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Abstract

We prove an abstract compactness theorem for a family of generalized Seiberg-Witten
equations in dimension three. This result recovers Taubes’ compactness theorem for stable
flat PSL,(C)-connections [Taui3a] as well as the compactness theorem for Seiberg-Witten
equations with multiple spinors [HW15]. Furthermore, this result implies a compactness
theorem for the ADHM; ; Seiberg-Witten equation, which partially verifies a conjecture
by Doan and Walpuski [DW19, Conjecture 5.26].

1 Introduction

The study of the compactness problem for generalized Seiberg-Witten equations was pioneered
by Taubes [Tauisa] with his compactness theorem for stable flat PSL;(C)-connections in
dimension three. Building on the ideas developed in [Tau13a], Haydys and Walpuski [HW15]
proved a compactness theorem for the Seiberg—Witten equation with multiple spinors in
dimension three, and Taubes proved compactness theorems for the Kapustin-Witten equation
[Tauisb], the Vafa—Witten equation [Tau17], and the Seiberg-Witten equation with multiple
spinors in dimension four [Taui6]. Although the statements of these compactness theorems are
very similar, many details of their proofs seem to rely heavily on the particular structure of the
equation under consideration. The purpose of this article is to prove an abstract compactness
theorem for generalized Seiberg-Witten equations in dimension three for which a simple
analytical hypothesis holds. Our result recovers Taubes’ compactness theorem for stable
flat PSL,(C)—connections [Taui3a] as well as the compactness theorem for Seiberg-Witten
equations with multiple spinors [HW15]. Furthermore, it also implies a compactness theorem
for the ADHM, ; Seiberg-Witten equation, which partially verifies a conjecture by Doan and
Walpuski [DW19, Conjecture 5.26].

1.1 Generalized Seiberg-Witten equations

Let us review the relation between quaternionic representations and generalized Seiberg—Witten
equations on an oriented Riemannian 3—-manifold. For more detailed discussions we refer the
reader to [Taugg; Hayi4; DW20; DW19, Appendix B].



Definition 1.1. Denote by H = R(1, i, j, k) the normed division algebra of the quaternions. A
quaternionic Hermitian vector space is a left H-module S together with an Euclidean inner
product (-, -) such that i, j, k act by isometries. The unitary symplectic group Sp(S) is the
subgroup of GLi(S) preserving (-, -). .

Definition 1.2. A quaternionic representation of a Lie group H is a Lie group homomorphism
p: H — Sp(S) for some quaternionic Hermitian vector space S. °

Let H be a compact Lie group. Denote its Lie algebra by ). Let p: H — Sp(S) be a
quaternionic representation. Abusing notation, we denote the induced Lie algebra representation
by p: h — sp(S). Definey: ImH — End(S),y: ImH®H — End(S),andp: S —» (ImH®bH)*
by

(13) y(©@)¢ =0p, y@eE =y()p(), and p(g):= %Y*(M*),
respectively. The map p is an equivariant hyperkahler moment map for the action of H on S.
Data 1.4. A set of algebraic data consists of:
(1) a compact Lie group H with a distinguished element —1 € Z(H) satisfying (-1)% = 1p,
(2) a closed, connected, normal subgroup G < H, and
(3) a quaternionic representation p: H — Sp(S).

Remark 1.5. It is G which plays role of the structure group of the gauge theory. If G is a proper
subgroup of H, then the gauge theory can be twisted by the flavor symmetry group

K = H/(G,~1). *

Definition 1.6. Set Spin'?(3) := (Sp(1) x H)/Z,. Spin’ (3) projects onto Sp(1)/Z, = SO(3). A
spin? structure on (M, g) is a principal Spin? (3)-bundle s together with an isomorphism

$ Xgpint (3) SO(3) = SO(TM). o

A spin®! structure s together with G < H and p induces:

(1) the flavor bundle
f =S XSpinH(S) K,

(2) the adjoint bundle
Ad(S) = § Xgyin (5) Lie(G),

(3) the spinor bundle
§ =5 XpinH (3) S

as well as



(4) maps
y: TM — End(S), y: TM ® Ad(s) — End(S), and p: S — A’T'M ® Ad(s),

where y and y are induced directly by (1.3), and y is induced by (1.3) and the isomorphism
A2T'M ® Ad(s) = T"M ® Ad(s)*.

Definition 1.7. A spin connection on s is a connection which induces the Levi-Civita connection
on TM. The space of all spin connections on s inducing a fixed connection B on the flavor
bundle § is denoted by

o (s, B).

Given a spin connection A, denote by
Ad(A) € I (Ad(s))

the induced connection on Ad(s) and define the Dirac operator D 4: T'(S) — TI'(S) by

3
Da® = Z y(ei)Vae®
i-1

for ey, ey, e3 a local orthonormal frame. °

Data 1.8. A set of geometric data compatible with a given set of algebraic data (G, H, p) consists
of:

(1) an oriented Riemannian 3-manifold (M, g) together with a spinf structure s, and
(2) a connection B on the flavor bundle induced by s.

Definition 1.9. The generalized Seiberg-Witten equation associated with the data (G, H, p)
and (M, g, s, B) is the following partial differential equation for A € &/ (s, B) and ¢ € I'(S):

(1.10) Da®=0 and Faqa) = p(P). o
To illustrate the above construction, let us consider a few examples.
Example 1.11. Define the quaternionic representation p: U(1) — Sp(H) by
p(e')q = qe'*.
Identifying (iR ® ImH)* = iR ® Im H, the hyperkahler moment map p: H — (iR ® ImH)" is
p(q) = —é ® qiq".
Splitting H = C @ jC, we see that y(u(q)) € End(C®?) for ¢ = z + jw is

1 (|z]* = |w|? 2zw

1 5.
(1.12) 5 25w |W|2 _ |Z|2 - CI<CI9 '>C - 5|CI|C 1dC®2'



Let (M, g) be an oriented Riemannian 3—-manifold and let s be a spinU(l) structure on M;

that is: a spin® structure. The adjoint bundle Ad(s) is iR. Denote the spinor bundles of s by S. If
A € (s), then it induces a connection det(A) on det(S) with

Faet(a) = 2Faq(a)-

Therefore, the generalized Seiberg-Witten equation (1.10) associated with the above data agrees
with the classical Seiberg—Witten equation

DP,®=0 and

1 .
E'Y(Fdet(A)) = &(d, )¢ — |P|2ids
appearing, for example, in [Witg4, Section 2; KMo7, Section 1.3]. o

Example 1.13. Let G be a compact Lie group and set g := Lie(G). Choosing a G-invariant
inner product on g turns S := g ® H into a quaternionic Hermitian vector space. The adjoint
representation induces a quaternionic representation p: G — Sp(S). The moment map p: S —
ImH ® g is given by

HE) = S1£.€]
= ([&2, &) + [&, &1]) ® i+ ([&3,&1] + [0, &2]) ® j + ([&1, &2] + [&0. &]) ® k

forE =60®1+5®i+6® j+ 8 ®k € H® g Extend p to a quaternionic representation
of H := Sp(1) X G by declaring that g € Sp(1) acts by right-multiplication with ¢*. Set
-1:=(-1,1g) € H.
Since
Spinl(3) = (Sp(1) x Sp(1))/Z; x G = SO(4) x G,

a spin” structure is nothing but an oriented Euclidean vector bundle N of rank 4 together
with an orientation-preserving isometry A*N = TM and a principal G-bundle P. Choosing
N = R & T"M and B induced by the Levi-Civita connection, the generalized Seiberg-Witten
equation (1.10) associated with the above data becomes the following partial differential equation
for A € 4(P), a € Q' (M, Ad(P)), and ¢ € T(Ad(P)):

dia=0,
(1.14) xdgqa+daé =0, and
Fy = %[a/\ al +=[¢& al.

If £ = 0, then (1.14) is precisely the condition for A + ia to be a stable flat G°~connection;
see [Don87; Cor88, Theorem 3.3]. In fact, if M is closed, then (1.14) implies d4& = 0 and [&£,a] =0
and, therefore, that A + ia is a stable flat G¢~connection.

The compactness problem for (1.14) with G = SO(3) has been considered in Taubes’ pioneer-
ing work [Tau13a], to which many of the techniques in this article can be traced back. .



Example 1.15. For r, k € N, consider the quaternionic Hermitian vector space
Srx = Homc(C", H ®c C*) @ H* ®g u(k)
and
G=U(k)<H=SU(r) xSp(1) xU(k) and -1:=(1,-1,-1).
If r > 2, then S, //G := u~'(0)/G is the Uhlenbeck compactification of the moduli space of
framed SU(r) ASD instantons of charge k on R* [ADHM78]. If r = 1, then
S1k//G = Sym* H := H¥/Sy;

see [Nakgg, Proposition 2.9; DW19, Theorem D.2].

The generalized Seiberg—Witten equation associated with the above data is called the
ADHM, ;. Seiberg-Witten equation. It was introduced in [D'W2o0, Example A.3; DW19, Section
5.1] and is expected to play an important role in gauge theory on G,—manifolds [DS11; Wali7;
Hay17]. For k = 1, this is essentially the Seiberg—Witten equation with r spinors, whose
compactness problem has been considered by Haydys and Walpuski [HW15]. »

1.2 An abstract compactness theorem

Throughout this subsection, fix a set of algebraic data (G, H, p) and a compatible set of geometric
data (M, g, s, B) with M closed. The following result is well-known and follows from standard
elliptic theory.

Proposition 1.16. If (A,, ®,) is a sequence of solutions of (1.10) satisfying
liminf ||®,||;2 < oo,
n—oo

then, after passing to a subsequence and up to gauge transformations, (A, ®,) converges to a
solution (A, ®) of (1.10) in the C* topology.

Therefore, a degenerating sequence (A, ®,) of solutions of (1.10) must involve ||®,||;:
becoming unbounded. In light of this, it is convenient to pass to the following equivalent
equation.

Definition 1.17. The blown-up generalized Seiberg-Witten equation associated with the data
(G,H, p) and (M, g, s, B) is the following partial differential equation for A € &/ (s, B), ® € I'(S),
and ¢ € (0, 0):

(1.18) Da® =0, e Faqa) =p(®), and
(119) [®flpz=1. o

The main result of this article is the following abstract compactness theorem.

Definition 1.20. Given ® € S, define I'y: A’T*M — S by

Ip =y(-)®. .



Remark 1.21. Ty is one-half times the adjoint of dgp. *

Hypothesis 1.22. There are constants ry,S,,¢ > 0 and A > 0 such that the following holds for
everyx € M andr € (0,r]. If A € o (s,B), ® € I'(S), and ¢ € (0, ) satisfy (1.18),

1

2 <@/ <2, and |p(®)] <y,

on B,(x), then

(1.23) r/ |Faaa)l® < A+ Cr/ IToFad(a) |*.
By 2 (x By (x)

Remark 1.24. Hypothesis 1.22 (with A = 0) is implied by the following condition: there are
constants §, ¢ > 0 such that, for every ® € S with |®| = 1 and |u(P)| < 4,

(1.25) |u(®)] < c[Top(P)|. *

Remark 1.26. The condition in Remark 1.24 holds if z~1(0) is cut-out transversely away from the
origin; that is: for every non-zero ® € y*(0), dgy is surjective and, therefore, Iy is injective.
This is the case for the quaternionic representation U(1) — Sp(H") which induces the Seiberg—
Witten equation with multiple spinors. Therefore, Theorem 1.28 recovers [HW15, Theorem
15]. *
Remark 1.27. For the of the adjoint representation G — Sp(g ® H), p~1(0) is never cut-out
transversely away from the origin. Nevertheless, Lemma 5.1 shows that the algebraic criterion
in Remark 1.24 is satisfied for G = SO(3) and G = SU(2). Therefore, Theorem 1.28 applies to
stable flat PSL,(C)-connections over 3—manifolds; cf. Remark 1.37. *

Theorem 1.28. Suppose Hypothesis 1.2z holds. If (Apn, ®p, €n)nen is a sequence of solutions of (1.18)
and (1.19) with ¢, tending to zero, then the following hold:

(1) There is a closed, nowhere-dense subset Z C M, a connection A € < ($|s\z, B), and a spinor
® € I'(M\Z,S) such that the following hold:

(a) A and ® satisfy

Da® =0,
(1.29) u(®) =0, and
1®l]z2 = 1.

(b) The function |®| extends to a Holder continuous function on all of M and
Z =19|7X(0).

(2) After passing to a subsequence and up to gauge transformations, for every compact subset
K € M\Z, (An|k)nen converges to A in the weak W2 topology, (®,|x)nen converges to ®
in the weak W%? topology, and there exists an a € (0, 1) such that (|®,|)nen converges to
|®| in the C** topology.



Remark 1.30. For many generalized Seiberg—Witten equations, including the Seiberg-Witten
equation with multiple spinors and stable flat PSL, (C)-connections, a solution of (1.29) gives rise
to a harmonic Z, spinor whose zero locus is precisely Z; cf. [Taui4] and Section 5.4. In this case,
Zhang [Zha17, Theorem 1.4] proved that Z is # ' -rectifiable and and has finite 1-dimensional
Minkowski content.* *

1.3 A compactness theorem for the ADHM, , Seiberg-Witten equation

Let us discuss Example 1.15 for r = 1 and k = 2 in more detail. Decomposing 1(2) = su(2)®u(1),
S = 512 can be written as

S=S,®H®gu(1l) with S, :=H®c C>®H Qg su(2).

U(2) acts trivially on H ®g 1(1); hence, the moment map p: S — u(2) ® ImH factors through
the projection of S onto S,.

Let (M, g) be a closed Riemannian 3-manifold. A spin®?(M*VU() structure s on (M, g) is
nothing but a spin¥®? structure w and a Euclidean vector bundle N of rank 4 together with an
orientation-preserving isometry

A*N = TM.

Set
W= Xg 005y HOc € and  Ad(w)o = W0 Xg 00 (5 S1(2).

The spinor bundle S and the flavor bundle f associated with s are
S=WeN®Ad(w), ® N®iR and f=SO(A™N).

Given a connection B on SO(A™N), every connection on Ad(w) uniquely lifts to a spin connec-
tion on s.

The above discussion shows that, having fixed B, the ADHM, , Seiberg-Witten equation
is the following partial differential equation for A € o/ (Ad(w)), ¥ € I'(W), and £ € T(N ®
Ad(w),):

Da¥Y =0
(1.31) Iz)A,Bf =0, and
Fa=p(¥, §),

as well as the Dirac equation for n € I'(N ® iR):
(1.32) Dpn = 0.

The equations (1.31) and (1.32) are completely decoupled. The compactness problem for (1.32)
is trivial: after renormalization every sequence has a subsequence which converges in the C*
topology. Of course, Proposition 1.16 applies to the ADHM; , Seiberg-Witten equation (1.31). The
following result concerns the case in which the hypothesis of Proposition 1.16 is not satisfied.

1See [Matgs, Chapter 15; De 08, Chapter 4] for discussions of rectifiability. A subset Z € M is said to have finite
1-dimensional Minkowski content if there is a constant ¢ > 0 such that vol({x € M : d(x,Z) < r}) < cr.



Theorem 1.33. If (A, ¥p, &,)nen is a sequence of solutions of (1.31) with
lim inf || (¥y, £,)l12 = o,
then the following hold:

(1) There is a closed ' —rectifiable subset Z C M with finite 1-dimensional Minkowski content,
a connection A € g (w|yp z), a spinor¥ € T(M\Z, W), a section £ € T(M\Z, N®Ad(w),),
a flat Euclidean line bundle | over M\Z, and a non-zero t € I'(M\Z, Hom(I, Ad(w),)) such

that the following hold:
(a) A and £ satisfy
Dap€ =0,
(1.34) (&) =0, and
1€]lr2 = 1.
(b) The function |&| extends to a Holder continuous function on all of M and
Z = |€171(0).

(c) The section t is parallel with respect to A.

(d) Sett:=im7 @ iR C Ad(w)|s\z and denote by my: Ad(w)|ynz — t the orthogonal
projection ontot. A and ¥ satisfy

(135) DY =0 and
' Fp = mp(¥).
(2) Set
— 1 § om e d E =6t
Ep = ||(\I/n, gn)”Lz, n—E&nthp, an n = &En ne

After passing to a subsequence and up to gauge transformations, for every compact subset
K € M\Z, (Anlk)nen converges to A in the weak W2 topology, (¥n|x)nen converges to ¥
in the weak W2 topology, (€,|k)nen converges to & in the Wlicz topology, and there exists

ana € (0,1) such that (|(¥p, ;fn)l)neN converges to | €| in the C%% topology.

Remark 1.36. We emphasize that (¥,,),en converges without rescaling. )

Remark 1.37. Theorem 1.33 with ¥, = 0 recovers Taubes’ compactness theorem for stable
flat PSL,(C)—connections over 3—-manifolds [Taui3a]. In fact, it also shows that the limiting
connection A is flat. )

Remark 1.38. Theorem 1.33 partially verifies [DW19, Conjecture 5.26]. It is explained in [DW1o,
Section 5] that: the joint spectrum of the section & provides a double cover 7: M\Z — M\Z,
which extends to a branched cover of M; the spinV® structure on M\Z is the push-forward of
a spin® structure on M\Z; and is (A, ¥) the push-forward of a solution of the Seiberg-Witten
equation on M\Z. The interested reader is referred to [DW19, Sections 4, 5, 6, and 7] for a
discussion of how the ADHM; ;. Seiberg-Witten equation is expected help in dealing with
multiple cover phenomena for associatives in G,—manifolds and pseudo-holomorphic curves in

symplectic Calabi-Yau 3—folds. *



Conventions Throughout, fix a set of algebraic data (G, H, p) and a compatible set of geometric
data (M, g,s, B) with M closed. As is customary, ¢ > 0 denotes a universal constant whose
value might change from on appearance to the next and which depends only on the chosen
algebraic and geometric data. Moreover, ry > 0 denotes a constant which is much smaller than
the injectivity radius and at least as small as the constant appearing in Hypothesis 1.22.

Acknowledgements This material is based upon work supported by the National Science
Foundation under Grant No. 1754967 and an Alfred P. Sloan Research Fellowship.

2 The Lichnerowicz—Weitzenbock formula

This section derives a number of consequences of the Lichnerowicz-Weitzenbock formula. Let
us begin by reminding the reader of the latter.

Definition 2.1. Define R € Q?(M,End(S)) and & € I'(End(S)) by
13
RO = n Z (R(--)ei,ej)y(ei)y(ej)®+Fp and K& :=y(R)dw
ij=1
Proposition 2.2 (Lichnerowicz-Weitzenb6ck formula). For every A € 9/ (s, B) and ® € I'(S),
(2.3) D@ = ViV 4D + p(Fag(a))® + K.

If (1.18) holds, then Proposition 2.2 implies
1 2 2 -2 2
(2.4) §A|<I>| + | VAD|“ + 267 |u(D)|” + (RD, D) = 0.

The following is an immediate consequence of (2.4) and integration by parts.
Corollary 2.5. Let U be an open subset of M with smooth boundary and let f € C®(U). If
A€ d(s,B),eI(S), and e > 0 satisfy (1.18) on U, then
1 _ 1
/ SAF 1O+ f - (IVa®f* + 267 |u(@) ) = —/ f (K2, @) +—/ fro@’|-a f 1o m
U2 U 2 Jau

2.1 The frequency function

The statements of the results derived in this section require the following definitions.

Definition 2.6. Given A € /(s),® € I'(S), x € M,and ¢ > 0, define m?, DA€ (0,7,] — [0, )
by

1
® 2
m,.(r) = () and
X( ) 4rr? /6Br(x)| |

1 —
D™ (r) = —/ VADI + 2672 (@)%
B, (x)

4mr


https://www.nsf.gov/awardsearch/showAward?AWD_ID=1754967&HistoricalAwards=false
https://www.nsf.gov/awardsearch/showAward?AWD_ID=1754967&HistoricalAwards=false
https://sloan.org/grant-detail/8651

and, furthermore, set r®, _:= sup{r € (0,00) : m2(r) = 0} and define the frequency function
AQ,
Ny “ (r?l’xs rO] - [0’ OO) bY
DA,<I>,£ r
NP (r) = 0.
" mg (r)
X

L]
Remark 2.7. A priori, the restriction of the domain of NAPE g necessary; however: it be will
shown in Proposition 3.14 that rf’l . = Ounless ® = 0. &

Remark 2.8. The frequency function was introduced by Almgren [Alm79] and is now an
ubiquitous tools in the study of elliptic partial differential equations. The adaption to generalized
Seiberg-Witten equations is due to Taubes [Tau13a]. )

For the purposes of this section we shall be content with just the above definitions. However,
in Section 3, the frequency function plays a pivotal role and its properties will be studied in
detail.

2.2 L?bounds on ®

Proposition 2.9. IfA € /(s,B), ® € I'(S), and ¢ > 0 satisfy (1.18), then, for every x € M and
r € (0,ro],

zmi(z) < r_g/ |P|? < 4nm$(r).

2 2 B, (x)
Proof. Denote by Hy , the mean curvature of 9B, (x). By Corollary 2.5 with f = 1and U = B,(x),

d
41 o= / Hy [0 + / 2,10
dr JaB, (x) 9B, (x) 9B, (x)

[ HglePez [ Va2t lu@) + (R0.0)
aBr(X) Br(x)
By Hardy’s inequality,

/ |P|? < crz/ |V 4D|? +cr/ ||
B, (x) By (x) 9B, (x)

Therefore and because Hy, > % —cr,forr € [0,1],

d

— |®|* > 0.
dr 9B, (x)

This implies the assertion. ]

10



2.3 L* bounds on ®

To state the next result, we define the following variant of the Morrey norm
-2
11l o2, = supllry™ Fllis o)
yeU
with ry, = d(y, ).
Proposition 2.10. IfA € 9/(s, B), ® € T'(S), and ¢ > 0 satisfy (1.18), then
)+ IVARl 2 gy + £ (@)l 21y < @l
moreover, for every x € M, r € (0,ro],
Hq)HL‘”(B,/Z(x)) + ”VA(I)”Lil(B,/Z(x)) + 5_1||ﬂ((b)||Lil(Br/2(x)) < Cm;{c)(r)l/z-

Proof. Let y € C7°(B;(x), [0,1]) be a cut-off function satisfying x|g, ,x) = 1 and

rlVyxl <c¢ and r*|Viy| <ec.

Denote by G the Green’s kernel for B, (x) and, for y € B,(x), set G, := G(y, -). Multiplying (2.4)
with y*G, and integrating by parts yields

1 -
L s [0, (Ve s2t@r) = [ o,mo0 0, jof
B, (x B, (x
with .
0, = (Vx4 VG,) - EA)(Z - Gy.
From

/ Gy<cr’® and ||®y]l> <cr”?
By (x)

it follows that

@+ sp [ (VA @) < el e g
yeBr/Z(x) Br/Z(x)

After rearranging and by Proposition 2.9, the asserted inequalities follow. ]

2.4 W?? bounds on &

Proposition 2.11. For every cp, cg, ¢y > 0 and § € (0, %], there is a constant ¢ = c(cp, cp, Cy) > 0
such that the following holds for every x € M, r € (0,ry]. IfA € (s,B), ® € I'(S), ande > 0

satisfy (1.18),
r/ |FAd(A)|2 < cf, mf(r) < cp, and N?’(D’g(r) < ¢y,
r(x
then

£\2
r/ |V124¢'|2 + (—) . Fg/ |VAd(A)FAd(A)|2 <c.
Br/z(x) r Br/Z(x)

11



The proof relies on the following consequence of the Lichnerowicz-Weitzenbock formula

(2.3).
Proposition 2.12. IfA € o/ (s,B), ® € I'(S), and ¢ > 0 satisfy (1.18), then

1 o1 1x _
(2.13) §A|VA<I>|2+ IVADI + 7% |d) g 4y (D) + €72V ag(a) p(®)
= — 2((u(VAD, VAD)), p(®)) + 267 (u(®), p* (V4@ A V4D")) + tvo

with
ltvel < c(|VAD® + |VAD||D]).

The proof makes use of the following observation.
Proposition 2.14. For every A € 9/ (s) and ® € T'(S),

3
[VaVa, Val® = p(dj g4 Fad(a) @ +2 Z e' ® p(Faaa)(ei.€j))Vae,®
ij=1

3
+ (R +2 Z e' @ Re;, e))Vae,®.
ij=1

Proof. This is a consequence of the following computation

3
- Z Vae;VaeVae®
Jj=1

3 3
= - Z VA,@jFA(ej: ei)¢ - Z VA,ejVA,eiVA,ej(D

j=1 j=1

3 3 3
= - Z VA,EjFA(ejs ei)q) - Z FA(ejs ei)VA,EjCD - Z VA,eiVA,ejVA,ejq)

j=1 j=1 j=1
3 3
= (dFa)(e))® -2 Z Fa(ej,ei)Vae,® - Z VaeVae Vae;®. u
j=1 j=1
Proof of Proposition z.12. By Proposition 2.2,

ViVAVAD = [V VA, VA]® — e 2y (u(D)) Va0 — e 2p(Vap(P)® — RV 4D — y(VR) .

By Proposition 2.14, the first term on the right-hand side can be written as

3
(2,15) [VZVA: VA](D = E_zp(dzd(A),U(q)))q) +267 Z ¢’ ® p()u(q))(ei’ ej))VA)ej(b
ij=1
3 .
+ (A R)D + 2 Z e’ @ R(ei, e;)Vae,.

ij=1

12



It was proved in [D'W 20, Proposition B.4] that if )4® = 0, then
(2.16) dZd(A):”((D) = —p* (V,0D").

These identities imply the asserted formula upon taking the inner product of (2.15) with V4
because
(Y(Vap(®))®, Va®) = [Vap(®)[?

and

3 3
D (g (@) (€D, Ve @) = > ~(pp” (Y, OP7)®, Vi, )
i=1

i=1
3

= Z —~(p* (Ve @D*), p* (V4.,0D"))
i=1

= _|d2d(A),U(q))|2- u

Proof of Proposition 2.11. Let y € C7°(B,(x), [0, 1]) be a cut-off function satisfying x|, ,(x) = 1
and
rlVyxl <c¢ and r*|Viy| <ec.

Multiplying (2.13) by r y?, integrating by parts, and using Faq(a) = ¢ *u(®), yields

r / FIVEOR + 2V AFal?) < c(con cn) +cr / AR
B, (x) B

r(x)

1/2
< ¢(cp, cy) +c(cF)(r/ )(4|VA<I>|4) .
B

()

::(*)

By the Gagliardo—Nirenberg interpolation inequality and the Cauchy—-Schwarz inequality, for
every f € C;°(B,(x)) and o > 0,

IFI, < VIR
< ol VA + (o) IfII%.

Therefore, by Kato’s inequality,

,
< [ AT+ clercancn)
By (x)

Rearranging proves the asserted inequality. ]
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2.5 Oscillation bounds on ®

Proposition 2.17. For every cg, ¢, ¢y > 0, there is a constant ¢ = c¢(cp, cg, cx) > 0 such that the
following holds for every x € M andr € (0,ry]. IfA € 9 (s,B), ® € I'(S), and € > 0 satisfy (1.18),

r/ |Fal* < cF, mi(r) < cp, and Nﬁ’cp’g(r) < ¢y,
By (x)
then, for everyy,z € B, j5(x),
1/8
191() — 191(2)] < e[ (1))
Proof. By Proposition 2.10 and Proposition 2.11,
||<1>||im(3r/2(x)) <c(cp) and r1/2||V,24‘1>||Lz(Br/2(x)) < c(cF, cas Cx).
Therefore, by Morrey’s inequality and the Gagliardo—Nirenberg interpolation inequality,

r1/4[|(1)|]co,1/4(Br/2(x)) < cr1/4|||VA(D|||L4(B,/2(x))

3/4 B
< C(r1/2|||V124q)|”L2(Br/2(x))) (r 1/2|||VACD|||L2(Br/2(x)))

+er P NIVARl 5, )

1/4

< c(cp, ey, €p) (Nj?’q)’g(r)mf(r)) 1/8.

This implies the assertion. ]

2.6 L% bounds on y(®)

Proposition 2.18. For every cp, cg, cy > 0, there is a constant ¢ = c(cF, g, cy) > 0 such that the
following holds for everyx € M, r € (0,r]. If A € o/(s,B), ® € T'(S), and ¢ > 0 satisfy (1.18),

r/ |FAd(A)|Z < ¢p, mf(r) <c¢p, and Nf’q)’g(r) < ¢y,
By (x)
then
o2 1/32
IO (5, 000) < c((;) N’,?’Qg(r)mf(r)) |

Proof. By Morrey’s inequality, the Gagliardo-Nirenberg interpolation inequality, Proposi-
tion 2.10, and Proposition 2.11,

r1/4[|H(q))|2]co,1/4(Br/z(X)) < Cr1/4”V|y((D)|2”L4(Br/2(x))
1/2)1y2 2 Ry 2 v
< c(r ||V |/J((D)| ”Lz(Br/z(x))) (Y' |||,U((I))| ||L2(Br/2(X)))
+er M@ Pl s, ()

_ 1/8
< c(er ) (2 a@) 25, 0
o2 1/16
< eler, o cN>((—) N;:"D@(r)m;‘:(r))
r
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Therefore, for all y, z € B,5(x),

1/16
@) = @) < clerom | (£) witemn)

This implies
2 1/16
W@FG = f ®F < e () ¥ Omn)
Br/Z X
Since , )
/ P < 1) D20 =eC) it mit o,
r/2(X

the assertion follows. |

2.7 Curvature decay

Proposition 2.19. Suppose that Hypothesis 1.22 holds with A > 0. For every cp > 0, there are
constants r_y > 0 and 8y = Oy(cp) > 0 such that the following holds for every x € M and
re (0,r—1]. IfA € 9(s,B),® € I'(S), and ¢ > 0 satisfy (1.18),

r/ |FAG1(A)|2 <cp, and Nf’cp’g(r) < Oy,
B, (x

then
,

Z/ |FAd(A)|2 <A+1.
Br/4(x)

The proof relies on the following proposition regarding the decay of part of the curvature.

Proposition 2.20. For everycp, ¢y > 0, there is a constant ¢ = c(cp, ¢y) > 0 such that the following
holds for everyx € M andr € (0,ry]. IfA € 9 (s,B), ® € I'(S), and ¢ > 0 satisfy (1.18),

r/ |FAd(A)|2 < cF, mf(r) =1, and N;l’(b’g(r) < ey,
By (x)

then
£
r1/2||r<1>FAd(A)”Lz(Br/z(x)) < C(; + Nﬁ,@,s(r)l/s + rz).

Proof of Proposition z.19. If A, ®, ¢ satisfy (1.18), then so do
A, mfj(r)_l/2 -, mf(r) - €.
Moreover, N?"D’E is invariant under this rescaling. Therefore, we can assume that

mi)(r) =1.
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For dy < 1, it follows from Proposition 2.17 and Proposition 2.18 that, on B,/3(x),

1
2 <Pl <2 and |u(®)| <6,

with §, as in Hypothesis 1.22.
If ¢/r <« 1, then the desired estimate follows from Proposition 2.20 and Hypothesis 1.22;
otherwise, it follows from

r\2 2
P W < (5) DA% = () i, .
By (x) € €

The proof of Proposition 2.20 relies on the following proposition, which is a consequence
of the Lichnerowicz—Weitzenbo6ck formula (2.3).

Proposition 2.21. I[fA € o/ (s), € T(S), and ¢ > 0 satisfy (1.18), then

(2.22) %AI#(@)I2 + e Top (@) + [Vap(®)|* = =2((u(Va®, Va®)), p(®)) — (Top(P), KD).

The proof makes use of the following identity regarding the symmetric bilinear form
associated with the quadratic map p.

Proposition 2.23. For every ® € I'(S),
By (H(@)D,®) = 1T Tu(@)
Proof. For every { € Q*(M, Ad(s)),
By (@)D, 0),0) =~y ((u(@))20),0)
= @)D, y(OD)
= ~(Top(@), Tad)
= (T Tap(®),0). .

Proof of Proposition z.z1. By Proposition 2.2 and Proposition 2.23,

VZd(A) VAd(A)ll((I)) = Z.U(V;VA(I), (I)) - 2<,U(VACDa VA¢')>
= =262 p(y (u(0))®, ®) — 2p(KD, @) — 2(u(Va®, V4®))
= —¢ TpTop(®) — 2u(KRP, ) — 2(u(Va®, VaD)).

This implies the asserted formula upon taking the inner product with p(®) because
1 £ >k £ >k
2{u(R2, ), p(®)) = S (y" (RDD7), y(227))

= SRR p(y (@0)2)
= (R Tape(@). .
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Proof of Proposition 2.zo. Let y € C;°(B,(x), [0, 1]) be a cut-off function supported in B (x) and
satisfying x|, ,(x) = 1 and

rlVyl|<c and r?|V%y| <ec.

Multiplying (2.22) by re™%y?, integrating by parts, and using Faq(a) = ¢ p(®), yields

£\2
r/ X ToFaaca|* + (-) 'r3/ X1V adaca)Fada) ®
B, (x) r B, (x)

£\2
c(_) .r/ |FAd(A)|2+rc/ )(2|VA(I)|2|FAd(A)|+rC/
r Br(x) Br(x) B

By the hypotheses and using rearrangement,

N

: X2 ToFaaca) | ®.

r(x

r/ X2|F¢FAd(A)|2+r€2/ x*IV adaca)Fad(a) ®
Br(x) Br(x)

) 1/2
< c(cF)(s) +c(cF)(r/ ( ))(ZlVACD|4) +crt.
B, (x

As in the proof of Proposition 2.17, the second term on the right-hand side can be bounded by
(e, o) - NP (),

Therefore,

£
r1/2||r®FAd(A> ”LZ(B,/Z(x)) < c(cr, CN)(; + N;?’q>’g(r)l/8 + rz)' -

3 The regularity scale

Throughout this section, suppose that Hypothesis 1.22 holds with A > 0.
Definition 3.1. For § > 0 as in the upcoming Lemma 3.17, set
cr =81 (A+1).

The regularity scale of A € &/ (s, B) is the function r4: M — [0, ry] defined by

ra(x) = sup{r € [0,7o] : r/ |Fal? < CF}.
B

r(x)

The following result is the key to the proof of Theorem 1.28.

Proposition 3.2. There are constants 8, r_1,¢ > 0 such that the following holds. If A € 9/ (s, B),
® € I'(S), and ¢ > 0 satisfy (1.18) and (1.19), then

ra(x) > min{c‘1|(1>|(x)1/5, r_l}.

The four upcoming subsections analyze the frequency function. Throughout, let x € M and
let A e d(s,B),® € IT'(S), and € > 0 be a solution of (1.18). To simplify notation, we drop the
super-scripts in Definition 2.6 and simply write r_ , my, Dy, and Ny.
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3.1 Almost monotonicty of N

The following is the key result regarding the frequency function.

Proposition 3.3. For everyr € (r_y, 9],

) > —
N.(r)z2 ———
(3.4) * 27rrmye(r) Jop, (x)

—cr(1+N,(r)).

1 —2);
IVao,®— ;Nx(r)cbl2 +e72i(0) (D))

Before embarking on the proof of Proposition 3.3, let us record the following consequence.
Proposition 3.5. Foreveryr_;, <s <r <y,
Nx(s) < (1+cr?)nye(r) +cr?.

Proof. By Proposition 3.3,

d 1,2
—e2 (Ne(r)+1) = 0.
dr

This implies
Ny(s) < e%c(rz_sz)Nx(r) +e2¢(P=s) _q, [

The proof of of Proposition 3.3 relies on the following three propositions.

Proposition 3.6. For everyr € (0,ro],

1

Di(r) = —/ |Va arCD|2 + 8_2|i3r/1((l))|2 + 1y
2rr 9B, (x) ’

with
[tpr| < er(Dx(r) + my(r)).

Proof. Following Taubes [Tau13a, Proof of Lemma 5.2], define the tensor field T € T'(S?T*M) by
T=Tp+e°T,
with
Top(v,w) == (Va,D, V4.,D) — %(v,w)WACDlz and
Tu(v, w) = (i (@), 1y (@) = (v, w)|u(@)%.
By a straight-forward computation,
(3.7 24T = VA0 + 262 (@)
A further computation, which we postpone for a moment, shows that

(3.8) [V'T| < c|R[[D]VAD.
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By (3.7), the identity

/ (V*T,dr2) = / (T,Hess(r2)) - Zr/ T (0, 9r)
By (x) By (x) 9By (x)

can be rewritten as

/ 2r VT (9,) = —/ |VAq)|2 + 2€_z|;1(q))|2 + / (T, )
By (x) By (x) By (x)
or / V00,0 + & 2)ig, p(@)F +7 / 19402 + 262 (@)
9B, (x) 9B, (x)

with
1y = Hess(r2) — 2g.

Since

Di(r) = -

4r

_ 1 _
s [ VAR @ o [ 9ael 2 @)
4rre JB, (x) 9B, (x)

the above can be rewritten as

’ 1 — .
D.(r) = —/ |VA,,;rd>|2 +¢& 2|lar;1(<I>)|2 +
2rr 9B, (x)

5 / 2r VT (0y) — (T, tm).
4mr B, (x)

The inequality (3.8) thus implies the assertion.

It remains to prove (3.8). Let y € M be an arbitrary point of M and let ey, e;, e3 be a local
orthonormal frame such that (V,,e;)(y) = 0. All of the following computations take place at
the point y. By the Lichnerowicz—Weitzenbock formula (2.3),

3

(V'Ta)(e) = = D (Vae,Vae,® Vae®) + (Vae, Vae® Vae, ) = (Vae,Vae,® Va0
j=1

3
= (VVAD, V0, ®) + > (Fa(ei, ¢))®, Ve, ®)
Jj=1

=~ 2y (P, Vae, @) +27 > (p((®) (i, )P, Ve, ) +Tr(ey)
j=1
with

3
tr(0) = —(RO, Va @) + > (R(0, )P, Var,0).

i=1
The first two terms on the right-hand side of the above identity can be rewritten as follows. By
definition of u(®),

(P(H(@)D, Ve, @) = (1(®), Vi e,i(®))
= Ve lu@)
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Furthermore, the identity (2.16) implies that
(p(u(D) (e, )P, Ve, @) = (u(P)(ei €)), p"((Vae, P)D7))
= —(u(®)(ei ¢)), (dg 4 1 (D)) (e)).

Therefore,

(3-9) (V'Tp) (0) = =56 *Volp(@)* = & (dy g 4y (@), i(0) (@) + 17(0).

The term t7 satisfies the asserted estimate. Thus, it remains to show that the first two
term on the right-hand side of (3.9) are equal to —¢ *V*T,. A brief computation shows that
dap(®) = 0 implies

ilmd(m,eji(ei)u(@), (e p(®)) = 5 Vo (@)
Therefore, }
(V'T)(e) = Ve lu(@)[? - i<vAd(A),e,.i<e,->u<<b>, (e () + (Vag(aye i(e) (@), e (@)
<
= SVl (@) + (g 1@, ) (@),
This finishes the proof. n

Proposition 3.10. For everyr € (0,ry],

1
Dur) = —— / (Y40, 0.B) + T
4mr 9B, (x) ’

with
[tp| < cr’my(r).

Proof. This is a consequence of Corollary 2.5 with f = 1 and U = B,(x) and Proposition 2.9. ®

Proposition 3.11. For everyr € (0,r],

i (r) = 22

+ Ty

with
[t | < crmy(r).

Proof. Denote by Hy, the mean curvature of 9B, (x). By Corollary 2.5,

1 1
my(r) = H., - 1)+ / 3| D|?
0 =g [ BBt s [ ol
2D, (r) 1 2tp
=;+—2/ (Hep — )0 = 22,
r 2rr B, (x) r
The assertion follows since |Hx,r - %! <cr. [ ]
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Corollary 3.12. Foreveryx € M and0 <s <r < r,

my(s) < (1+cr?)my(r).

Proof of Proposition 3.3. By Proposition 3.6 and Proposition 3.11,

DL(r)  Dy(r)m(r)
me(r)  my(r)?
1

- 271'rmx(r) 9B, (x)

N (r) =

2D, (r)? L
(N2 my(r) | m(r)

V.0, 1> + 2o 1(®)|* - Nx(r).

By Proposition 3.10,

1 1
— [Va0,®— —Nx(r)®|*
2mrmy (1) J o8, (x) r
1 N, (r) 2
= |VA,3,‘I)|2 - 2x— (Va,0,0, ) + =Ny (r)?
27rmy(r) 9B, (x) mrémy (r) 9B, (x) r
1 2 4
=— Va.0,®17 = N (1) + —2—Ny (1).
27rmy(r) J o8, (x) r rmy(r)
Therefore,
’ _ 1 2, —20. 2 2 2 §224 T
Ny (r) = ———— Va5, ®1" + & igpu(P)]" — —Nx(r)” + - ———Nx(7)
27rmy(r) JoB, (x) r me(r)  my(r)
1 1
= — Va0, ® = =Ny (r)®* + e [ig, p(®) [
2mrmy(r) B, (x) r
I ( 4rp N Ty )N -
- r).
me(r)  \rme(r)  my(r))

=%

This completes the proof since |*| < cr(1+ Ny (r)).

3.2 N controls the growth of m

Proposition 3.13. Foreveryx € M and0 <s < r < ry,

( r ) (2—cr®)Ny (s)—cr? r ) (2+cr®)Ny (r)+cr?

] ma(s) < ma(r) < (= me(s).

Proof. By Proposition 3.5 and Proposition 3.11, for t € [s, 7],

2Ny
%logmx(t) < Nt(t) +ct
2(1 2 2
A0
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as well as q 21— or?) 2
m log my(t) > ———=Ny(s) — -
These integrate to the asserted inequalities. ]
Proposition 3.14. If® # 0, then, for everyx € M andr € (0, 7],
my(r) > 0;
in particular, r_1x = 0.

Proof. If m,(r) = 0, for some r € (0, ry], then it follows from Proposition 3.13 that m, = 0.
Therefore, ® vanishes on By, (x). This in turn implies that m(r,/2) vanishes for all y € B, /2(x).
Hence, ® vanishes on B i (x). Repeating this argument shows that ® vanisheson allof M. =

3.3 Frequency bounds

Proposition 3.15. For everyry € (0,ry] and § > 0, if
1/6
. . ( [P (x) ) /
<s<rymins 1, | ——— )
2my (r4)

Ny (s) < 26 + ry.

then

Proof. By Corollary 3.12 and Proposition 3.13, for every s € (0, r4],

— |1 (x) < 2my(r).

( Tx )Nx(s)—r*

Therefore,

zmx(r*)
log( (@2 (x) ) )
O
log(=)

N

Nx(s) <

This implies the asserted inequality. ]

3.4 Varying the base-point

Proposition 3.16. There is a constant ¢ > 0 such that, for every x € M andr € (0,ry/4], if
Nx(4r) < 1, then, for everyy € B,(x) ands € (0, 2r],

Ny (s) < c(Ny(4r) +77).

Proof. Since Ny (4r) < 1, by Proposition 2.9 and Proposition 3.13,

my(4r) < emy(r/2) < cr_g/ |P|? < cr_S/ |D|? < cmy(2r).
r(x) By (y

B
Therefore,
Ny (2r) < :’;gg Ny (4r) < eNy(4r).
The assertion thus follows from Proposition 3.5. [ ]
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3.5 Decay implies interior bound

The following result is essentially contained in [Tau13a, Proof of Lemma 6.2].

Lemma 3.17. There is a constant § > 0 such that the following holds for everyx € M andr > 0. If
f+ B,(x) — [0,00) is an L' function such that, for everyy € M and s > 0,

(3.18) Bs(y) € By(x) and s f<1 = i/ f <6,
Bq(y) 4 JBya(n)

f/ f<l
2 B2 (x)

Proof. The regularity scale associated with f is the function rr: B,(x) — (0, o] defined by

re(y) = sup{s >0: s/ f< 1}.
By (y)NB, (x)

If rp(x) < 5 and § > 0 is sufficiently small, then the following leads to a contradiction.
Pick a maximal sequence x, X1, ...,xN starting with x;, := x and such that, for every
n=01...,N—1,

then

Xn+1 € Brf(xn) (xp) and rf(xn+1) < %rf(xn)~
Such a sequence must terminate, because otherwise (x,),en converges to a point xo € B, (x)
with rr(xe) = 0, which is a contradiction. By maximality, xx = xy is such that, for every
Yy e Brf(x*) (x*),

(3-19) sre(xe) < rp(y).

There is a constant N € N depending only on B,(x) and a finite set {y,...,yn.} C

By /(x,) (xx) such that
Nc

Brf(x*) (x*) - B%rf(x*) (yn)

n=1

Since rf(x) < g, by construction of x,,

N+1
d(x, xx) +1p(xe) + %rf(x*) < Z zi,,rf(xa) < 2rp(x) <r;
n=0
that is:
B%rf(x*) (yn) C Br(x)

Therefore, by (3.18) and (3.19),

’”f(x*)

< 6.
S f

B%rf(x*) (Yn)
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Hence,
ro [ penea), [ £ <8N,
Brf(x*) (o) B;

If6 < %Nc, then the integral on the left-hand side is at most % This, however, contradicts the
definition of r7(x) since By, (x,) (xx) C By(x). (]

3.6 Proof of Proposition 3.2

Without loss of generality assume that |®| is not identically zero. Choose r_; and dy as in
Proposition 2.19 with cf as in Definition 3.1.
If r; € (0,r—1] is such that, for every B;(y) C B, (x),

Ny(s) < 5N>

then, by Proposition 2.19, Lemma 3.17 applies to

fo= |Fal?
=
Therefore,
r
< IFal? < cr;
BrT/4(x)
that is:

r
ra(x) > ZT
Let 0 < 0 <« 1. By Proposition 2.9,
my(r) < cr0_3||<I>||i2(M) = cro_g.

By Proposition 3.15, there is a constant ¢ > 0 such that

Ny (4ri) < o6y +r+ for ry=c! min{l, |<I>|8/”5N(x)}.
By Proposition 3.16, for every Bs(y) C By, (x),

Ny(s) < c(obx +1+).

Therefore, after possibly shrinking r+, for every Bs(y) C By, (x), Ny(s) < dy. This finishes the
proof. ]
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3.7 Holder bounds

Proposition 3.20. Suppose that Hypothesis 1.2z holds. There are constants o € (0,1) andc > 0
such that, for every A € 9/ (s,B), ® € I'(S), and ¢ > 0 satisfying (1.18) and (1.19),

[q)] Cov"‘(M) <c.

Proof. Let §,r_1,c > 0 be as in Proposition 3.2. Set a := min{i, %(5} Let x,y € M such that
|2[(x) > [](y).

If d(x,y) < ra(x)? then d(x,y) < ra(x)/2 because ra < ry, and by Morrey’s inequality,
Kato’s inequality, and Proposition 2.11,

“cbl]c"’l/z(BrA(x)/z(x)) < c||VA<I>||L6(BrA(X)/2(x)) < cra(x) ™% < ed(x,y) 7V

Hence,
@] (x) = |9](y) < cd(x,y)* < cd(x,y)"

If d(x,y) > ra(x)? then Proposition 3.2 either d(x,y) > r?, or d(x,y) > ¢~%|®|(x)?/°. In
the first case, it follows from Proposition 2.10 that

2[(x) = |2(y) < cd(x,y)".

In the second case,
|](x) — 12|(y) < 21@|(x) < Pd(x,y)?. u

4 Proof of Theorem 1.28

Let (A, @p, €,) be a sequence of solutions of (1.18) and (1.19) with ¢, tending to zero. By
Proposition 2.10 and Proposition 3.20, for some a € (0, 1),

[1®n]llcon < c.

Therefore, after passing to a subsequence, for every § € (0, a), |®,| converges to a limit in the
C% —topology. Denote this limit by |®| and set Z := |®|~'(0). Since ||®||;2 = 1, Z is a proper
subset of M.

By Proposition 3.2, for every x € M\Z,

ra(x) :=liminfry, (x) > 0.
neN

Therefore, on every compact subset of M\ Z, the L>-norms of F,, are uniformly bounded; and, up
to gauge transformations and after passing to a subsequence, (A,) can be assumed to converge
in the weak W2 topology to a limit A. Moreover, by Proposition 2.11, after passing to a further
subsequence, (®,) converges in the weak W2 topology to a limit ®. A patching argument as
in [DK9go, Section 4.2.2] yields asserted convergence statement on M\Z. By construction, the
limit (A, ®) satisfies (1.29).

It remains to prove that Z is nowhere-dense. The proof of this fact relies on the following.
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Proposition 4.1. For everyx € M andr € (0,rg],

lim IV 4, @nl® + 26,2 (@) |* = / [Va®|*  and
nmee B, (x) B, (x)

lim |, |2 :/ |®|2.
nmee 9By (x) 9B, (x)

Proof. The second assertion is a consequence of the Holder convergence. To prove the first
assertion, we proceed as follows. For ¢ € (0, %], set Z, == |®|7'([0,¢]). Since weak W??
convergence implies W2 convergence,

lim |VAn<1>,,|2:/ |V 4D
n—00 Br(x)\Zs B, (x)\Z,

Moreover,

lim 26,2 u(®,)|* = lim 25,21|FAd(A)|2 =0.

n—eo By (x)\Ze n—ee B (x)\Ze

The discussion in the next paragraph shows that there exists a A > 0 such that, for every ¢ > 0,
/ [V, ®nl® + 26, % | u(®n) | < cel.
Ze
This together with the above implies the first assertion.
Fix a cut-off function y € C;°([0,2),[0,1]) with y[jo1; = 1. Corollary 2.5 with f =

x(e71|®,]) and U = M, integrating the resulting term with A|®,|? by parts once and using
Kato’s inequality yields

1V @l + 26 20u(@) < ¢ [ 10af2+c / |0 | V.a B
Zoe Z3e\Ze

< 052+c/ [V, @l
Z2e\Ze

Ze

Therefore,
fle) = / 194, B2 + 2652 a(®,)
Zg

satisfies

f(e) < o(e? + f(2¢)) with o:=c/(1+c).

Without loss of generality o > 1/2. By iterating the above inequality k times and using that f
is bounded,

k-1
f(e) < oé? Z(4a)i + ok f(2ke)
i=0

< o6t (40)k 1 2(40')_i + ok f(2%e)

i=0
< cé®(40)* + coF.
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With k := |- log ¢/log 2] this gives
f(f) < C£2—log(4a)/log2+C€—loga/log2 < CEA

for some A > 0 depending on o only, since log(4c)/log2 < 2. ]

If Z failed to be nowhere-dense, then we could find x € Z and 0 < r < ry such that
B,(x) c Z. By the above, Proposition 3.13 applies and shows that, in fact, B,,(x) C Z. This
in turn implies that m%;(ro/Z) vanishes for all y € B, /»(x). Hence, |®| vanishes on B%ro (x).
Repeating this argument shows Z to be all of M, which contradicts ||®||;2 = 1. ]

5 Proof of Theorem 1.33

The proof of Theorem 1.33 relies on Theorem 1.28. Over the course of the next three subsections
we establish that the hypotheses of the latter hold for the ADHM, ; Seiberg-Witten equation.
The geometric and algebraic observations made in the process also enter crucially in refining
the conclusion of Theorem 1.28 to obtain Theorem 1.33.

5.1 The geometry of the adjoint representation of SU(2)

The first step towards the proof of Theorem 1.33 is to verify Hypothesis 1.22—or, more precisely:
the condition in Remark 1.24—for stable flat PSL,(C)-connections.

Lemma 5.1. There are constants 6,,c¢ > 0 such that, for every £ € su(2) ® H, if

(&) < 8ul€l,

then
[ENp(E)] < clTep(8)].

The proof of Lemma 5.1 relies on the following observation which is proved by a simple
computation; see, e.g., [DW19, Proposition D.5].

Proposition 5.2. Denote by i: ¢ ® H — g ® ImH the hyperkdhler moment map associated with
the adjoint representation G — Sp(g @ H). Forevery € = §,® 14+ 6 Qi+&H® j+ 6@k € g®H,

3
W@k =5 >l &l
i,j=0

Proof of Lemma 5.1. Without loss of generality |£| = 1. The zero locus p~1(0) is a cone with
smooth link. Therefore, if [4(£)| < 6, < 1, then & has a unique decomposition as

E=C+E

with
p(g) =0, & LTz '(0), and [&] <clu(§)]<cdy < 1.
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By Proposition 5.2,
§ =70 ® 0g

with |zy| = 1. Extend 7y to an orthonormal basis 7, 71, 72 of su(2) such that
(53) [t0,T1] =27, [r1,72] =27, and [z, 7] = 271

Since
Tg‘u_l (0) = <T()> ®H+ 511(2) ® <Uo>,

it follows that

(5-4) dgu(€) =2u(g, &) € (r, ) ®ImH  and  p(£) € (r) ® ImH.

A simple computation using (5.3) shows that

Tzp(£) =0 and [Tgp(Z, &) = 2/Z|Iu(Z. &).

Therefore,

< 4u(g E)F + |u(é)?
< c|Tep (&) +clu(e))*
< c|Tep(&)? + e8| p (&),

Jaelk

A rearrangement implies the asserted estimate.

Remark 5.5. It is crucial that the link of z~1(0) is smooth. For su(r) with r > 3 this condition

fails and, in fact, the conclusion of Lemma 5.1 does not hold in this case.

5.2 The geometry of the ADHM, ; representation

&

This subsection contains a number of geometric facts regarding the quaternionic representation
of U(2) on H ®c C? @ su(2) ® H. These will play a crucial role in the proof of Hypothesis 1.22

for ADHM, ; Seiberg-Witten monopoles in the next subsection.

Proposition 5.6. Let k € N. Denote by ji: H®c C* — u(k) ® ImH the hyperihler moment map
associated with the quaternionic representation U(k) — Sp(H®c C¥). Lett ¢ u(k) be a maximal

torus. Denote by my: u(k) — t the orthogonal projection tot. For every ¥ € H ®c C¥,

1
mp ()| =

Proof. For k =1,t =u(1). By (1.12),

WD) = Sy (e, ¥)

1
= —|P|%
4

28



For k € {2,3,...}, without loss of generality t = 1(1)®*. The composition 7; o y is the
hyperkihler moment map for the action of U(1)* c U(k) on H & C¥. Thus

mp(¥y, .. W) = (u(Y), . p(Ye))

and the assertion follows from the case k = 1. ]

Proposition 5.7. There is a constant ¢ > 0 such that, for every ¥ € H®c C? and £ € H ® su(2),

(D) | + (&) < c|p(¥, £)I.

This is an immediate consequence of the following.

Proposition 5.8. There is a constant o < 1 such that, for every ¥ € H®c C? and £ € H® su(2),

—(u(¥), u(8)) < alp()[|u(&)l.

The proof relies on the following fact.

Proposition 5.9 (Nakajima [Nakgg, Section 2.2]; see also [DW19, Proposition D.4]). Let k € N.
For every ¥ € H®c C* and € e H® su(k), if u(¥, £€) = 0, then ¥ = 0.

Proof Proposition 5.8. Set

o = sup{(u(¥), u(&)) : [p(V)] = |u(&)| = 1}.

By Cauchy-Schwarz, o < 1; moreover, if ¢ = 1, then there are

py € {p(P) : [p(P)| =1} and pg € {p(€) : |u(&)| =1}

with
(pw, pg) = —|pwllpel.

Therefore,
He = —lg.

The upcoming discussion proves this to be impossible.
By Proposition 5.6, the set {u(¥) : |¢(¥)| = 1} is closed. In particular,

pe = p(¥)
for some ¥ € H ®c C*. The closure of {y(&) : |u(£€)| =1} is

{p(E) « (&) = 1} U {dep(&) : p(2) = 0,|dgp()] = 1}.

To see this, let (¢, £,) be a sequence with ¢, > 0 and |£,| = 1 and

lim pi(e,'&,) = pig.
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After passing to a subsequence, £, converges to a limit £ and (¢,) converges to a limit ¢. If
e # 0, then, iz = u(e71€). Otherwise, p(&) = 0 and, for n > 1, as in the proof of Lemma 5.1,

E,=¢,+&, with p(Z,)=0 and &, LTy u(0).

Therefore,
pey' £,) = dg, p(e,28,) + eap(e, "€ ,).

By (5.4), £,° 3 ,, is bounded; hence, after passing to a subsequence, it converges to a limit £ and

pe = dep().
By Proposition 5.9 and because ¥ # 0, jg cannot be in {u(€) : |u(&)| = 1}. Therefore,

pg = dgp(8).

By Proposition 5.2, there exists a maximal torus t C u(2) such that

fetH.
Therefore,
p(¥) = —dgp(€) e ImH® t+.
This, however, is impossible, because it would imply that ¥ = 0 by Proposition 5.6. ]

Proposition 5.10. There are constants §,,c > 0 such that, for every non-zero pair ¥ € H ®c C*
and &€ e H® su(2), if
(¥, ©) < 8u(1%1° + |£17),

then
Tep (Y, £)I°

2
e, £0F < e w0500 + TS

Proof. Without loss of generality |¥|? + |£|?> = 1. By Proposition 5.6 and Proposition 5.7,
[¥° < clu(¥, &) < ¢y and  |u(&)] < clp(¥, )| < by
Therefore, for 6, < 1, .
3 <€l <1
If 5, < 1, then, as in the proof of Lemma 5.1, £ uniquely decomposes as
E=¢+&

with ) )
p() =0, & LTy '(0), and |€] <clu(&)] <cby.

In particular,

H(E)] < clu(E) < eBulp(&)I.
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Denote by t € u(2) the maximal torus determined by ¢ and by 7 : u(2) — t the orthogonal
projection onto t. The discussion in the proof of Lemma 5.1 shows that

mep(€) = p(€) and  (1-m)u(€) = 2u(g, &),

and, moreover,

(1 = m)u(¥, O] < [Tgu(Y, &) < [Tep(¥, &)| +cbulu(¥, £).

By the discussion in the preceding paragraph and Proposition 5.6,

(HCE, &), u(P)) = |mep(P) 2 + (u(&), p(¥)) + (1 — m)p(L, £), p(¥))
> |mep(P) P = c8ulp(Y, EFI* - c|Teu(¥, £)|1¥)°

1
> 5|7Tt.U(‘P)|2 — cSlu(¥, ©)1° — clTeu(¥, )17,

Therefore,
(8, ©)° < |mp(®) [ + (&)1 +1(1 = m)u(¥, &)
< c(u(¥, &), p(9)) + e8| (¥, E)1° + clTgu(¥, &)
For 6, < 1, this implies the asserted inequality by rearrangement. ]

5.3 Verification of Hypothesis 1.22

Lemma 5.11. Assume the situation of Section 1.3. There are constants ry,6,,¢ > 0 such that
the following holds for every x € M andr € (0,r9]. If A € J(Ad(w)), ¥ € I'(W), and
£ e T(N ® Ad(w),) satisfy (1.31),

1
P |\Ij|2 + |§|2 < 2, and |ﬂ(\P’ f)' < 5.”’

2
E/ |FA|2 + (Z) -r_l/ |VA‘I’|2 < c+cr/ |F§FA|2.
2 JB,p(x) € Byja(x) B, (x)

Proof. By the Lichnerowicz-Weitzenbock formula (2.3),

\]

then

%A|‘If|2 + VAP + ey (u(¥, )T, F) + (y(R)¥, ¥) = 0.
Therefore, by hypothesis and Proposition 5.10,
(512) (L &) + | VAP* < er(ITen(¥, ©)F + €*[¥%) — coe® AlPI.
Let x € Cg°(B,(x)) be a cut-off function satistying x5, ,(x) = 1,

rlVxl <c, and r?|V%y| <c;
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in particular,
| Ax?| < cx?

Multiplying (5.12) by re™* y*, integrating by parts, and using Fa = ¢ 2u(¥, £), yields

2
r/ )(4|FA|2+ (f) r_l/ )(4|VA\I’|2 < cr/ )(4|F§FA|2+ce_2r_1/ )(2|‘I’|2.
B, (x) € By (x) By (x) By (x)

By Proposition 5.6 and Proposition 5.7,

cs‘zr_l/ PalL RES % )+,
B (x) C1€ B, (x)

r —
<3| el
B (x)

.
= —/ X4|FA|2+C2~
2 JB,(x)

Plugging this back in to the previous inequality and rearranging proves the asserted inequality.
|

5.4 Conclusion of the proof of Theorem 1.33

Let (Apn, ¥n, £,))nen be a sequence of solutions of (1.31) with
lim inf [|(%, £,)ll2 = co.

Set .
&= —————, U, :=¢,¥,, and &, =¢,&,.
TN D T neoe

By Lemma 5.1, Theorem 1.28 applies to the sequence (Ap, ¥,, én, €n). Therefore and by
Proposition 5.9, the following hold:

(1) There is a closed, nowhere-dense subset Z C M, a connection A € & (Ad(w)|a\ 2, B), and
a section £ € I'(M\Z, N ® Ad(w),) such that the following hold:

(a) A and £ satisfy

Dat=0,
p(€) =0, and
€112, = 1.

(b) The function |&| extends to a Holder continuous function on all of M and

Z = |&7(0).
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(2) After passing to a subsequence and up to gauge transformations, for every compact subset

K c M\Z, (Aulk),en converges to A in the weak Wkl)c2 topology, (‘i’an) \ converges to
ne
0 in the weak Wlicz topology, (;f al K)neN converges to £ in the weak Wlicz topology, and

there exists an a € (0, 1) such that (| (¥, ;fn)|) converges to | €| in the C%* topology.
N

ne

The Euclidean line bundle [ and the parallel section 7 emerge from the Haydys correspon-
dence [DW19, Appendix C]. In the present case this abstract machinery can be made very
explicit. By Proposition 5.2, away from Z, & can locally be written as

E=1Qv

where 7 is a local section of Ad(w), which is normalized such that |r| = 1, and v is a local
section of N. This decomposition is unique up to multiplying both 7 and v by —1. Decomposing
& in this way, the equation [p4& = 0 becomes

3
0=1Q® Pgv+ Z(VA,eiT) Q@ y(e)v.
i=1

Since 7 is normalized, the second term on the right-hand side takes values in () ® N. Therefore,
both summands on the right-hand side vanish separately. Globally, there is a flat Euclidean
line bundle I such that v is a section of N ® I and 7 is a section of Hom(I, Ad(w),). The above
shows that (Z, 1, v) is a harmonic Z; spinor whose zero locus is precisely Z and 7 is A—parallel.
By [Zha17, Theorem 1.4], the former implies the asserted regularity of Z.

On every compact subset K C M\Z, ||[Fa,ll;2(k) is uniformly bounded. Therefore, by
Proposition 5.6 and Proposition 5.7, ||¥pllr2(k) is uniformly bounded. Since 4, ¥, = 0, it
follows that, possibly after passing to a further subsequence, (¥, |x) converges in the weak W2
topology to a limit ¥ satisfying D, ¥ = 0. For n >> 1, on K, we can decompose &, = £, + &, as
in the proof of Lemma 5.1. Denote by t, € Ad(w)|x the corresponding bundle of maximal tori.
The ADHM;, ; Seiberg-Witten equation (1.31) and (5.4) imply

i, Fa, = 7, j1(W) + 5271, p(€,,).

By (5.4) and Proposition 5.7,
|§n| < cg?z|FAn|-

Therefore,
|7, Fa,, — e, 1 (¥n)| < c€?|Fa, |

From this it follows that
Fp = mFa = mp(¥).

This finishes the proof of Theorem 1.33. [ |
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