp. 1183—1214. DOI:
10.1112/plms/pdso29. MR: 3004102. Zbl: 1268.53019 (cit. on p. 2)

D. McDuff and D. Salamon. J—holomorphic curves and symplectic topology.
Second. Vol. 52. American Mathematical Society Colloquium Publications.
American Mathematical Society, 2012. MR: 2954391. Zbl: 1272.53002 (cit. on
p- 14)

J. McKay. Graphs, singularities, and finite groups. The Santa Cruz Conference on
Finite Groups. Proceedings of Symposia in Pure Mathematics 37. Amererican
Mathematical Society, 1981, pp. 183-186. DOI: 10.1090/pspum/037. MR: 604577.
Zbl: 0451.05026 (cit. on p. 8)

R. C. McLean. Deformations of calibrated submanifolds. Communications in
Analysis and Geometry 6.4 (1998), pp. 705-747. DOIL: 10.4310/CAG.1998.v6.n4.a4.
MR: 1664890. Zbl: 0929.53027 (cit. on pp. 13, 24)

27


https://doi.org/10.1093/qmath/hav021
http://www.ams.org/mathscinet-getitem?mr=MR3396095
http://zbmath.org/?q=an:1326.53070
https://doi.org/10.1016/S1874-5733(06)80009-4
http://zbmath.org/?q=an:1192.35003
https://doi.org/10.1007/978-3-0348-8594-2
http://www.ams.org/mathscinet-getitem?mr=MR1315530
http://zbmath.org/?q=an:0803.01037
https://gdz.sub.uni-goettingen.de/id/PPN516762672
https://doi.org/10.1515/crll.2003.097
http://www.ams.org/mathscinet-getitem?mr=MRMR2024648
http://zbmath.org/?q=an:1043.53041
https://doi.org/10.1017/S030500411100003X
http://www.ams.org/mathscinet-getitem?mr=MR2823130
http://zbmath.org/?q=an:1228.53064
https://doi.org/10.1090/surv/053
http://www.ams.org/mathscinet-getitem?mr=MR1471480
http://zbmath.org/?q=an:0889.58001
http://www.ams.org/mathscinet-getitem?mr=MR992335
http://projecteuclid.org/getRecord?id=euclid.jdg/1214443067
http://www.ams.org/mathscinet-getitem?mr=MR992334
http://projecteuclid.org/getRecord?id=euclid.jdg/1214443066
https://doi.org/10.1112/plms/pds029
http://www.ams.org/mathscinet-getitem?mr=MR3004102
http://zbmath.org/?q=an:1268.53019
http://www.ams.org/mathscinet-getitem?mr=MR2954391
http://zbmath.org/?q=an:1272.53002
https://doi.org/10.1090/pspum/037
http://www.ams.org/mathscinet-getitem?mr=MR604577
http://zbmath.org/?q=an:0451.05026
https://doi.org/10.4310/CAG.1998.v6.n4.a4
http://www.ams.org/mathscinet-getitem?mr=MR1664890
http://zbmath.org/?q=an:0929.53027

[MS74]

[Niks3]

[Pla22]

[Rei1y]

[SW15]

[SW17]

[Szci2]

[Wal13]

[Wal17]

[Wilg2]

J. W. Milnor and J. D. Stasheff. Characteristic classes. Annals of Mathematics
Studies, No. 76. Princeton University Press; University of Tokyo Press, 1974.
MR: 0440554. Zbl: 0298.57008 (cit. on p. 1)

V.V. Nikulin. Factor groups of groups of automorphisms of hyperbolic forms with
respect to subgroups generated by 2-reflections. Algebro-geometric applications.
Journal of Soviet Mathematics 22 (1983), pp. 1401-1475. Zbl: 0508.10020 (cit. on
p- 24)

D. Platt. Improved Estimates for Gy—structures on the Generalised Kummer
Construction. 2022. arXiv: 2011.00482 (cit. on pp. 2, 10)

F. Reidegeld. G,—orbifolds with ADE-singularities. Habilitation. TU Dortmund,
2017. & (cit. on pp. 5, 22, 23)

H. N. S4 Earp and T. Walpuski. G,—instantons over twisted connected sums.
Geometry and Topology 19.3 (2015), pp. 1263-1285. DOI: 10.2140/gt.2015.19.1263.
arXiv: 1310.7933. MR: 3352236. Zbl: 06441803. & (cit. on p. 2)

D. A. Salamon and T. Walpuski. Notes on the octonions. Proceedings of the 23rd
Gokova Geometry—Topology Conference. 2017, pp. 1-85. arXiv: 1005.2820. MR:
3676083. Zbl: 06810387. & (cit. on p. 14)

A. Szczepanski. Geometry of crystallographic groups. Algebra and Discrete
Mathematics 4. World Scientific Publishing, 2012. DOI: 10.1142/8519. MR:
2978307. Zbl: 1260.20070 (cit. on p. 3)

T. Walpuski. G,—instantons on generalised Kummer constructions. Geometry and
Topology 17.4 (2013), pp. 2345-2388. DOI: 10.2140/gt.2013.17.2345. arXiv:
1109.6609. MR: 3110581. Zbl: 1278.53051. “& (cit. on pp. 2, 19)

T. Walpuski. G,—instantons, associative submanifolds, and Fueter sections.
Communications in Analysis and Geometry 25.4 (2017), pp. 847-893. DOI:
10.4310/CAG.2017.v25.1n4.a4. arXiv: 1205.5350. MR: 3731643. Zbl: 06823232. ‘&
(cit. on p. 2)

P. M. H. Wilson. The Kdhler cone on Calabi-Yau threefolds. Inventiones
Mathematicae 107.3 (1992), pp. 561-583. DOIL: 10.1007/BF01231902. MR: 1150602.
Zbl: 0766.14035 (cit. on p. 2)

28


http://www.ams.org/mathscinet-getitem?mr=MR0440554
http://zbmath.org/?q=an:0298.57008
http://zbmath.org/?q=an:0508.10020
http://arxiv.org/abs/2011.00482
https://eldorado.tu-dortmund.de/bitstream/2003/36941/1/Habilitation_Reidegeld.pdf
https://doi.org/10.2140/gt.2015.19.1263
http://arxiv.org/abs/1310.7933
http://www.ams.org/mathscinet-getitem?mr=MR3352236
http://zbmath.org/?q=an:06441803
https://walpu.ski/Research/G2InstantonsTCSGluingTheorem.pdf
http://arxiv.org/abs/1005.2820
http://www.ams.org/mathscinet-getitem?mr=MR3676083
http://zbmath.org/?q=an:06810387
https://walpu.ski/Research/Octonions.pdf
https://doi.org/10.1142/8519
http://www.ams.org/mathscinet-getitem?mr=MR2978307
http://zbmath.org/?q=an:1260.20070
https://doi.org/10.2140/gt.2013.17.2345
http://arxiv.org/abs/1109.6609
http://www.ams.org/mathscinet-getitem?mr=MR3110581
http://zbmath.org/?q=an:1278.53051
https://walpu.ski/Research/G2InstantonsGeneralizedKummer.pdf
https://doi.org/10.4310/CAG.2017.v25.n4.a4
http://arxiv.org/abs/1205.5350
http://www.ams.org/mathscinet-getitem?mr=MR3731643
http://zbmath.org/?q=an:06823232
https://walpu.ski/Research/G2InstantonsAssociatives.pdf
https://doi.org/10.1007/BF01231902
http://www.ams.org/mathscinet-getitem?mr=MR1150602
http://zbmath.org/?q=an:0766.14035

	1 Introduction
	2 Joyce's generalised Kummer construction
	3 Perturbing Morse–Bott families of associative submanifolds
	4 Examples

